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Boundedness of multilinear operators on L' X - -- x L’ leads usually to some a
priori unexpected results when confronted with the linear case.

For the case of the fractional integral considered by Kenig and Stein and Grafakos
and Torres, [KS, GT], this fact is reflected on the possible values of ¢ in the target
space L9.
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Boundedness of multilinear operators on L' X - -- x L’ leads usually to some a
priori unexpected results when confronted with the linear case.

For the case of the fractional integral considered by Kenig and Stein and Grafakos
and Torres, [KS, GT], this fact is reflected on the possible values of ¢ in the target
space L9.

Letn,ke N,k>2,

f:(ﬁ7ﬁ7"'7f}c)eLpl X...Xka’

I<pi<oo,1<i<k,
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Boundedness of multilinear operators on L' X - -- x L’ leads usually to some a
priori unexpected results when confronted with the linear case.

For the case of the fractional integral considered by Kenig and Stein and Grafakos
and Torres, [KS, GT], this fact is reflected on the possible values of ¢ in the target
space L9.

Letn,ke N,k>2,

f:(ﬁ7ﬁ7"'7f}c)eLpl X...Xka’

<pi<oo,1<i<k,
=1, € (R xeR",
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Boundedness of multilinear operators on L' X - -- x L’ leads usually to some a
priori unexpected results when confronted with the linear case.

For the case of the fractional integral considered by Kenig and Stein and Grafakos
and Torres, [KS, GT], this fact is reflected on the possible values of g in the target
space L9.

Letn,ke N,k>2,

f:(ﬁ7ﬁ7"'7ﬁ)eLpl X...Xka’

1) € RN ER,0< a < kn

20N filye) - filye) .
Inf(x) —/yemk (|x_y1|+|x_y2|+_..+|x_yk|)(kn,a)dy.
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and Torres, [KS, GT], this fact is reflected on the possible values of g in the target
space L9.

Letn,ke N,k>2,

f:(ﬁ7ﬁ7"'7ﬁ)eLpl X...Xka’

1) € RN ER,0< a < kn

20N filye) - filye) .
Inf(x) —/yemk (|x_y1|+|x_y2|+_..+|x_yk|)(kn,a)dy.

.S S
H. Aimar, S. Hartzstein, B. Iaffei, B. Viviani : The Riesz potential as a multilinear operator into BMO 3 spaces



Theorem 1 Theorem 2 Main lemmas Proof of the main theorems Bibliography
[e]e]e} 000000000000
0000

[e}e]

[e]e]

ko1 e
Case iy, > 0

In fact g could be less than one even when all the p;’s are larger than one. This is the
k 1 [

1 _ e
case when | = >’ | .- — & islarge.
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ko1 e
Case ) iy, >0

In fact g could be less than one even when all the p;’s are larger than one. This is the

L_ v 1 ay
case when | = >’ | .- — & islarge.

[KS,GT]—>0<oc<kn,l§pi§oo,Il7:$+...+i,
1<i<k
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ko1 e
Case ) iy, >0

In fact g could be less than one even when all the p;’s are larger than one. This is the

1 _ k 1 _ a:
case when | => oo s large.
[KS,GT]—>0<oc<kn,l§p,-§oo,Il7:%4_...4_‘%,
1<i<k
If .
—=-—==2>0
q p n
then
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ko1 e
Case ) iy, >0

In fact g could be less than one even when all the p;’s are larger than one. This is the

case whené :Ef:l[%_— 2 is large.
[KS,GT]—>0<Oé<kn,1Sp,-goo,},:i-k.-._pi,
1<i<k
If

11l asy

q p n
then

If each p; > 1,

k
afller < CTT Wfillor

i=1
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In fact g could be less than one even when all the p;’s are larger than one. This is the

case whené :Ef:l[%_— 2 is large.
[KS’GT]_>O<O‘<k"’1Spigoo’,%:pll+"'+i,
1<i<k
If

11l asy

q p n
then

Ifeachp; > 1,
k
afllee < € TT Wil
i=1
pi = 1 for some i,

k
afllesoe < CTT Uil

i=1
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Case Z i

3\9

In this case we get more regularity in the target space than it could be * linearly”
expected.

As it is well known from the linear case, see for instance [SZ, GV, HSV], spaces
defined through mean oscillations are expected to appear in the image of the operator.
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Spaces BMOg, 0 < 5 < 1

John and Nirenberg, Spanne, Campanato, [C, JN, S].

Definition
A function f € L}DC(R") belongs to BMOjp if for some nonnegative constant C and
any ball B C R" of radius R there is a constant ag such that

1
m/[f(x)—aﬂdxg CR®.
B

This is a Banach space of classes modulo constants, with the norm ||f|| s defined by
the infimum of the above constants.
BMO, = BMO is the space of functions of bounded mean oscillation.
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Redefinition of the operator

An extension of the definition of the fractional integral, as in [SZ, GV, HSV], needed

to guarantee the convergence of the integral when ZLI 1% is small:
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Redefinition of the operator

An extension of the definition of the fractional integral, as in [SZ, GV, HSV], needed
to guarantee the convergence of the integral when ZLI pl,- is small:
The kernel:

K 3) = (kk=n| + = yal + -+ =)~
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Redefinition of the operator

An extension of the definition of the fractional integral, as in [SZ, GV, HSV], needed
to guarantee the convergence of the integral when Zf:] 1% is small:
The kernel:

K 3) = (kk=n| + = yal + -+ =)~

The operator:

107(x) = / FG5) (K(x.5) — (1 = xu (7))K(0, 7)) d,

By = (B,(0, 1)) is the unit cube in (R")*.
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Theorem 1
Let
0< a<kn,
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Theorem 1

Let
O<a<knl1<p <oco,1<i<k,
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Theorem 1
Let
0<a<kn,1§p,~§oo,1Sigk,l%zl+...+l%k_
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Theorem 1

Let

0<a<hkn,1<p<ool<i<hk =L+ L
fo<a-— 3 <1
then Z9, is a bounded multilinear operator from L”! X - - - x L into BMO,_ o
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Theorem 1
Let
[ [ l = L ... L
0<a<hknl<p <oco,1<i<k j=.+--+ .

fo<a-— 3 <1
then Z9, is a bounded multilinear operator from L”! X - - - x L into BMO,_ o
That is
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Theorem 1
Let
) P L I
0<a<knl1<p <oo,1<i<h =+ -+

fo<a—-2<1

then Z9, is a bounded multilinear operator from L' x - -- x L’ into BMOa,lﬂ’.
That is

For some nonnegative constant C, all f € I x --- x [* and any ball B of radius R
there is a constant ap such that

1 - a1 k
a1 [ 2A7) = anlas < R [T Wl

i=1
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Sketching the Starting Spaces
IO P Pk 1 1
ot I % XL’ — BMOy_» «—P=(—,...,—
P P1 Pk
is on the hyperplane of R¥

ot
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Sketching the Starting Spaces

Some cases

e If0 < a < nmand “T_l < 117 < % and E| .. . Ey denotes the closed convex hull of
the points £y = (3,0,...,0),...,Ec = (0,...,0, ). Then

T0 Er...Ex — BMO, ),
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Sketching the Starting Spaces

Some cases

e If0 < a < nmand “T’l < 117 < % and E| .. . Ey denotes the closed convex hull of
the points £y = (3,0,...,0),...,Ec = (0,...,0, ). Then

T0 Er...Ex — BMO, ),

o Ifj <1 <2 <j4+1,(1<j<k and € is the convex hull of the (}) x (k — )
oints whose coordinates are all the permutations of (1,...,1,1 —.0,...,0
p p »
~
J
then
I3 : £ = BMO, ),
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Sketching the Starting Spaces

1/p,
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b=a—-22>17

SR

L <cazl o

When P approaches zero, say, S5 %

about the target space?

To answer this question we need first to consider a broader range of spaces of
bounded mean oscillation, of classes modulo polynomials, defined in [GC-RdF],
gauged by bigger powers of the radius.

< =2 or smaller, what can be said

.S S
H. Aimar, S. Hartzstein, B. Iaffei, B. Viviani : The Riesz potential as a multilinear operator into BMO 3 spaces



Introduction Theorem 1 Theorem 2 Main lemmas Proof of the main theorems Bibliography
(e]e] [e]e]e} 000000000000
[e] 0000

[¢] [e]e]

More BMOg spaces

.S S
H. Aimar, S. Hartzstein, B. Iaffei, B. Viviani : The Riesz potential as a multilinear operator into BMO 3 spaces



Introduction Theorem 1 Theorem 2 Main lemmas Proof of the main theorems Bibliography
(e]e] [e]e]e} 000000000000
[e] 0000

[¢] [e]e]

More BMOg spaces

=0
BMOg is the space of those locally integrable functions f on R”, such that
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More BMOg spaces

=0
BMOg is the space of those locally integrable functions f on R”, such that
for some nonnegative constant C and each ball B in R" of radius R
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More BMOg spaces

B=>0

BMOg is the space of those locally integrable functions f on R”, such that

for some nonnegative constant C and each ball B in R" of radius R

there is a polynomial Pg(f), of degree at most the integer part [3] of /3, such that

Ef' / F(x) — Po(f)(x)ldx < CR?.
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More BMOg spaces

B=>0

BMOg is the space of those locally integrable functions f on R”, such that

for some nonnegative constant C and each ball B in R" of radius R

there is a polynomial Pg(f), of degree at most the integer part [3] of /3, such that

Efl / F(x) — Po(f)(x)ldx < CR?.

The infimum of the above constants will be denoted by ||f||g and is a norm on BMOg
considered as a space of classes modulo polynomial of order [53].
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Extension of the operator: m < a— 2 <m+1

n
p

m € NU {0}
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Extension of the operator: m < oo — 1% <m+1

m e NU{0}
We consider the Taylor’s polynomial of K(x, y) of degree m with respect to the
variable x € R" centered in (xo, ¥)).

1

K;:l)(xa)_;) = Z WD)’CYK(X(]?)))(X_‘XO)’Y
[yI<m
where v = (1, %) € NG, [y =7 + -+ 7, DY = (5:)"" - ()" and
X =xt Xk
X0 = 0,
Tof() = | FONK ) = (1= x5, (7))KS (x, 3)dy.

Rnk
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This is a natural extension of the definition of the operator given in (1) since :
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This is a natural extension of the definition of the operator given in (1) since :
for f is of compact support included in B(0, M), I.f (x) differs from Z,f(x) in a
polynomial of degree at most m,
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This is a natural extension of the definition of the operator given in (1) s_@nce :
for f is of compact support included in B(0, M), I.f (x) differs from Z,f(x) in a
polynomial of degree at most m,

IF0) — Lfx) = - / LT
<p|l<M

1 2 .
SEED DR (NG O
! 1<]y|<m

[v|<m

If Zf(x) belongs to BMOg, [] = m, then I,f(x) does.
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Theorem 2

LetO<a<kn1<p <oo(l<i<k)and
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Theorem 2

LetO<a<kn1<p <oo(l<i<k)and
mga—2<m+l-
P

Then
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Theorem 2

LetO<a<kn1<p <oo(l<i<k)and
mga—2<m+l.
p

Then
T is a bounded multilinear operator from L' X - - - x L’* into BMO o _

==
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Theorem 2

LetO<a<kn1<p <oo(l<i<k)and
mga—2<m+l.
p

Then
T is a bounded multilinear operator from L' X - - - x L’* into BMO o _

That is,

==

.S S
H. Aimar, S. Hartzstein, B. Iaffei, B. Viviani : The Riesz potential as a multilinear operator into BMO 3 spaces



Introduction Theorem 1 Main lemmas Proof of the main theorems Bibliography
(e]e] [e]e]e} 000000000000
[e] 0000

[¢] [e]e]

Theorem 2

LetO<a<kn1<p <oo(l<i<k)and

m§a—2<m+l.
p

Then

Tz is a bounded multilinear operator from L' X --- x L* into BMO o _1.
nop

That is,

there is a constant C such that for any f € L' x --- x [F* and any ball B there is a
polynomial of order at most m, Pg(Z4f) such that

b

" — ") (x) |dx 8.
B | T = Pz o) < CR
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Notation

B = B,(x0,R) CR"
B = {y: ¥ —%l < 2kR} C (R")*
7]l = max(|yi], ..., [y])

X = (x,...,x). We will suppose, without loosing generality, that f; > 0 for all
1<i<Lk
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Lemma 1

0<a<kn
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Lemma 1

0<a<kn
1<pi<oo,1<i<k
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Lemma 1
O0<a<kn
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l<pi<oo,1<i<k,=_+-+,.
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Lemma 1
0<a<kn
] L I
1<pi<oo, 1 <i<k,= -+ -+, .1If
1
e
n . p
then .
1 // VS . o_n
1B dydx < CR™ 7 fillpi»
B o Js (50 L= e 1
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Lemma 1
0<a<kn
] L I
1<pi<oo, 1 <i<k,= -+ -+, .1If
1
e
n . p
then .
1 // VS . o_n
1B dydx < CR™ 7 fillp: s
B o Js (50 L= e 1

for some constant C, all f € ! X --- x [” and all x € B = B,(xo,R) C R".
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Proof of Lemma 1

Denote f—f =2 - >0

1
P
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Proof of Lemma 1

Denotefli =% - }7 > 0.

Assume that there is a set of nonnegative numbers 71, . . ., v such that
k

S = kn — a
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Proof of the main theorems

Proof of Lemma 1

o 1
Denotefli =% - b > 0.

Assume that there is a set of nonnegative numbers 71, . . ., v such that
k
S = kn — a
Forx € B
k

/~ i &) < H/ fi(yi)y‘dyi
B (Zi:] [x — il Jkn—e i—1 Y {itlyi—xo| <2kR} lyi — x|

k

< H/ M&iyi.

B im1 < {vilyi—x| <3kR} lyi — x|
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Proof of Lemma 1

Denote 2 := 2 —117>0.

n n

Assume that there is a set of nonnegative numbers 71, . . ., v such that
K v =kn— .
Forx € B
= k
B (Zi:] |x - yi|) e i—1 Y {yitlyi—xo| <2kR} |)’i _x| '
k

< H/ Mdyi.

i el <R lyi — x|

Also assume that 0 < v; < p% for1 < p; < ooand~; =0forp; = 1.
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Then, by Holder’s inequality,
ifl<pi <0
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Then, by Holder’s inequality,
ifl <pi <o

Jilyi 1 1/p!
/ Oy, < Il — Ly

Oicli— <airy [yi — x[7 Oilyi—xl<argy |yi — x|
L —;

< Cllll R
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Then, by Holder’s inequality,
ifl <pi <o

Jilyi 1 1/p!
/ Oy, < Il — Ly

Oicli— <airy [yi — x[7 Oilyi—xl<argy |yi — x|
L —;

< Cllll R

if p; = 1 then
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Then, by Holder’s inequality,
ifl <pi <o

FOD < L e
/{ ysllfllp.(/ )

/

C— x| P!

iyl <3uy [yi — X[ Gilvi—rl <3kRy |yi — x|
Yi

< Cllll R

if p; = 1 then

Silyi
/ ',( 1)7. dy; = fiyi)dy: < |lfillp,
{is lyi—x| <3kR} i — x| {yitlyi—x| S3kR}
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Then, by Holder’s inequality,
if 1l <p; <00

ﬁ(yi) dv; | 1 dy; 1/p]
/{ O, < llﬁllp,(/ )

/
C— x| P!
iyl <3uy [yi — X[ Gilvi—rl <3kRy |yi — x|

< Cllfill,R"

if p; = 1 then

/ | FO0dy. < [fl
Oieli—al <3y [yi = x| {islyi—x| <R}

Since
: n £on o “n n
YW= m=d s~ mma)=a-) S =a-
I<pi<oo,i=1 ©1 o1 Pi im1 Pi =1 P I4
then
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G e I . ?
i=1
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/&) : A
ay < CTT il R,
/,~, (5, b — yl)n—e H

Then

! fo) ¢
1B| dydx < C | [ IfillR*"7,
|B| /B»/§ (Zle |x — yi|)kn7a H P

i=1
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It remains to show that there is an adequate family of exponents +;’s satisfying our
requirements.

Set n
y=8-,1<i<k
Di

for some 0 < ¢ < 1 (to be determined).
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It remains to show that there is an adequate family of exponents +;’s satisfying our
requirements.

Set n
vi=6—,1<i<k
i
for some 0 < ¢ < 1 (to be determined).
Observe that if p; = 1 (at most [2] of the p;’s) then ; = 0 and if p; > 1 then

0<’Yi<pl'{.
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It remains to show that there is an adequate family of exponents +;’s satisfying our
requirements.

Set n
vi=0—,1<i<k

pPi
for some 0 < ¢ < 1 (to be determined).
Observe that if p; = 1 (at most [2] of the p;’s) then ; = 0 and if p; > 1 then
0<y < pl',
If
_ hkn—a  kn—a
T kn—a+p kn—%

,(6:a—§>0),then0<5<1and

5

k

k k
27,:521%za(kn—zﬁ):5(kn—a+6):kn—a.m
i=1 i=1 ¥ /

i=1 '

H. Aimar, S. Hartzstein, B. Iaffei, B. Viviani : The Riesz potential as a multilinear operator into BMO 3 spaces



Introduction Theorem 1 Theorem 2 Proof of the main theorems Bibliography
(e]e] [e]e]e}
[e] 0000
[¢] [e]e]

Lemma 2

Let0<a<kn,l§pi§oo,(lgigk),izpil+...+}’ik.
If
1_a
p n
then .
1 // fG) -
B dyde < € TT Il
Bl o 3 (5, = e 11

for some constant C, allfe I x - x L’ x € B = By(x0,R).
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Proof of Lemma 2
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Proof of Lemma 2

Assume that for some ; > 0,1 < i < ksuch that v = kn — a.
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Proof of Lemma 2

Assume that for some ; > 0, 1 < i < ksuch that > v, = kn — a.
Since 0 < a = § there is at least one i such that p; < oco. Let assume that i = 1 and
p1 < co. Then 1 < p} < oo and
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Proof of Lemma 2

Assume that for some ; > 0, 1 < i < ksuch that > v, = kn — a.
Since 0 < a = l’—]‘ there is at least one i such that p; < oco. Let assume that i = 1 and
p1 < co. Then 1 < p} < oo and

we set "
Y= +e<ln
D

and

0<’y,-:(1—6)§,2§i§k

i

for some 0 < € < pll and 0 < § < 1 to be chosen next.
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Proof of Lemma 2

Assume that for some ; > 0, 1 < i < ksuch that > v, = kn — a.

Since 0 < a = l’—]‘ there is at least one i such that p; < oco. Let assume that i = 1 and
p1 < co. Then 1 < p} < oo and

we set

Y n-l— <n
1=—+¢€
i

and

0<'y,—(1—§)p 2<i<k
for some 0 < e < ,T and 0 < § < 1 to be chosen next.
Observe that, for 2 < i < k, if p; = 1 then ; = 0 and if p; > 1 then
vyipi = (1 —8)n < n.
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Moreover,

i )
A O -y

k

H/ ﬁ(yi)w- dy;
i1 Dvilyi—x0 | <2kR} lyi = x|

/ IO / Oy
{yi:ly1—x0| <2kR} |y1 _xhl i—n  {vitlyi—x0| <2kR} |y" — x|

IN
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i=1p;
k k k

n _ n n
D (W=D =D =
i=2 Pl i=2 Ui =2 1
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Since 3°%_, b=k — S A =kn—"=kn—a=) vthen
Ko, . k
S W= =D ==
im Pi P Py
By Holder’s inequality

k k

H/ filyi) ,dyiSH/ filyi) dy,
i J pislyi—rol<2kmy [yi — X[ i il <3y [y — x|

k k
B —i Y=
< cIIUENR" )y =c WAl R 7. ©6.1)
i=2 =2
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By Tonelli’s Theorem,

—
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By Tonelli’s Theorem,

7 | / IOy
B Ju J& (S b =i

fikn)
< Will / / SIS
|B| H ! [y —x0| <2kR [x —yi|m
1
< Will / i) / L eay,
|B| H " Iy1 —x0| S2UR [y <3kR X = >
1 % _
< LR AT, / Sy R
|B] i Iyt =30 | <2kR
1 _n k n—-y +L
< C|B|R A TRl R
i=1
<

k
T Il0
i=1
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Construction of the ~;’s

Recall that we need .
Z Yi=kn—a>0
i=1
ot - +e<n
1= —
i
and

0§v,-=(1—6)§,25i3k

i

forsomeO§e<piland0<6< 1.
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Construction of the ~;’s

Recall that we need

k
Z’y,-:kn—a>0

i=1
ot n+e<n
1= —
i
and n
0<y=(1-90)5,2<i<k

forsomeO§e<plland0<§< 1.

Since pi, < Ele 1% = kn — « then we can choose § > 0 near enough to 0 such that
1 i

0§e:6(kn—a—£,)<£.
P P1

(Observe that if p; = 1 then € = §(kn — ) > 0)
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Since Ef—z Plf =kn — a — % then
k o,
D=l rar1-6)) =
i=1 1 i=2 Pi
k ko,
—Z—,—I—e—(SZ—, =kn—a+(e—d0(kn—a— —)) =kn— a0
i=1 71 i= Pi Pi

H. Aimar, S. Hartzstein, B. Iaffei, B. Viviani : The Riesz potential as a multilinear operator into BMO 3 spaces



Introduction Theorem 1 Theorem 2 Proof of the main theorems Bibliography
[e]e] 000
o] 0000
] [e]e]

Lemma 3

LetO < o < kn, 1 < p; < 00, (1 < i< k),

= pil 4+ ...+ Land
For any m < kn nonnegative integer, if

1
Pk p

=

mga—ﬁ<m—|—1
14

I(x) = / f0) ay <RI Wl 62)

B (i Jx =yl ermetmtt T 1<i<k

for some constant C, allf €I’ x---x I[P andall x € B.
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Proof of Lemma 3

Letﬂ:a—l'—;.
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Proof of Lemma 3

Letf=a— g.
If |xo — x| < R and max;<;< |xo — yi| > 2kR then
[x =yl > %|x0 -yl = %maxlgigk |xo — yi| for some j and
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Proof of Lemma 3

Letf=a— g.
If |xo — x| < R and max;<;< |xo — yi| > 2kR then
|x = yj| > 3% — yj| = 3 maxi<i<x [xo — yi| for some j and

k k

1,1
D=yl = -yl > 5(;leo = il)-
i=1 i=1
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Proof of Lemma 3

Letf=a— %.
If |xo — x| < R and max,<;<x [xo — yi| > 2kR then
[x =yl > %|x0 -yl = %maxlgigk |xo — yi| for some j and

k k

1,1
D=yl = -yl > Q(EZPCO = il)-
i=1 i=1

Since kn — a4+ m + 1 > 0 then

I N— Y | B—
Be (35, Jx — yi|Jln—otmt1 B (5 o — i ettt
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Casem<f=a<m+1

Then p; = --- = pr = oo and, since kn — o +m + 1 > kn,
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0000
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Cassem<f=a<m+1
Thenp; = --- = py = oo and, since kn — o +m + 1 > kn,

then integration on R™ gives

/ f&dy
B (S o — )t

dy
< ] Wl | ;
gSk IF-Soll>2tr (2o, [Xo — i Jormotmt
< crRT IAllD
1<i<k
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Casem < f<a<m+l

Then p; < oo for some i.
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Casem<p<a<m-+l1

Then p; < oo for some i.
Aim to write 35, [xo — i7" > |xg — yi |1 .. |xo — yi|* for some
Y,.-., % suchthaty; > Oforalliandkn —a+m+ 1 = Elefyi.
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Cassem< f<a<m+1

Then p; < oo for some i.
Aim to write S5 [xo — yi "7 > |xg — yi |71 [xo — yi| ™ for some
Y,.-., % suchthaty; > Oforalliandkn —a+m+ 1 = Zlefyi.

The “cylinders” covering B¢
If ¥ € BC there is, at least one, i € {1,...,k} such that |[y; — xo| > 2kR.
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Cassem< f<a<m+1

Then p; < oo for some i.
Aim to write S5 [xo — yi "7 > |xg — yi |71 [xo — yi| ™ for some
Y,.-., % suchthaty; > Oforalliandkn —a+m+ 1 = Zlefyi.

The “cylinders” covering B¢
If ¥ € BC there is, at least one, i € {1,...,k} such that |[y; — xo| > 2kR.
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Cassem< f<a<m+1

Then p; < oo for some i.
Aim to write S5 [xo — yi "7 > |xg — yi |71 [xo — yi| ™ for some
Yiy. ..,y such that 5 > O forall iand kn — a +m+1= 3t .

The “cylinders” covering B¢

If ¥ € BC there is, at least one, i € {1,...,k} such that |[y; — xo| > 2kR.

For any nonempty A C I = {1,...,k}, let Cx be the set of all the ¥ such that
lyi —xo0| > 2kRifi € A, and |y; — xo| < 2kRifi € A°.

Then B¢ C U{A:lg#Agk} Cy
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I(x):= /E 10) dy

e (i b — yilaetntt

fG) -
: d
= Z /CA (Ef:l |x — yj| Jln—ectmtl Y

{As1S#AZK}
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I(x): = / 1) dy

Be (i v — yilnetntt

&) .
< 2k (S b=yt ™

{As1S#AZK}

Let A be any of these subsets. We can assume, without loss of generality, that
A={l,...;t}with1 <7<k
We shall consider the cases ¢ < k and t = k.
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HA=1t<k

& -
k kn—a+m—+1 dy
Cy Ei:l |x0 - yi|

< / iy / fiyi)dy:

— v | — vl
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Let
an = [ 5 (1= X DKG.5) ~ (1 = xm (DKO.5) .

Assume that ap is finite and let us prove (7.3).
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Sphtf f1 +f2 Wherefl fXB’ and

IZof(x) = as| < Ti(x) + Ta(x),

H. Aimar, S. Hartzstein, B. Iaffei, B. Viviani : The Riesz potential as a multilinear operator into BMO 3 Spaces



Introduction Theorem 1 Theorem 2 Main lemmas Bibliography
(e]e] [e]e]e} 000000000000
[e] 0000

[¢] [e]e]

Proof of Theorem 1

0<p<1
To prove:

B / |Zf(x) — aldx < CR®™» H Wfill i - (7.3)

for some constant ag, related to Ioaf and B, and an absolute constant C
Let

ag = /J?(?) (1 = xg()K(x0,5) — (1 — x8,(¥)K(0,5)) dy

Assume that as. is finite and let us prove (7.3).
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Let
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Assume that as. is finite and let us prove (7.3).
Sphtf f1 +f2 Whereﬁ fXB’ and
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Estimating Z;(x)

Since

max; <<k [Xo — yi| > 2k|xo — x| = Ele |x — yi| > k|xo — x| then
using the Mean Value Theorem and the homogeneity of order a« — kn of the kernel
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Estimating Z;(x)

Since

max; <<k [Xo — yi| > 2k|xo — x| = Zf:l |x — yi| > k|xo — x| then
using the Mean Value Theorem and the homogeneity of order a« — kn of the kernel

K(x,7),
|x — xo

(i) o — wilylr—e+t”
Forx € Band y € B¢ and Lemma 3 (0 < B < lorm = 0),

T(x) < Clr—xo| | — o) ———dy
B (D, [xo — yif)frmet

< CRx R TT Willo = cR® TT IWfilln

1<i<k 1<i<k

[K(x,¥) = K(x0,y)| < C
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81 /s AL

(7.5) and (7.4) — (7.3).
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Proof of Theorem 2
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Proof of Theorem 2
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Proof of Theorem 2
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m = 0 — Theorem 1.
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an(x) = [ FO) (1= XaERE (.5) ~ (1= x0o(5KE x.5)) .

.S S
H. Aimar, S. Hartzstein, B. Iaffei, B. Viviani : The Riesz potential as a multilinear operator into BMO 3 spaces



Introduction Theorem 1 Theorem 2 Main lemmas Bibliography
[e]e] 000 000000000000
o] 0000

[¢] [e]e]

Proof of Theorem 2
m = [B].
m = 0 — Theorem 1.
m>1:
For x € B(xo,R) C R" let

an(x) = [ FO) (1= XaERE (.5) ~ (1= x0o(5KE x.5)) .

F=h+h fi=fa

H. Aimar, S. Hartzstein, B. Iaffei, B. Viviani : The Riesz potential as a multilinear operator into BMO 3 spaces



Introduction Theorem 1 Theorem 2 Main lemmas Bibliography

[e]e] 000 000000000000
o] 0000

O [e]e]
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m = 0 — Theorem 1.
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F=h+h fi=fa
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