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APPROXIMATION CLASSES FOR ADAPTIVE HIGHER ORDER
FINITE ELEMENT APPROXIMATION

FERNANDO D. GASPOZ AND PEDRO MORIN

ABSTRACT. We provide an almost characterization of the approximation classes
appearing when using adaptive finite elements of Lagrange type of any fixed
polynomial degree. The characterization is stated in terms of Besov regular-
ity, and requires the approximation within spaces with integrability indices
below one. This article generalizes to higher order finite elements the results
presented for linear finite elements by Binev et. al. [BDDP 2002].

1. INTRODUCTION

Adaptive finite element methods (AFEM)for the numerical solution of partial
differential equations are now widely used in scientific computation, with the pur-
pose of reducing the computational cost by yielding the automatic construction of a
sequence of meshes that would equidistribute, eventually, the approximation errors,
producing (quasi-)optimal meshes.

Recent articles [BDD 2004, S 2006, CKNS 2007, DX 2008, GM 2010] tackle the
issue of optimality of AFEM by proving results of the following type for different
stationary problems:

Let u denote the exact solution being approximated in the norm
| - ||. Assume that there exists s > 0 and a constant C' such that,
for each N € N, there is a triangulation 7 obtained with at most
N bisections from the initial triangulation 7 such that

inf |Ju— vr|| < ON~° = C(#T — #To) ",

where the infimum is taken over all finite element functions vy
over the mesh 7. Then, the adaptive cycle generates a sequence
{(Tx, uk) }en of meshes, and corresponding finite element approx-
imations such that

u—well < CH#Te —#T0)™%,  k=1,2,....

In other words, if the exact solution can be ideally approximated with complexity
O(N~#), then the AFEM generates a sequence of discrete solutions converging with
the same order.

The goal of this paper is to shed some light into the understanding of the ap-
proximation classes A, of functions that can be approximated with complexity of
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order N—*¢ with Lagrange finite elements of arbitrary (but fixed) order r € N on
domains of arbitrary dimension d. In [GM 2008] it is proven that the so-called op-
timal convergence O(N ~"/?) when measuring the error in H' is obtained whenever
the function to approximate can be decomposed as a sum of a regular part plus
a singular part with singularities around a finite number of points. This decom-
position is usual in regularity results of Partial Differential Equations in terms of
Sobolev norms. Nevertheless, Sobolev spaces are not sufficient to characterize these
approximation classes.

In [BDDP 2002] an almost characterization of these classes is obtained, for the
case of linear finite elements, in terms of Besov regularity. In this work we state
and prove analogous results for higher order finite elements. For the proofs we
follow the steps of [BDDP 2002], filling in all the details necessary for studying
the higher order case. In particular, it is necessary to work with Besov spaces
with integrability index below one (see Remark 2.4), requiring the definition of a
local polynomial approximation operator II, ¢ and the study of best approximation
properties in LP for 0 < p < oo, among others (see Definition 3.7 and Theorem 3.8);
this is a key novel result of this article.

We end this introduction noticing that some of the results presented in this article
are rather technical and others are known to researchers from approximation theory.
The former were necessary in order to obtain a rigorous proof of the main results,
the latter were included for two reasons: First, we could not find proofs of those
results under the precise assumptions necessary for our argument, they were proved
either for one-dimensional domains or for smooth or convex domains; we compare
our results with the existing ones along their presentation throughout the article.
Secondly, those results are not so familiar to the finite element community, and
including them here makes this article more self-contained and easier to read for a
wider audience.

In the next section we state precisely our main results, and at its end we outline
the organization of the rest of this article.

2. MAIN RESULTS

In this section we state the main results of this article, and start by setting the
finite element framework. We consider an initial triangulation 7Ty of the polyhedral
domain €2 into simplices, and we let the admissible triangulations be those belonging
to the family T of all conforming partitions of 2 obtained from 7y by refinement
using the bisection rules from [M 1995, Tr 1997], considered in [S 2007]. These rules
coincide (after some re-labeling) with the newest-vertex bisection procedure in two
dimensions and the bisection procedure of Kossaczky in three dimensions [K 1994],
and yield a shape regular family T:

diam(T")
Sup sup ——— =: KT < 00,
TeT TeT  PT

where diam(7') is the diameter of 7" and pr is the radius of the largest ball contained
in it. Throughout this article, we only consider meshes 7 that belong to the
family T, so the shape regularity of all of them is bounded by the uniform constant

k1 which only depends on the initial triangulation 7y [SS 2005, S 2007]. Besides,
these bisection rules ensure that the extra refinement needed to keep conformity
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of the meshes is controlled by the number of elements marked for refinement (see
Theorem 6.1 below).

From now on, for any admissible triangulation 7, we let V+ denote the finite
element space of continuous piecewise polynomials of degree at most r, where r is
a fixed positive integer, i.e.,

Vr={veC@Q):vreP forall TeT}.
Throughout the paper we fix By = By (), 0 < p < 00,0 < a < 1 +% or
By = LP(Q) if @ = 0 and we recall that the Besov space B = B2*(Q) (s > 0) is
compactly embedded in By if and only if [BDDP 2002]

1 s 1 s 1 1

- <=+- or d:==—-+—-——->0.

T d p d p T
The positive number ¢ is called the discrepancy for B relative to By. The constraint
a <1+ ]% is required to guarantee that V+ C By, because we are considering C°
finite elements (see Proposition 4.7).

One of the main results of this article is the existence of a quasi-interpolant Q7
with properties that are fundamental for the construction of quasi-optimal meshes.
These properties involve local and global bounds for the interpolation error in terms
of Besov and broken Besov norms and are explicitly stated in the following.

Proposition 2.1. Let By = By ,(2), 0<p< o0, 0<a< 1—|—% or By = LP(Q) if
a=0.If fe B=B*(Q )with%<§+%,s>0, ands—i—agmax{r—kz%,l—&—%}.

Then, for any mesh T € T there exists an interpolant Q1 : By — YV, and constants
C4,Co,Cs such that the following inequalities hold:

(2.1) If = Qr(Hllzr(r) < CLITLIf|B(wr ()
(2.2) | Botwr @y < CHTP 1 f BTy (e >0),
(2.3) If = @r(Nin) < C2 > |5 (wr ()
TeT
(2-4) |f_QT( Bo Q) <C3 ZT'f‘BO (wr (T (0‘>O)'
Te

where § = 5+ zl? —% >0 and C; = Cy(p,s,7,d,7, k), Co = Ca(p, p, v, d, 1, k1) and
Cs = Cs(p, p, a, d,r,diam(Q), kr); hereafter wr(T) denotes the patch of elements
of T that have nonempty intersection with T, ||y (. is the Besov seminorm (4.7)
if >0 and |- [gyw) = || - |l Lr(w) when a=0.

The construction of the operator @7 is presented in Section 3 for a generic
function f € LP(Q2), without assuming any extra regularity. The proof of Propo-
sition 2.1 is presented in Section 5, after the Besov spaces are introduced and its
properties are discussed in Section 4.

In the rest of this article, we will use the notation C' = C'(0) to emphasize the
dependence of the constant C' upon the parameters . For the sake of simplicity, the
notation < will be used to indicate that a < Cb with C > 0 a constant depending
on the parameters defined in the corresponding theorems, lemmas or propositions,
also a ~ b will indicate that a < b and b S a.

One of the main consequences of this interpolation operator and its properties
is an embedding theorem between the Besov space B and an approximation class,
through the construction of optimal meshes using a greedy algorithm. In order to
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define the approximation classes we introduce the notion of best approximation
error with complexity NV € N on a quasi-Banach space By of functions defined on
Q, as follows:

ox (Wp, = min inf u—vlls,,

where Ty :={T € T : (#T — #7To) < N} that is, the minimum over 7 is taken
over all admissible triangulations obtained with at most N bisections.

Next, we define, for s > 0 the approximation classes A;(By) containing the
functions that can be approximated with best approximation error of order N~%.
More precisely,

Ay(By) = {v € By : 3C such that oy (v)g, <CN7*,VN € N} .
Equivalently, we can define A4(Bp) through a semi-(quasi)norm as follows:

Ag(By) ={v € By |v|a (s, <oo} with [v]s (py) = ]S\,[U%NSJN (v)g
€

5 °

This definition is also equivalent to saying that v € A;(By) if there is a constant C'
such that for all € > 0, there exists a mesh 7T that satisfies:

(2.5) inf |lv—vr|p <€ and (#T — #To) < Ce s,
v eV 0

and |v[s (B,) is equivalent to the infimum of all constants C' that satisfy (2.5).
This scale of spaces can be extended adding a parameter 0 < ¢ < oo in the
following way:

Agq(Bo)i={veBy:|v

ASJ](BO) < OO}
1

Ao q(Bo) = (2[02" (v) g, 2”5]q> ‘.

neN

with v

This more general class will be useful for proving the inverse estimates. We identify
As oo (Bo) = As(Bo):

An importantconsequence of Proposition 2.1 is that the optimal error with
complexity N decays as O(N—*/%) when a function being approximated in By-
norm belongs to B, and the discrepancy § = 5 + zl) - % is positive. More precisely,

Theorem 2.2 (Direct Theorem). Let By = By (€
or By = LP(Q) if « = 0. If f € B = BJ}*(Q)
s+ a < max{r+ %,1 + 13}, then

(26) O’N(f)BO S CN_S/d“ﬂB, N Z 1.

where C' = C(p, o, s,7,7,d,Q, k1, To).-

), 0<p<oo,0<a<l+l
wz’th%<§+%,s>0, and

In terms of approximation classes, Theorem 2.2 can be stated as follows:

Corollary 2.3. Under the assumptions of Theorem 2.2 we have:
BEH(Q) € Aya(BL,(Q)  (a>0),

@7 B2 (9) C Aya(L7(Q) (o= 0).

Remark 2.4. Tt is important to notice that the decay O(N~%/%) of the optimal error
with complexity N can be achieved if s + o < max{r + :zlz’ 1+ %} Thus, in order
to take full advantage of the polynomial degree r» we need 7 to be strictly less than
1; when r > 2, in fact we need to set 7 = 1/r. In the case of linear polynomials,
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taking 7 = 1 was sufficient [BDDP 2002]. Now we need to cope with Besov spaces
with integration power less than one, and this poses an additional difficulty when
defining the best approximation, due to the lack of uniqueness implied by the non-
convexity of the balls. This is dealt with in Section 3, precisely in Definition 3.7
and in Theorem 3.8.

When approximating the most studied case of second order elliptic problems, the
usual energy norm is equivalent to the Sobolev H'(£2) norm. It is generally said
that an adaptive method with Lagrange finite elements of degree r for this class of
problems is quasi-optimal when the method converges with order N~"/¢. This is the
order obtained when the solutions belong to H"1(Q2) and the meshes are refined
uniformly. The same order is often observed in practice when the solutions are
not so regular, and adaptive refinement is used. By inspection of the assumptions
of Theorem 2.2, and using the fact that H'(Q) = Bj ,(Q) we conclude that it is
possible to approximate optimally a solution, whenever it belongs to B"“(Q) with
O< <L —|—f ie., > 2T+d
examples of spaces included in A, /4(H'(£2)) in Table 1. These few examples in the

In order to illustrate better we provide some specific

d=2 d=3
r=1 B%+5,1+6(Q) Bs+£ (Q)
r=2 B§+e,3+a(9) B$+a,7+a(9)
r=3 Bi-‘rsz-i-s(g) Bi+e 9+€(Q)
r=4 Bg+s,5+6(9> B?1+6,11+5(Q)

TABLE 1. Besov spaces contained in A, /4(H"'(£2)) for d = 2,3 and
r =1,2,3,4. These few examples show the need of using Besov
spaces with integrability index below one.

simplest and most widely studied case of second order elliptic problems show that,
in order to find the largest class of functions which can be approximated at optimal
rates, it is unavoidable to get involved with function spaces with integrability indices
below one.

The last main result is a kind of inverse result from the previous one and states
which generalized approximation classes are embedded into which generalized Besov
spaces (these generalized spaces are defined in Section 7):

Theorem 2.5 (Inverse Theorem). Let 0 < p < oo, a >0, s > 0, % =3+ % and
a+s<r+%. Then

As -(Bg,(Q) C BE () (a>0),
As A (LP(Q) C B: () (a=0).

Remark 2.6. The generalized Besov spaces éﬁp(ﬂ) are an extension of the classical
Besov spaces using a multiscale norm that coincides with the norm of the classical

Besov spaces By ,(€2) when a < 1+ %. Bg p Strictly contains the classical Besov

space By, when a > 1+ % (see Section 7).
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The rest of this article is organized as follows. In Section 3 we present the
construction of an interpolant that will satisfy the estimates of Proposition 2.1. This
construction is a key step of this article, and not obvious, since we are approximating
in spaces LP with p < 1, which implies that the projections are not well defined in a
natural way. In Section 5 we prove that such an interpolant satisfies the properties
stated in Proposition 2.1. In order to do so, we use properties of Besov spaces which
are presented in Section 4, where we describe the Besov spaces in their classical
and multilevel form. In Section 6, we construct a mesh that allows us to prove
Theorem 2.2, whereas in Section 7 we prove the inverse estimates of Theorem 2.5.
Sections 6 and 7 are generalizations of the results from [BDDP 2002] and the proofs
follow the same lines; they are included here for the sake of completeness.

3. FINITE ELEMENT BASIS AND QUASI-INTERPOLANT

In this section we will construct our interpolant Q7 and in Section 5 we will
prove Proposition 2.1, after having defined the Besov spaces and stated some of
their properties in Section 4. As usual, the construction does not make use of the
regularity of the function being approximated. We will follow the steps highlighted
in [BDDP 2002] generalizing them to the case of functions belonging to L”(€2) with
0 < p < 1 and Lagrange C° finite elements of arbitrary polynomial degree. The
main contribution of this section are the constructive Definition 3.7 of a quasi-best
local polynomial approximation, and the proof of its properties in Theorem 3.8.

Let 7 € T, recall that V3 = {11 e C(Q): vr €P" VT € T} , and let

=7 ={v:vis anode of V;}

denote the set of nodes, or location of the degrees of freedom of the finite element
space. We define, for each v € =, the basis function ¢, as the only function of
Vo with value 1 at the node v and zero at the rest of the nodes. Then {¢,} ez,
is the nodal or canonical basis of V.

By standard scaling arguments, if 0 < p < oo and g = ZVGET ay by,

1
(3.1) 90l o () = ( Z |av¢u||ip(g)>

vEET

where the equivalence constants depend only on p, the polynomial degree r and the
mesh regularity.

To construct a dual basis we restrict ourselves to an element T' and there we
generate the biorthonormal dual basis {¢r.},cp to {#u},cp, Where o7, is the
polynomial of P" defined in T such that

(3.2) STy Q)T = / 10 G| =06,,, forall €T.
T

Then, we define the dual basis {5,,} as follows:

VEET

(3.3) b= aum

m
Y TeTweT
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where m, = #{T €T :veT}=#{T €T :T Csupp(¢,)}. It is straightforward
to see that for this dual basis the following properties are valid:

(34) <¢l/7 %V/> = /ngl/;l/’ = 5u,u’a

(3.5) 6, := supp(,) = supp(¢,) = |J T,
T>v

and (Z,,|T € P" for all T € T, albeit in general qg,, is discontinuous.

Remark 3.1. The equivalence (3.1) is also true when we change {¢, }=, by {6, }=.,
and g = ZVEET au¢1/-
It is easy to see that the linear operator Q7 : L1(2) — V4 defined as
(3.6) Or(f) ==Y (f. ¢)ov,
VEET

is a projection mapping L!(Q) into V7, i.e., if f € Vo, then Q7 (f) = f. And
moreover, if f = g X, (r), with g € P", then Q7(f)|r = glz.

Note that this quasi-interpolant is not well defined for f € LP(Q) when 0 < p < 1,
since f (E,, could be non-integrable in some cases. To overcome this difficulty we first
define (see Definition 3.10 below) a quasi-best polinomial approximation operator
II, 7, which yields, for each f € LP(Q2), a (possibly discontinuous) piecewise poly-
nomial function II, 7(f), and then apply Q7 to IL, +(f).

Lemma 3.2. The linear projector Q1 has the following local stability properties:

(1) If 1 <p < oo and f € LP(), then:
||QT<f)||LP(T) S HfHLP(wT(T)) for alT €T.
(2) If 0 < p <00 and g =Y per XTgr With gr € P" for each T € T, then:
197 oy S N9l Loy for al T €T.
The constants involved in the previous bounds depend on p, r, and K.

Proof. Let 1 < p < oo, and notice that using (3.3) and (3.4), and scaling to

a reference element ‘ by ~ 16, |V/P 1, 160l Loy = 16, |*/? with constants

L7'(@)
depending only on p, r and kr. Then, for f € LP(Q), recalling the definition (3.6)

of Q7 we obtain

QT (Nlzoery < D IF M NSullzoiry S D 1 llzoio,y S IF Lo orcry -

veT veT

where the last inequality follows from the finite overlapping of the patches 0, C
wy(T), for v € T. Therefore, (1) is proved.

Notice that (2) for 1 < p < oo is a particular case of (1).

Let 0 <p < landg =) .y Xxrgr, with gr € P". Recalling the definition (3.6)
of Q7 and the fact that for 0 < p < 1 the triangle inequality holds for || - ||1£,,(T) we
have

197 @) By < 3 o 6P 60120y -

veT
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On the other hand, by (3.2)

000 = 3 l0dr = —— Y lgmr = -o 3 g,

T'CO, T'CO, T'CO,

Therefore, using Lemma 3.3 below

(g0 S D Ngrlloean S D 1T VP lgllieery S TP lgl oo or -
770, 7/Ch,

Since by scaling ||¢,,||’2P(T) ~ |T|, we obtain the desired estimate for (2). O

From now on, G will denote a subdomain of {2 composed of elements of an
admissible triangulation 7 € T. More precisely, G will be assumed to be either a
patch formed by one element T' € T or a patch of neighboring elements wy (1) =
{T" e T : TNT # (}. Standard scaling arguments can be used to prove the
following.

Lemma 3.3. Let T €T, TeT and G=T or G =wy(T). If0 < p,q < 00 and
r > 1, then

1_1
(3.7) 190l Loy = 1G17 77 Nlgll o () Vg e P’
with equivalence constants depending only on p, q, v, kr, but independent of G.

Definition 3.4 (Best and near best approximation). Let G be any domain of RY,
let 0 < p < oo, let r be a fixed polynomial degree, and let f € LP(G).

e The best approzimation error in LP(G) is defined as
E G = i f - P .
(f,G)p ¢ . 1f=gllrr )

e We say that g € P"is a near best LP(G)-approzimation of f with constant
A>1if

I1f —9||Lp(G) < AE(f,G)p.
It is easy to see that

Lemma 3.5. Let T € T, T €T and G=T or G =wy(T). If0<p <p < o0
and g € P" is a near best LP(G)-approximation of f with constant A, then g a near
best LP(G)-approzimation of f with constant cA, where ¢ depends on r, p, p and
kT, but is independent of f, g and the size of G.

Given these preliminary definitions and observations we are now in position
to construct a quasi-best local approximation operator II, ¢ : LP(G) — P" for
0 < p < oo. This approximation will have some properties desired for proving
Proposition 2.1. In particular, the linearity property (3.9) stated in Theorem 3.8
below cannot be guaranteed by the mere existence of a quasi-best approximation;
an explicit construction is needed. The case p > 1 is simple, because the projection
of LP(G) onto P" is linear, and thus (3.9) holds trivially. The main difficulty in
the case 0 < p < 1 is the lack of convexity of the balls in L?(G), that implies
the possible existence of multiple best approximations. We propose the following
constructive definition, which requires the definition of barycenter of some class of
subsets of the space P .
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Definition 3.6. Let k = dim(P") and let W : P" — R* be the canonical linear
transformation that maps each polynomial in P" to the vector of its coefficients
in a given fixed basis. For a nonempty open set S C P", let S = W(S), which is
also nonempty and open. Utilizing the Lebesgue measure in R¥, we let A be the
barycenter of S, i.e.

1
AZ:T/.’L‘ldﬂ," i:172,...7k7
1S Js

where x; denotes the i-th component of z € R¥. We define the barycenter of S
as W~I(A). Notice that since S is a nonempty open set of R¥, [S| > 0 and the
barycenter is well defined.

For a unitary set S = {g} C P" we define the barycenter of S as g.

Definition 3.7. Let G be a domain in R? and let 0 < p < oo, we define the
quasi-best local polynomial approximation operator 11, ¢ : LP(G) — P" as follows.
Given f € LP(G), we let Sy = {f} if E(f,G)p = 0, which happens only when
f € P". Otherwise, let Sy ={g € P" : |[f = gllps(c) < 3BE(f,G),}, which is open
and nonempty. We define II, ¢(f) as the barycenter of Sy.

The following theorem is the main new result of this section, and essentially
states that the operator II, ¢ is a quasi-best approximation in LP(G) and it is
linear with respect to functions in P" (but not necessarily linear in general for
p<1).

Theorem 3.8. The operator 11, ¢ has the following properties for 0 < p < oco:
(1) 11, & is well defined in LP(G), and for any f € LP(G), I, c(f) € co(Sf),
the convex hull of Sy, i.e.,

I, ¢ (f) € co(Sy) = {Z)\igl-:gi €S, Z)‘i: 1, N\ >0,i= 1,2,...,n}.

i=1 i=1
In particular, 11, o f = f if f € P".
(2) For Ay, = 2(dim(P") + 1)177}7 if0<p<1, and Ap, =3 if1 <p < oo,

(38) 1~ ()l oy < Apr B Gy ¥ € LP(G),

and then I1, ¢ is a quasi-best approzimation operator in LP(G).
(3) 1L, ¢ is a bounded operator in LP(G) in the sense that

”Hp,G(f)HLp(G) < (Ag,*r + 1)1/p*||fHLp(G)’ Vf e LP(G),

with p. = min{p, 1}, but it is not necessarily linear if 0 < p < 1.
(4) 1L, & is linear for functions in P", that is:

(3.9) M,c(f+9)=M,c(f)+g9, VfeLl(G), Vge P

Proof. The first assertion is trivial when E(f, G), = 0 since in this case co(Sf) =
Sy ={f} = {I,c(f)}. When E(f,G), > 0, Sy is open and nonempty, and by
virtue of the separation theorem for convex sets [vT 1984, Ch. 3|, the barycenter A
of Sy belongs to co(Sy). Since W is linear, IT, ¢(f) = W1(A) € W1(co(Sy)) =
co(Sy).

The second assertion is trivial for 1 < p < co. To prove it in the case 0 < p < 1
we use the Carathéodory Fundamental Theorem [vT 1984, Ch. 4], which says that
each element of the convex hull co(S) of a set S on a space of finite dimension k, is
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a convex combination of at most k+ 1 elements of S. Then, since IT, ¢(f) € co(Sy)
there exists a set {g;}*_, € Sy (with k& = dim(P") + 1) and a set of nonnegative
real numbers {\;}¥_, with Z?:o A; = 1, such that IT, ¢(f) = Zf:o Aigi, and then

k
Z/\i(f - 9i)
1=0
k p k
<3 Ugwmﬁ<)z

l_°> (ZAP> (3 (k+1)'PE(f,G)P

p p

k
”f - HnG(f)Hip(G) = Hf - Z/\igi

L?(G) L?(G)

N w

(

where we have used that g; € Sy yields ||f — g;|| < 3E(f,G)p for 0 <i < k.

The boundedness of the operator in L?(G) follows from the previous item and
the triangle inequality:

b DI
B(REE < (A2 4 D) £ -

106 ()% <

since 0 € P" yields E(f, G)p < [ fll1o(q)-

[4]If f € LP(G) and g € P", then clearly B(f + ¢,G), = E(f,G), and also
Sf+g = S + g. Since W is linear, Sy + g = S + g, which readily implies that

p.c(f+9) =1, c(f) + g because the Lebesgue measure is translation invariant.
O

Remark 3.9. It is not clear to usif the operator II, ¢ is continuous in LP(G). Even
though it would be interesting to know more properties of II,, &, we notice that the
bound (3.8) is sufficient for our purposes.

Definition 3.10. Given a triangulation 7 € T, 0 < p < co and f € LP(Q2) we

define
yim S el (/)

TeT

where x7 is the characteristic function of T'. Notice that I, 7(f) is a piecewise
polynomial function over 7, not necessarily continuous.
The quasi-interpolant Qp 1 : LP(QY) — Vr is then defined as:

(3.10) Qp.7(f) = Qr (I, 7(f))
for all f € LP(Q2), 0 < p < oo, where Q7 was defined in (3.6).

Remark 3.11. The quasi-best approzimation estimate (3.8) of I, r implies that
Qp.7(g9) = g whenever g € V., and the linearity property (3.9) implies that

(3'11) Qp,T(f - Qp,T(f)) = Qp,T(f) - Qp,T(Qp,T(f)) = Qp,T(f) - Qp,T(f) =0
for any f € LP(Q).

Notice that even though Q7 (f) may be undefined for f € LP(Q) if 0 < p <
1, (3.10) is always well defined, and moreover, we have the following best approxi-
mation bound.
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Lemma 3.12. If f € LP(Q) and 0 < p < p < oo, then there exists a constant c
such that:

(3.12) 1 = Qo (Dl oy < cE(f.or(T)),

where ¢ depends only on p,p and the mesh regularity, that is, the approrimation
interpolant in LP is a quasi-best aproximation locally in LP(Q)) for p > p.

Proof. Let P € P" such that E(f,wr)p = |f = Pllps(wy (7)), then:

1f = Qom(Dllpocry SN = Plloery + 1P = Qo (Nl oy
=IIf = Pllpo(ry + 127 (P = o 7 () o
SN =Pllpoery + 1P = Lo (Nl Lo o (7
=|f- P”LP(T) P —f+f- Hp,T(f)HLp(wT(T))
S = Plewrery + 1 =7 (Ol Lo rey
S E(f,wr)p
where we have used Lemmas 3.2 and 3.5. 0

This quasi-interpolant, for an appriopriate choice of p is the quasi-interpolant
Q7 referred to in Proposition 2.1 (see (5.1) below).

4. BESOV SPACES AND POLYNOMIAL APPROXIMATION

In this section we define the Besov Spaces and give an equivalent multiscale norm
using a finite element multiscale decomposition of the functions, then we present
some classical results on polynomial and finite element approximation on Besov
Spaces.

4.1. Moduli of Smoothness and Polynomial Approximation. In the follow-
ing we will give different definitions of moduli of smoothness, based on difference
operators, and we will show some equivalences between the different definitions.
Some proofs are rather technical, but necessary to be able to prove Proposition 2.1
in Section 5.

Let G be an open domain in R?, and let f : G — R be a measurable function.
Let h € R? and k € N, we will call h-difference of order k of f in G to the function
A¥(f,+,G) : G — R given by

k

AR (f,2,G) = > (=D (j)f(x +jh), if [v,2 + kh] C G,
) K M ]:0
0, otherwise,

where [z, + k h] is the prism x + [0,k h1] X - -+ x [0,k hg]. Tt is easy to see that if
1<?¢<k-—1, then
A% = AL(AF) = gk,
and also
(4.1) AF(P)y=0, ifPePyy.
Using these difference operators we define the modulus of smootheness of order
kin LP(G) as:

wi(fit)p = wir(f, 1, G)p = \il\lft | AL (f, - ,G)HLP(G) . t>0,
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which satisfies the basic property [DeL 1993]
(4.2) wi(f,at), < (a+ 1) wi(f,t),, foralla,t>0.

For 0 < g < oo the g-modulus of smootheness of order k in LP(G) is defined as

1 ARk
Wil D = Wi (.1, ) = [(W [ (Lishgrcypar) dh] .

Note that if we extended the definition of wy(f,t),, to the case ¢ = oo in a
standard manner, we would obtain Wi (f,t)p 0o = Wi (f,)p-

The following lemma states that these moduli of smoothness are equivalent if the
domain satisfies an interior cone condition. Its proof for an interval (1d situation)
can be found in [DeL 1993]. We present here a proof valid in any dimension. for
domains satisfying a cone condition.

Lemma 4.1. Let G C R? be a bounded domain such that there exists a family
{Bj}évzo = {B(xj,rj)}év:o and a family of bounded cones {Cj}j-vzo (all congruent to
a fized bounded cone C) satisfying:

G C U;-V:OBJ- and Vx € B(z;,2r;) NG, z+C; C G.

Then for each 0 < p,q < oo there exist three constants C;, i = 1,2,3 depending
only on k, the aspect ratio of C, p, ¢, N and mini<j<n{r;}, such that:

Crwi(fot)pg < wi(fit)p <Cowi(f,t)p g, if 0 <t < Csdiam(C),
for all measurable functions f-defined on G.
Proof. The left-hand inequality is trivial using (4.2) and that

ARt G|, < wilf,t)ps

for all ¢ >0 and all || <t.

To prove the right hand inequality suppose that diam(G) = 1, the other cases
follow from this one by standard scaling arguments.

Consider first the case ¢ = 1. For a given v € R? we define G, = {z € G :
x +v € G}. Note that if h, s € R%:

k
S04 (}) Akt
—

(1 @

0 (5) ot () ot e

(109 (5 s+ dtn - 03)

M- I~
- 1M

<.
I

M=

(1 (B ar ).

1

<.
I

whenever all the arguments of f appearing in the last expression belong to G, i.e.,
if x € Ggp N Ggpak2s. The term corresponding to ¢ = 0 in the left hand side is
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(—=1)kAk(f,x), and then we obtain:

k
(43) M) = S0 ()b + ) - A (fo)]
=1
for all x € Gip N Grpyr2s-

We now consider the family {G7}}L, = {G N B;} ¥
covering of G.

Let 0 = min{min;<;<y{r;},diam(C)}, note that if t < %, h € R*, 0 < |n| < ¢
and s € C; ={z: % €C;}, then x € G’ N Gy, implies that « + ¢h € Gy and thus
r € Gy(hyes), for all 1 < £ < k. Then taking LP(GY)-norm in (4.3) we obtain, for
all s € Cj:

j=1, which is by assumption a

HAZ(JC’ HLP(G'ﬁGkh :HA];L(f’.)HLP(GJ’)

%Z ( > [’AIES(JCW Jreh)HL”(Gub + ||Ah+e“"' f7.)HLP(Gk(h+25)):| ’

=

Averaging on s € C;, a change of variables gives us:

(EAERD] Pew

k
! ke k(g
S [ PR AR A IE e du]
1
S 1A% oy de = 2k +2) i (£, (k + 1)),

(= (k+1)t,(k+1)£]?
Where the constants involved depend. on k and the aspect ratio of C. Adding over
j=1,2,...,N we obtain
0
ARl ugay S wrlh @D, forall ¢ < -2 and [b] <1,

where the constant involved depends also on N. Taking supremum over |h| < ¢ we
obtain

wk(fv t)P S Wk(fa (k + ]-)t)p,h
and using the basic property (4.2), we obtain that for 0 <t < ;%:

wi(f, (R 1)1)p < (k+2) wi(f,0), S Wi(f, (k+1)t)p1 S wilf, (k + 1)),

The result is thus proved for ¢ = 1. The cases 0 < g < 1 and 1 < ¢ < oo are
consequences of this first case ¢ = 1.
When 1 < ¢ < oo we use Holder’s inequality to obtain:

1
wi(f,t)p1 = (2t)d/ Lt HAZ(f)HLP(G;w) du

1—1
Ak (f du / d
~/[—t £ H HLP(Gku) ) ( [—t,t]d u)

1
B <(2t)d /[t {]d HAk HL‘“(Gku)d > =wi(f,t)pq-

Q=

Q=
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When 0 < ¢ < 1 we bound HAZ(f)HLP(Gk ) < wi(f,Vdt), and obtain, using
again (4.2) that

1
wulJ. 1 = 77 /[] A5 116,y du

1
< (2t)d /[t " HAﬁ(f)HiP(Gku)%(ﬁ\/ﬁt)};qdu

k(1— g 1 NI
< (Vd + 1)k q)wk(f,t)zl) q(2t)d s HAu(f)HLP(Gku)du

_ 1

= Wk(fv t):;qu Wk(fv t)g,q,

where in the last inequality we have used the proved the case ¢ = 1, whence:

(44) wk(f7 t)p,l S wk(f7 t)p,q’
and the result is proved for 0 < ¢ < 1. O

Thanks to the characterization given in [Sh 1983, Theorem 1], any Lipschitz do-
main satisfies the assumptions of Lemma 4.1, and we thus obtain the same equiv-
alence of moduli of smoothness on Lipschitz domains.

Corollary 4.2. If G is a Lipschitz domain, for any 0 < p,q < oo there exist
constants C; = Ci(p,q, k,G), i = 1,2,3 such that:

Clwk(fa t)p,q < wk(fa t)p < CQWk(fv t)p,q
for all measurable functions f defined on G and all t < Cs.

The next corollary states that given a triangulation 7 of Qand T € T,if G =T
or G =wyr(T) ={T € T : TNT" # 0}, then the equivalence constants of the
moduli of smoothness from Lemma 4.1 do not depend on the domain G directly,
but through the regularity constant s.

Corollary 4.3. Given an admissible triangulation T of a Lipschitz domain 0, and
0 < p,q < o0, there exist three constants C; = Ci(p,q,k,k7,Q), i = 1,2,3 such
that: IfT € T and G =T or G = wr(T) then

(4.5) Crwi(f,t)p,g < wi(f,t)p < Cowp(f,t)pg, #f 0 <t < Cydiam(T)
for all measurable functions f defined on G.

Proof. The proof consists in defining a covering {B; }é\le and corresponding cones
{C, }é\’:l, all congruent to a fixed bounded cone C independent of T € T, satisfying
the assumptions of Lemma 4.1. Let {x;}_, be the set of vertices of G, let

R =sup{r € R: B(z;,s) NG is connected for all j =1,2,...¢, and all 0 < s <7}

and a = min{ay, as}, where a; = %arctan(é) and as is the maximum angle for
which the cone condition holds for all z € 9. Now take h = min{ming-c{hg}, R},
where the minimum is taken over all the edges of T included in G, and let us define
C a cone with angle o and height %(0‘), from the choice of a and h it follows that

for each x € G there exists a rotation T, such that T,,(C) + = C G.
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¢

Now, for each vertex {x;};_;, take B; = B(z;, L) and assign to each B; the cone

C; = Ty, (C). To complete the covering let n = L with H = maxgcg hg

hsin(«a J
and let {y;}"; C G be the set of all Lagrange no(de)s of degree n such that
B(y;, 2559y n (G \ U, B;) # 0. Now, define By; = B(y;, ®522), 1 <i <m
and assign to each Byy; a cone in the following way:

e if 3j, 1 < j < ¢ such that B(y;, 2522) N B; # 0 let Cpyy = Cj;

o if B(y,, '”f%) NB; =0 forall j =1,2,...,¢ but B(y,, hsil’“a) intersects
some faces then let Cpy; = C; for any z; that belongs to the intersection
of those faces (by the definition of R and «, it is clear that the set of such
vertices is non empty);

e for any other case assign Cpy; = C.

By construction {B; }ﬁil

is a covering of G, which satisfies the conditions of
Lemma 4.1 with N = £+ m < ¢i1(k7) + C2(HT7Q)mJ7 and the aspect ratio
of C depending on k7 and the Lipschitz constant of 2. Using Lemma 4.1 we con-
clude that (4.5) holds for all ¢t < C3diam(G) and Cj, Cs, C3 depending only on p,
q, k, k7 and Q. O

The following lemma, known as Whitney’s Lemma, is proved in [DL 2004] for
convex domains G. It thus holds directly for G = T, we sketch the proof for
G = wr(T), which follows the steps of [DL 2004].

Lemma 4.4 (Whitney’s Lemma, [DL 2004]). Let T be an admissible mesh, T € T
and G=T or G=wr(T)={T"eT:TNT £0}. If0<p<oco andr >1, then

(4.6) E(f,G)p £ Cwria(f, G)p, for all f € LP(G),

where C = C(p,r,d) if G = T, and C = C(p,r,d, k1) if G = wr(T), but is
independent of f and the size of G.

Remark 4.5. It is worth noticing that in general, the constant C' from the previous
lemma depends on the minimal head-angle condition of the cones associated with
the boundary, and it can be difficult to control in general. Moreover, it can be shown
that the constant blows up for some sequence of domains (see [DL 2004]). The result
that we prove holds true with a uniform constant because we are considering only
a small family of Lipschitz sets, either elements T of T or stars wy(T), for T € T.

Sketch of the proof of Lemma 4.4. The result for G = T is proved in [DL 2004],
because T' is convex.

Let G = wy(T), and notice that there exist a finite number of reference stars
such that for every star wy(T'), with 7 € T, there exists an affine map A7 p
(more precisely the composition of a rotation, a translation and a dilation such
that A7 r(wr(T)) is a reference star. By dilation and translation of the reference
stars we may ask that the maximal interior ball of A7 7 (T) is B(0,1). Observe also
that for f € LP(G)

E(f o A7'p, AT (@), = |GIPE(f, G),,
wr1 (f 0 Azlp, Ar (@) = |G Pw, i (£, G),p,

and it is thus sufficient to prove the result in each of the reference stars, which are
all Lipschitz domains.
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The case p > 1 is proved in [Johnen-Scherer]. For the case 0 < p < 1 we should
follow the steps in [DL 2004]:
Let G™' be one of the reference stars, and let R > 0 be such that B(0,1) C
G c B(0,R).
The same proof of [DL 2004, Corollary 2.7] yields the existence of a constant C,
depending only on mesh regularity, d, R and p, such that, if f € LP(G™),

If = el o (grery < Cuwn(f, G*eh),, for some c € R.

The construction of the step function ¢ given in [DL 2004, Lemma 2.8] still
works in our case, since B(0,1) C G**f C B(0, R). The constant O(d,p) from that
lemma will now depend on R and the Lipschitz constant of Gf.

The Proof of Theorem 1.4 for the case 0 < p < 1 from [DL 2004, pag. 359] now
holds because it is based on the previously mentioned results. Moreover, in our
case the domain is fixed so there is no need to consider a sequence of domains in
the contradiction argument. O

4.2. Besov Spaces and Classical Results. Given s > 0 and 0 < ¢,p < oo, for
any r € N such that s < r + max{1, %}, the Besov space By  (£2), is the set of all
functions f € LP(£2) such that the semi-(quasi)norm |f

B3 (%) is finite, with

t w1 (f,t)p ») , if0<g<oo
(4.7) [flBs () = 0 L
supt ™ *wy1(f, t)pa if ¢ = oo.
>0

The (quasi)norm of B, ,(€2) is defined by:
(4.8) I £

Remark 4.6. The condition s < r + max{l, %} follows from the fact that if s >
r + max{1, %} and [flps, (€2) < oo, then w,y41(f,t) =0, for all 0 < ¢ < oo, which
in turn implies that f € P". Besides, if s < r + max{l, %}, there exist nontrivial
functions in LP(2) with |f|ps (€2) < oco. This is a consequence of the following
inequality which holds for 0 < p < oo and f € LP(Q):

85 () = Mllzr) 17155 -

(49) wr+1(fa t)P > Crwr+1(fa 1)P tr—&-max{l,%}, 0<t<l

This inequality is proved in [DeL 1993, pag. 370] as a consequence of the oper-
ator identities in [DeL 1993, Ch. 12, Lemma 5.1], and the triangle inequality for

I - ”E]:(ls{)l)p b It is interesting to notice that the operator identities are independent

on the dimension d, and as a consequence, also (4.9) is independent of the dimension
d of the underlying space. In the case p > 1 the condition reads s < r + 1. In-
equality (4.9) guarantees that w,1(f,t), = O(t”max{l’%})
feLrQ).

In order to shed some light into the understanding of Besov spaces, we compute
wrt1(¢py,t) for a basis function ¢, of V7 and determine for which values of a and
p it is true that Vo C By ().

for nontrivial functions
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Proposition 4.7. Let ¢, be a basis function of V1 for some triangulation T € T
with support 0,,. Then,

16,1, ifo <t <6,
(4.10) wri1(dw, t) S 9,7 ’ 1

10,|, ift>10,]4.
As an immediate consequence, Vo C By () if 0 <a <1+ %,

Proof. Since ||¢, |, = 1 and ¢, is Lipschitz continuous with Lipschitz constant
~ |6,|~ 4, we have that, for all ¢ > 0,
t
|AT ¢, | < max{1, W}, for all |h| < t.
| @
Due to the fact that A} P =0 for all P € P", we have that A} ™'¢, () = 0 if =
is at a distance bigger than (r + 1)|h| of the skeleton of 8, that is, the union of the

sides of the mesh that touch 6,. Therefore, for |h| < ¢, the support of Azﬂqb,, is
contained in a neighbourhood of radius (r 4 1)t of the skeleton of 6,,, and

d—1
[supp(A} )| < max{|6, |, 16,177 t},

Using the two previous inequalities and integrating, we obtain the following bound
for the moduli of smoothness of ¢,

d—1—p
w7-+1(¢wt)5=|§;‘1§ 1A Gl ) SHO | 1P
<t

if0<t<|0,]4. 0
Remark 4.8. The definition of By (©?) is independent of r in the sense that if

r is replaced by " € N with s < ' 4+ max{1, %}, then the resulting space is

the same with equivalent (quasi)norms. This is a consequence of the fact that
wWrt1(ft)p < 2w, (f,t) and the Marchaud inequality [D 1988]:

o () < OF (nfuz* [T, u>p>f’*d“) g

u

where p* := min{1, p} and the constant C' depends on the Lipschitz constant of the
domain and r.

Remark 4.9. Tt is important to observe that the full (quasi)norms (4.8) of B ,
are equivalent for different values of r > s — max{1, %}, but the corresponding
semi-(quasi)norms | - |p; ~are not. A simple example is the following. Denote

momentarily with | f
s=r+1andlet 0 <p < 1. Then, for f € P"*! we have ‘le;zl,r+l(G) = 0 because
wry2(f,t)p, = 0 for all 0 < ¢t < oo, whereas |f|B;3)1(G) # 0 unless f € P C Pl
Throughout this article, we consider » > 1 fixed as the polynomial degree of the
finite element spaces V-, and always use the semi-norm (4.7), since we only consider
Besov spaces B, , with differentiability indices s < r + max{1, %}

By t1(c the seminorm (4.7) with r replaced by r+1, consider

If we split the integral in (4.7) in diadic intervals, we obtain a very helpful
equivalent semi-(quasi)norms when 0 < ¢ < co. In fact

g-m
—S dt ms —m
(411 flB o = E / t “’wr+1(f,t)§§7: E 2w, 1 (f, 2773,
p,q 2—

m—1

meZ meZ
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where we have used that w,41(f,t), and t~° are both monotone functions; the con-
stants involved in the equivalence depend on s and g but are otherwise independent
of f, r and p.

Another equivalent semi-(quasi)norm in B; ,(Q2) (0 < p = ¢ < o0) can be estab-
lished using Lemma 4.1, from where we have:

(4.12)
o 1 d—1 %
gt = 115, o= | [ ] /[Ot]dm;* (f, 2, Q)P4 dhdt de

with equivalence constants that depend only on p, r and the Lipschitz constant of
the domain.

As a consequence of the equivalence (4.12) the following sub-additivity result for
Besov norms follows.

|f

Lemma 4.10. Let 0 < p < oo, a > 0, f € By, (), and let {Tz}fil be a finite
collection of non-overlapping elements such that Ty € T, € T, i =1,2,...,N. Then

N
S It
=1

P < | £IP
Bg ,(Ti) ~ |f‘Bg,p(U£"=1Ti)

N
and Z ‘f|%g.’p(w7—% (T3)) S I|fI% & (UN wr(T3)) N ‘fl%;’,p(ﬂ)

i=1

where the constants involved depend on p, «, d and kK.

The following embedding results for Besov spaces, can be found in [Pe 1976,
T 1978, T 2002].

Theorem 4.11. Let Q be a Lipschitz domain, 0 < f < o < 00, 0 < p,q,7,t < 00.
Then the following embedding

(4.13) B2 (@) C BY ()
1s true with continuity if one of the following cases occur:
(1) p<t anda—%>5—g;
(Q)pgT,a—%:B—g and g < t.
Another important embedding result is the following [Pe 1976, T 1978].

Lemma 4.12. Let Q) be a Lipschitz domain, 0 < a < 00, 0 < p,7 < oo. Then the
following embedding

B2 (Q) C LP(Q)

18 true with continuity if

We end this section recalling a few classical results in order to clarify the “loca-
tion” of the Besov spaces in comparison with Sobolev spaces:

B, () C W3(Q), ifg>2p>1ands >0,

B, () D W3 (Q), ifg<2,p>1lands>0,
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but it is not true in general that W (2) = B, 5(€2). This result holds only when
p = 2, which means that the only equalities between Besov spaces and Sobolev
spaces are:

(4.14) B3,(Q) =W5(Q),  s>0.

4.3. Besov Spaces and Multiscale Decomposition. Let 7y be an initial tri-
angulation of a polygonal (polyhedral) Lipschitz domain © and assume that 7y
satisfies condition (b) of Section 4 in [S 2007]'. We define inductively the sequence
{Tm}o_, of nested triangulations of T, by letting 7,41 be the mesh obtained by
d uniform refinements of 7,,, using the algorithm from [S 2007]. A uniform re-
finement of a triangulation 7 is obtained by bisecting all the elements of 7, and
according to [S 2007, Theorem 4.3] any uniform refinement of 7; is conforming.
Therefore Ty, € T and if T' € Tpp1, T' € Ton with T C T, then |T| = |T"|/2¢. We
let
Vr, ={veC@Q):vr € P VT €T},

and denote with =, := 27, the set of all the nodes of the space V. over the mesh
Tm and let Z:= {(v,m) : v € E,,,m =0,1,2,...} be the set of all the nodes of the
sequence of meshes {7,,}>°_, with their corresponding level, this definition takes
into account the fact that a node v can belong to many levels (each time that v is
a vertex of a mesh it will be also a vertex of all the following meshes). For the rest
of this work we will not mention the level and we will write v to indicate (v, m),
and the corresponding basis functions will be denoted by ¢,,.

In [O 1994, Theorem 6 on p. 38], it is proved that, whenever 1 < p,q¢ < o0,
0<s<min{r+1,1+ %}, the norm of By , is equivalent to the norm

e :
E*gq(ﬂ) = (Z 9msq ||(Rm - Rm—l)f”%p(g)) s
m=0

if {R,,} is a sequence of uniformly LP(€2)-bounded linear projectors onto V. and
R_1; = 0. We prove a weaker result for 0 < p,q < oo which is sufficient for our
purposes.

Taking 0 < p < p < oo we denote the operator (), 7,, from Definition 3.10 by
Qm for m=0,1,... and define g, = Qu, — Qm—1, With Q_; = 0. Since US_oV7
is dense in LP(Q), [|f — Qu(f)ll1r(q) — 0 when m — oo and then:

/]

(4.15) f= Z gm(f)  with convergence in LP().
m=0

Moreover, we have the following result.

Theorem 4.13. Let 0 < p < p < o0 be given, and let Q, {Tn}, {Qm}, {gm =
Qm — Qm—1} be as in the previous paragraph. For 0 < s < r + min{1, %} consider

the following norm
1

||fHQ;’q(Q) = <z:02msq ||me|%p(g)>

INotice that if the initial triangulation cannot be labeled to satisfy this condition, it can be
refined globally with a simple procedure so that a labeling of vertices and edges satisfying this
condition is easily obtained [S 2007, Appendix A].
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Then

Q
112, o S 1155 0
with a constant depending only on p, p, q, s and the reqularity of Tg.

Using (3.1) and the fact that |6,| ~ 27™¢ for v € =,,, we have the following
corollary for the particular case p = q.

Corollary 4.14. Under the assumptions of Theorem 4.13, for f € LP(Q) let
{b,(f)}rez,, be the set of coefficients of qn(f) € Vg, in the canonical basis of
V7., that is

(4.16) bo(f) = (Gm &), VEEm,  and qu(f)= > bulf)er.

VES,

Then

(4.17) ||

Bs () T (Z |9u|_% 160 (£)w 170 Q)) = ||f||B S(2) ~ S B3 ()

veE

Proof of Theorem 4.15. Recall that g, = @y — Qm—-1 and Qun, = Q, 7, for 0 <
p < p, so that Lemma 3.12 yields || f — Q. f |l ey S E(f; w7, (1)) for any T' € Tp,.
Therefore, for T € Tpn_1

||qu||iP(T) < ”.f - me”ip(’]") + ”f - Qm—lf”Lp(T) (fv WT, - 1(T))
By Whitney’s Lemma 4.4 E(f,wr,, (1)) S wrta(f, 27", w7, _,(T))p, and thanks
to Corollary 4.3
HmeHTiP(Q) 5 Z wr+1(f7 2—m’ W1 (T)) S w?“+1(fa 27 Q)g
TETm-1
Finally, (4.11) implies that

(Z 2msd quf”%p(g)) S (Z Qmsqwr+1(f72ma9)g> SIS

m=0 m=0

Q=

Byp,q(@)

which is the desired assertion. O
We end this section observing that, as a consequence of the following proposition,

4.4. Besov Spaces and Approximation Results. If we consider all the trans-
formations G™ = |G|~ aG = {|G|_5x tx € G} for sets G = T and G = wr(T),

with T € 7 and for all 7 € T, we obtain a finite family (up to translations) of
reference sets G™f with |G™f| ~ 1. The scaling of the Besov seminorms for 8 > 0,
0<p,g<ooand fe B (G)is given by:

fe’e] B th %
Fla800) = ( / (t ﬂwr+1<f7t,G)p) t)
’ 0
1 o0 t Yqr\ @
~ GE / <tﬁw7 rCf’ 1 ,GrCf ) )
" o ( [ e RO
;7& > — re re qu %
|G| (/0 (8 5wr+1(f f757G f)P) s)

1_8 £ 1.4 __ £
GBI g oy = (GTDE 1 s
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where frf: G*f — R is defined by f™(z) = f(|G|ax), for z € G,

Lemma 4.15. Let T € Tand T € T. Let 0 < p < oo, s > 0,0 < % < %-l—%,
0=35+ % — 1. IfG=T or G =wy(T), then for s <r+max{l, 1} we have that:
(4.19) E(f.G)p < CIGP|f|5: (). for all | € B;,(G),

where C = C(p, s, 7,d,r, k). Alternatively, if hy = diam(T'), we have

B: (G) for all f € B (G).

Remark 4.16. At first sight, it looks surprising that inequality (4.19) holds for
s > r+1, when 7 < 1. It is important to mention here that in the definition
of |f] B: ,(G) given by (4.7) we are considering r fixed, equal to the polynomial
degree that takes place in the definition of E(f,G), = infgep= ||f — gll10(qy, S0
that |f‘B;;‘)T(G) =0 only if f € P". See also Remark 4.9.

s+4_4d
E(f7G)p S ChT ’ T|f

Proof of Lemma 4.15. Suppose first that G = G™ and thus |G| ~ 1. Let f €
B; . (G), by (4.6) and (4.11) we have:

1

E(f,G)r Swra(f,1,G)r < (Z 2’“”w7-+1(f,2k,G)i> ~|f

keZ

B (G) -

For any polynomial P € P", Theorem 4.11 yields
E(f,G)p < f = Pller@y SN = Pllgrey +1f = Plss (e
=Wf =Ll - +If

due to (4.1). Choosing P € P’ a best approximantion for f in L™(G) we thus
obtain

B: ()

E(f7 G)p 5 E(f7 G)T + |f|B;ﬁ1_’_(G) 5 |f|B£,r(G)’

which is the desired result for reference domains G.
The general case follows using (4.18) in the proved case, more precisely:

E(f.G), S|G|7 B(f™, G*),
SlalF |t

B: (Gref)

Slep|Gl et

f‘B;T(G) = |G|6 \f|B;T(G) )
and the result is proved. |

Lemma 4.17. Let T€ Tand T € T. Let 0 <p <00, 0 <a<1l+4,0< 1<

3-!—%, s> 0, ands—l—agmax{r—«—l,l—i—%}, IfG=T or G =wy(T) we have
that:

(4.20) fls @) < CITP flpete gy for all f € BEE (),
where C = C(p, s, 7,d,T, p, KT).

Proof. We first prove the following bound assuming G is a reference patch, i.e.,
|G| ~ 1:

(4.21) Flag (@) S |flpssey, forall f € BEE(G).



ISSN 2451-7100
IMAL PREPRINT # 2012-0007  Publication date: June 18, 2012

22 FERNANDO D. GASPOZ AND PEDRO MORIN

In order to prove this bound we observe that Theorem 4.13 implies that for all
P € P"(G) due to Theorem 4.11, we have that:

\flBs ) =1f = Plpg ) < IIf = Plisg, @) S IIf = Pllre) + 1f = Plgets g

and choosing P € P" such that ||f — Pl| &) = E(f,G); we obtain by Lemma 4.15,

\flBs ) SIS — P‘BMS(G) |f‘Ba+<(G) for all f € By (G),

whence the bound (4.21) holds on reference patches. Scaling (4.21) and making use
of (4.18) we obtain the desired assertion. O

Remark 4.18. Notice that we use the definition of the Besov seminorms with r
fixed, equal to the polynomial degree. This lemma is not true if we use different
values of r at the left and right-hand side of (4.20).

5. PROOF OF PROPOSITION 2.1

In this section we present the proof of Proposition 2.1 making use of the inter-
polant defined in (3.10).

Proof of Proposition 2.1. Let p be any number satisfying 0 < p < min{p, 7},
and let

(5.1) Qr = Qp1>

with @, 7 from Definition 3.10.
Let us consider first the case e = 0, with By = LP. The first bound (2.1) follows
directly from Lemma 4.15 and (3:12). The other two bounds (2.3), (2.4) coincide
and are a consequence of the finite overlapping of elements in 7.
Consider now o > 0 and By = Byy,,. Inequality (2.2) coincides with (4.20), the
assertion of Lemma 4.17.

The estimate (2.3) follows from (3.12) and (4.19) using that

1f = QTN oy < D If —Qr(f S D E(fwr ()
TeT TeT
S Z ‘T|T|f|p5’p(wT(T)) S Z |f‘p31p(wT(T))
TeT TeT

In order to prove (2.4) we will make use of the multilevel decomposition and the
norm defined in Theorem 4.13. We consider 7 as the initial mesh 7j of a sequence
{Tm }55_ of uniform refinements as described at the beginning of Section 4.3. Then,
with convergence in LP((Q),

F=QriN =T ~a) = (=3 (X b)),

where ¢, = Q7,, — QT _, m =1,2,..., g0 = Q, = Q7, and {b,(f)}, are the
coefficients defined in (4.16).

Recalling from Section 4.3 that = denotes the set of all the nodes of the sequence
of triangulations {7, }2_,, and 6, is the support of the canonical basis function

¢, corresponding to v € =, we define ¥; = {v € £: 27771 < 0,7 < 277} and
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g; = Zue% by (f)dy. Then f — Q7 (f) =3¢z 9; is a multiscale decomposition of
[ — Q7 (f). Recall that we want to estimate |f — Q7(f)|p,(q) Which satisfies

(5-2) |f = Q7 (NlBo(er) = (Z 2" Pwr i (f — QT(f),T’”)’;) ;

meZ

due to (4.11). Taking p, = min{p, 1}, the triangle inequality yields,

(5.3)  wra(f = Q7(f),27™)hr < ZwT+1(gj, 27m)b-, for each m € Z,
jEz

and we are thus lead to estimating w,1(g;,%)p, for £ >0 and j € Z.

On the one hand, since the mesh is generated by bisection, there exists a constant
¢, that depends only on d and mesh regularity, such that at most ¢ patches 6, with
v € ¥; overlap, which leads us to:

(5.4) errl(gjvt)g S ||9j||12p(9) S Z Hbu(f)¢u”1£p(g) ) for all ¢ > 0.
vev;

On the other hand, using the finite overlapping of 6, for v € ¥;, we obtain:

Wik1(95: 2B S D wrrt(0u(f)bu, 278 < bu(f)lwrsr (60,2775,

vevw;

and if j <-m, Proposition 4.7 implies that

wrp1(gy, 270 S 27U I =R Ny (£
vev;

~ 2D S b, ()6, 2 g

vevw;

(5.5)

where we have used that H(ﬁl,Hip(Q) ~ 10, ~ 279 if v € @;.
The bounds (5.4) y (5.5) can be summarized as

Zuey'/j Hbl/(f)¢u||ip(g) ) if j >m,

(5.6)  wrt1(g5527™)p S 0Tl L
! b 2 ( j)(1+p) ZVGWJ ||bv(f)¢u||ip(ﬂ) ) lf J S m.
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[6 ] Inserting this bound into (5.3) we obtain that

oo

wr1 (f=Q7(f),27")p < Z wrt1(g5, 270"

j=—00
Px
0o p

5 Z Z ||b,,(f)¢l,||ip(9)

j=m+1 \vey;

Px
+ Z 9~ (m=D+p) 5 Z ||bu(f)¢u|ip(g))

j=—00 yespj

~ Z 27jap* Z |9u‘7% ||bu(f)¢V“I£P(Q)

Jj=m+1 veY;

'a‘"f

m

+ Z 9= (m=5)(1+p) B 5—jap. Z wyr% Hbu(f)cbuH’ip(g)

j=—00 veY;
Defining K, = |0,|~ "¢ 160 (£)u 170 0ys by (5:2) the previous bound yields:

b &
P

|f = QT(f)Vég’p(Q) S Z mer Z o—jap- Z K,

mez j=m#1 VEW;

s[f

m

LS gmen [ ST gmtmmp e gien [ 37 g,
meZ j=—00 vEY;
~ 517

S DOEREE ops

meZ | j=m+1 vevw;
i
D

Px
P

+Z zm: 9—(m=j)(1+p—ap) = Z K,

meZ | j=—o0 veY;

By assumption, 0 < oo < 1+ %, so that 1+ p—ap > 0. Using Hardy’s inequality
(see Lemma 5.1 below) with

1

a; = 2—1'&(2 K,)» and 2, = ( i (2—ja(z KV)}J)p*y:*

vey; j=m+1 veY;

a;j
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in the first summation, and

. N
ajzzfj@< > Ky) andzm:( 3 (Tj“”i;w)( ) Kyﬁ)m) p

vew_; Jj=—o0 vev_;

=

a;
in the second summation, we obtain:

(5.7) |f = QT(f)|%g,p(Q) S Z Z K, = Z 16, 160 (£) w170 () -

JEZ yele vER

It remains to bound |[|b, (f )(;5,,||Lp(Q Let m e N, v € £, and let T" € T, be

such that T C 0, (or v € T). We will denote with 7’ the ancestor of T"in T,
(i.e., T is the only element in 7,,_; such that T C 7). Due to (3.12) we then
obtain

||bu(f)¢uHLp(Q) < qu(f)HLP(T)
S = Q7 (Dllzeery +S = Qs (Dl oy
S E(f,T)p + B(f, Ty,
with 7', 77 denoting, respectively wr,, (T)sywr,,_, (T"). This bound, and (5.7) yield
1 = Qr(NNpeaqy S D 1T BT
TcH
where H = U°_7,,. Recalling that 7o = 7, the previous bound reads

F=Qr(Nlge & Do Do ITITFEQ DS

T*€T TcH:TCT*
SN T~ F wpp (f, T)E
€T Ten:TcT>

dueto (4.6).
For each T* € T we call IT* —{TeH:TcTand 2791 < |T|a <277}, and

(5.8) = Qr(NNha ) S D DP Y wen(LTN

T<ET jEL  Ter’

[9] Thanks toACorollary 4.3, which shows the equivalence between wy11(f, f)p and
w,11(f,277,T),, we obtain the estimate:

Z wr+1(f, ) < Z Wr+1(f727j7f)g,p

T* T*
TEIJ. Tte

1 o~
< i Ak P
~ Z <2]d /[zj’Qj]d/f| n(frx,T)| dxdh)

TeTy”

1 N
< AF T)|Pdzdh
~ 2]d/[ o—j 2- j]d /A‘ h(f’$7 )‘ X

< Wr+1(f72 J T*)pp ~ wr+1(fa27jvT*)£7
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where we have used that at most ¢ patches Tfor T € IJ-T* can overlap. Inserting
this last bound into (5.8) we obtain

(59 1 =Qr(Nly @S D D ¥Porna(f27. TR DI, &)
p,p p,p

T*€T jEL T+eT

where we have used the equivalent definition (4.11) one last time. ]

In the proof we have used the following well known inequality, whose proof can
be found in [DeL 1993].

Lemma 5.1 (Discrete Hardy’s Inequality, [DeL 1993)). Let {am }mez and {zm }mez
be two sequences of positive real numbers such that for some Cy >0 and p > 0, we
have the inequality:

oo

(5.10) zmSCO(Za?)M, for all m € Z.

Jj=m

Then for all « > 0 and p > 0, there exists C = C(a, p) such that:

(> (Zmo‘zm)p)% <G X (2m°‘am)p)%.

meZ meEZL
6. PROOF OF DIRECT THEOREM

In this section we present the main ideas for proving the desired rate of conver-
gence necessary to obtain the direct theorem (Theorem 2.2). The main step of the
proof is the construction of optimal meshes that will imply (2.7). This construction
is based on the interpolation estimates of Proposition 2.1.

6.1. Construction of Optimal Meshes. We start this section presenting a com-
plexity result for the bisection rules considered here. The following theorem was
proved for d = 2 in [BDD 2004] and for d > 2 in [S 2007], and it is crucial for
controlling the extra refinements necesary to keep the partitions admissible and
shape-regular. The theorem is based on the existence of an algorithm

T. « REFINE(T, M)

which, given an admissible mesh 7", and a set M C T of marked elements, bisects all
elements in M least once, and outputs the smallest conforming refinement 7, € T
of T with 7. N M = (. Such an algorithm exists provided Ty satisfies condition (b)
of Section 4 in [S 2007], or Assumption 1 in [NSV 2009, Ch. 4]. A further discussion
of the results by Stevenson [S 2007] can be found in [NSV 2009, Ch. 4], including
practical recursive and iterative implementations.

Theorem 6.1. Let Ty be an initial admissible partition of a polygonal (polyhe-
dral) domain Q in R? (R%) and assume that Ty satisfies condition (b) of Section /
in [S 2007]. If the sequence {T¢}e>1 is obtained by repeating the step:

Ter1 + REFINE(Tg, M),
with My any subset of Ty, then for k > 1 we have that

k
- <C<ZM2)»
=1

where C only depends on Ty.
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The proof of Theorem 2.2 is based mostly in the following constructive re-
sult, called greedy algorithm that was presented initially in [BDDP 2002, Proposi-
tion 5.2], making use of a result analogous to Proposition 2.1 for linear finite ele-
ments. In [NSV 2009, Section 5.4] this construction is used to prove that W?2?(2) C
Ao (H 1(9)) for any p > 1 when € is a two dimensional domain. We include this
construction in order to illustrate the use of the bounds of Proposition 2.1 and thus
make the article more self-contained:

Proposition 6.2. Suppose that the assumptions of the previous proposition hold,
then for all € > 0 there exists an admissible mesh T € T, such that:

(6.1) If = Qr(f)llg, < Ca(#T)ve

with

(6.2) #T — #To < Cs (¢ 1Q| f|5) o

where § = 5 + % — % and C; = Ci(p, s, 7,d,diam(Q), k)i = 1,2.

Proof. Given an admissible mesh 7 € T and T € T we define the local error as:

(6.3) e(T.T) =TI’ f| By
where wy(T) is the patch of elements of 7 having nonempty intersection with 7.
To construct the desired mesh we fix the tolerance € > 0 and generate recursively
the sequence of meshes {7 }r>0 with the following algorithm:
k=0
M ={T €Ty :e(T,Ti) > €}
while My # 0
Ti+1 < REFINE(Tg, Mg)
k+—k+1
My ={T € Ty : e(T,Tx) > €}
end while
The procedureends in a finite number of steps because Proposition 2.1 implies
that
e(T,T) = TP f|5r ) < |TP|f|B
and |T'| is halved when T'is refined.
Let 7 be the final mesh 7. By the definition of M}, in each case, we have that
T € T satisfies e(T,T) < € and then, again by Proposition 2.1

1F = Q7 (N S D B (r () S > TN By iy S HT) €
TeT TeT
where the constants involved depend on p, s, d, diam(Q) and . This is the first
assertion of the proposition.

To prove the second inequality, we will bound the cardinality of the set M of all
the elements marked in the process to obtain 7. More precisely, let M = UIZ:()M 0
noticing that the sets My, £ = 0,1,...,k are pairwise disjoint, and for each j € Z
define I'; = {T' € M : 27971 < |T| < 277}, If jj is the smallest integer such that
270 > [Q), then M = U2, T;.

We now obtain two different upper bounds for #I';. The first bound comes
from observing that the elements in I'; do not overlap, and thus #I';27771 <
ZTEFj |T| < |92 which leads to

(6.4) #I; < 20THQ|,  for each j > —jo.
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To obtain the second bound for #I'; we observe that each T € I'; belongs to M,
for only one ¢ € {0,1,2,...,k} and setting T = wr,(T) we see that
e<e(T,Te) = |T|6|f|3(f) < 2_j5|f|3(f)~

Since the elements of I'; are pairwise disjoint and of comparable size, each z € )

belongs to at most c sets Twith T € I'; (with ¢ depending only on mesh regularity),
and thus

#Lje" < CT279 Y | fI 7 S 27777 |f[, for each j > —jo,
TeT;

where in the last inequality we have used Lemma 4.10.
Therefore, for each j > —jg

#T; S minf27|Qf, e 72777 | f|5}
and
o0 o0
#M= D" #T; < Y min{2/|Qe 7277 f[5}.
Jj=—Jo Jj=—Jo
Notice that the two terms inside min{-,-} correspond to geometric series, one in-
creasing and the other decreasing. The sum is then bounded (up to a constant) by

the size of the terms when they are of comparable size. More precisely, if we let k
be the biggest integer such that 2%|Q < e=727K07| |7, then

#MS e 2| fl,
and also 2F ~ (|Q|—1€—T|f|%)ﬁ‘
Finally,
#M S €2l S AT (1207 I 1) T
and using Theorem 6.1 we obtain:
(6.5) AT — #T5 S (7| f16100) 5,

which is the second and last assertion of the proposition. g

— (Y /18lQ1)

6.2. Proof of Direct Theorem. The proof of the Direct Theorem 2.2 is now an
almost immediate consequence of the construction by the greedy algorithm given
in Proposition 6.2.

Proof of Theorem 2.2. Given N > #7g, we let T be the mesh given by Proposi-
tion 6.2, with

1467

(66) e = P IflaN T = QP fleNTFOTT
and C5 from (6.2). Then (6.2) implies that #7 — #7¢ < N and (6.1) now yields
6.7)  on(Hay <IF = Qr(fllp, S #TVPe < (N + #T5)ve < (2N)V/7,

where we have used that N > #7p. Using (6.6) and the fact that § = 5+ — 7,
we have that

on(F)sy SN/ f|5.
The result for all N > 0 follows easily from the case N > #7j. O
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7. PROOF OF INVERSE THEOREM

The main goal of this section is to prove Theorem 2.5, which is a kind of in-
verse result of Theorem 2.2 in the sense that it states that if a function can be
approximated with rate N~/¢ then it belongs to certain smoothness spaces. It
is important to note that if v € V for an admissible mesh 7, then u € A,,
for all s > 0 and ¢ > 0, since on(u) = 0 for all N > #7. On the other hand,
the spaces V7 only guarantee C° regularity (continuity), and are not contained in
Besov spaces with smooth index s > 1 + % (see Proposition 4.7). Thus an exact
recyprocal to Theorem 2.2 is not possible. For this reason we define the generalized
Besov space using the multiscale norm defined in (4.17) in the following way

Definition 7.1. The generalized Besov space E;,p((l) for0<p<ooands>0,is
defined as the set of functions f € LP(2) such that the norm

VEE

14

|bu(f)¢vip(9)>

is finite, where the coefficients b, (f) are defined in (4.16).

Remark 7.2. It is important to note that due to Theorem 4.13 each space Ef)p(ﬂ)
contains the corresponding Besov space B;’p(Q), and also all the functions of V-
for any admissible mesh 7. If the parameter s is big, this implies necessarily that
B, () C E;yp(Q), since we only consider C° finite elements.

The following theorem gives us an inverse inequality where the strongest norm
of discrete functions is bounded by a weaker norm, a fundamental tool for proving
Theorem 2.5.

Theorem 7.3 (Inverse Inequalities). Let0 < p < 0o, a > 0, s > 0, % = 3+:.Then

forallVeVy, T €Ty, NeN
(7.2) IV gotee) < CNi HVHE;"J,(Q) ; (a>0)
(7.3) V] Vi) (a=0)

1
p

B @ SCN?

where C =C(p, a, s,d, k1, #7To).

Proof. Tt is sufficient to prove the assertions for N € N, N > #7,. Let 7 € Ty and
V € Vr, using the multiscale decomposition from the initial mesh 7y we obtain:

V= Z Z bu(v)¢u = Z bu(v)(z)l/

m>0veE=,, veM

where M C = is the set of all nodes v such that the coefficient b, (V) # 0.

The next step consists in counting how many coefficients are not zero in the
previous representation, that is, finding # M. Consider the tree T+ from the con-
struction of 7 from Ty by bisection. Since the polynomial degree of the finite
element space is fixed, the number of nodes v € = for which b, # 0 is bounded by
the total number of nodes in all the elements T € T, whence #M < #Tr. Since
each bisection increases in one the number of leaf elements (#7) and in two the
total number of elements (#T7) we thus obtain

#MS #TT SN+ #To S N.
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Since |6, |74

2 (@) = |¢vllLr (o) we have

_(OH’&)T T

veM

P

Vi

~ <Z (|9u|7% ||bV(V)¢V||LP(Q) )T> T

vemM

- (Z (10217 1160 (V)| 1o 2y )p>

veM
S Ni ”VHE?,p(Q) )

S (#M)

due to Holder’s inequality. This concludes the proof of the first assertion of the
theorem; the second assertion is analogous. g

In order to state the last tool that we will use for proving Theorem 2.5 we need
to introduce the K-functional.

Definition 7.4. For two function spaces Fy C Fy, the K-functional of Fy, Fy, for
f € Fy is defined as:

K(fvtaFl,FQ) = glélFfz{Hf - g”]Fl +tHgHF2}7 t>0.

Then, the K-method of real interpolation consists in defining, for 0 < 8 < 1 and
0 < ¢ < oo, the interpolation space [Fi,Fs]g,q as the set of all f € F; such that
I £, Fa)s, < 00, Where

Yy dt
61, = 0K FL )

and due to the fact that K(f,t,F1,Fs) is increasing as a function of ¢,

oo

(7.4) £, gy, = 2 [0 K(f,a™" F1, )],

n=0

with equivalence constant depending on a > 1.
The following bound for the K-functional is the last tool that we need for proving
Theorem 2.5.

Lemma 7.5. Let 0 <p < oo, a >0, s >0, %z%—&—}% anda+s<r—|—%. There
exists a constant C' = C(p, a, d, s,7,Q) such that for 7, = min{r, 1}:
(1) Ifa >0 for f € B\g)p(Q) and all n € N we have:

K(f,27%,B2,(Q), B2£*(Q))

1

< co2— T <Z (27 7 oo ( Bayp(Q))T*> + HfHE,‘,’.p(Q)
k=0 :
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(2) If « =0 for f € LP(Q) and all n € N we have:

sn

K(f,27 %, 17(Q), B; ()

_sn - sk . -
< C2 (Z@ T o0 (f) Lo () ) 1 ler o)

k=0

Proof. We prove here the first assertion of the lemma. The second one is analogous
and we thus omit it. Let f € ESP(Q), and for each k € N, let 7, € Tox and
fr € Vﬁ be such that || f — kaﬁg,p(Q) = O9k (f)ﬁ,‘f,p(ﬂ)' Then if gy = f — fr—1 for
k € N with f,l = 0, we obtain:

FR(f,27F, By, (), B () < WMallgese +2% If — fallge o)
HERP(Q)
Byt ()
n 1
< (3 It 2 PN M )
k=0

for 7, = min{T 1}. Using (7.2) we have

2% K (f,27°%, B, (Q), B2H*())
- SkTx T T ST Tw =
. (ICZOQ d {02'“(’0 )y T2 )§:,p<n>] t2eorlf )ﬁs,p<n>>

1
skr ™
22 0-2"’ B(y (Q) + ||f|‘§ﬁp(Q) )

and the lemma is proved. g

1

snT*

BSW(Q) ”f jh

1

We proceed now with the proof of the final result:

Proof of Theorem 2.5. As before, we prove the first assertion, since the second one
is analogous. Suppose that the assumptions of Theorem 2.5 hold with o > 0. Let
s1 and 7; be such that s; > s and % = %—F%, and such that 0 < a + 51 <7‘—l—%7
and 7, > 1if 7 > 1. We claim that
na+s _ | Ba na+s
Bet (@) = | B, (), Bt (@)

T1,T1
and

(7.5) Hf”égf Q@ = ”f“[Ba ©@),Ba ()] .

T
s1

This last observation is due to the fact that
St Bl (Q) = Q(LY(Q))  defined by S(f) = {am(f)}i=o
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is a corretraction operator and

o0

R: (L) — BL.(Q)  defined by R({f;}320) =D fi
j=0
is its correspondent retraction operator, and using that
[0 (LP (), €3y, (LT(2))] 2=l (LT ()
(see [Pe 1976]) and Theorem (1.18.2) of [T 1978].
Therefore, using (7.5) and (7.4) with a = 27,
- 1
(76) g = (Z 2% K (.27, By, (), B ()] ) 7
n=0

and Lemma 7.5 implies that

(7.7) K(f,27°%, By, (Q), B2t2 ()

T1,T1
1

sin n s1k T < o
/S r (Z (2 a To (f)fi’\;’p(ﬂ)) > +2 74 ||f”§§}p(ﬂ) .
k=0

Relations (7.6) and (7.7) yield

o0 n
(s—sp)nT
1 I Bete @) S D2 (Z

n=0 k=0

T

5 1JR o\
(2 S U2k(f)§gﬁp(g))

i (s—sy)n -
£ 50" £l 5 )
n=0

Using that ||.f]

Be (@ = Il f] K (B () and Hardy’s inequality (Lemma 5.1) on

the first sum with p = 7,

_ 51 e .
a; = 2 UQ*j(f)Eﬁ,p(Q)’ ifj <0,
0, if 7 >0,
and
B a1
S 1 LK s1k e\
- Tx ™ _ Z (2 4 Ogk (f)éa (Q)) > ) if m S 07
() (B
= 0, if m >0,
we obtain:
||f||§$ﬁts(ﬂ) S ”f‘ A%,T(égp(ﬁ)) )
and the proof is thus complete. O
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