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ON DYADIC NONLOCAL SCHRODINGER EQUATIONS WITH
BESOV INITIAL DATA

HUGO AIMAR, BRUNO BONGIOANNI, AND IVANA GOMEZ

ABSTRACT. In this paper we characterize a dyadic type Besov space as an

adequate setting to solve the Schrodinger-Dirac type equation zg—lt‘ = Dby

with u(z,0) = u® pointwise. Here D? is the fractional derivative of order 3
associated to the dyadic distance ¢ on (0, 1).

1. INTRODUCTION

In quantum mechanics time dependent Schrédinger type equations with space
derivatives of order less than two, have been considered since the introduction of
the Dirac operator which is actually local and of first order [6]. More recently some
fractional nonlocal Riemann-Liouville calculus, and some other nonlocal cases, have
also been considered in the literature. See for instance [10], [8] and [2].

The differential operator in the space variable that we shall consider is an anal-
ogous of the nonlocal fractional derivative of order g > 0

7Jc|ixi_y|1f_£%)dy. (1.1)

The basic difference is given by the fact that we substitute the Euclidean distance
|z — y| by the dyadic distance ¢ from x to y. To introduce our main result let us
start by defining the basic metric 4 and the Besov type spaces induced by ¢ on the
interval (0, 1).

Let ® = Uj>0®’ be the family of the standard dyadic intervals in [0,1) inter-
sected with (0,1). In other words I € @ if I = I} = [k277,(k 4+ 1)277) N (0,1),
j>0,k=0,...,27 —1. Each ©’ contains the intervals of the j-th level, for I € ®7,
|I| = 279, For I € ®J we shall denote by I and I~ the right and left halves of
I, which belong to ®/*!. Given two points x and y in (0,1) its dyadic distance
d(z,y), is defined as the length of the smallest dyadic interval J € © which contains
x and y. On the diagonal A of R?, § vanishes.

Since for x fixed 6 ~1~#(z,y) is not integrable, the analogous to (1.1) with §(z, y)
instead of | — y| in (0,1) is well defined as an absolutely convergent integral, only
on a subspace of somehow regular functions. For 0 < A < 1, with Bg‘) 4y We denote
the class of all Ly complex valued functions f defined on (0,1) such that

//Q 7|f;(xx)7—),lf£g>)\| dxdy < o0,
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where Q is the square (0,1)2. For f and g both in BQ)‘_’dy7 the inner product

! f(@) = fy) g(@) — gly) dady
/o d 9‘1“//42 5wy @) day)

gives a Hilbert structure on BQAV dy-

Since, as it is easy to check from the definition of §, |z —y| < d(z,y) when
(z,y) € Q, we have that the standard Besov space B3 on (0,1) is a subspace of
Bidy. See [11] for the classical theory of Besov spaces.

For I € ® we shall write h; to denote the Haar wavelet adaptated to I. In other
1

words hy = |I|”2 (X7- — X7+) where, as usual Xy is the indicator function of the
set E. Sometimes, when the parameters of scale and position j and k, need to be
emphasized, we shall write hj, to denote h; for I = I]. In the sequel the scale
parameter j of I will be denoted by j(I). As it is well known {h; : I € ©} is an
orthonormal basis for Lz on (0, 1).

As a consequence of Theorem 9 in Section 3, we shall obtain the next result.

Theorem 1. Let 0 < 3 < 1 and u® € Ly with fol uldr = 0, be given. Assume that
u® is a function in B} with B < A < 1, then the function defined by

u(z,t) = Z et (u®, hy)y hy(z)

I1e®

solves the problem

1—(z,t) = ——————*dy x€(0,1),t>0
(P) 6t( ) od) O, y)ttrs Y @1

u(z,0) = u’(x) e (0,1);

where the initial condition is verified pointwise almost everywhere.

The identification of function spaces with low regularity, for which the pointwise
convergence to the initial data for solutions of the time dependent free particle
Schrédinger equation is a hard problem. Some basic fundamental steps in this
direction-are contained in [1], [4], [7], [3], [13], [15], [14].

The paper is organized as follows. In Section 2 we introduce the basic operator
and the corresponding Besov space and its wavelet characterization in terms of the
Haar system. In Section 3 we prove the main result, which contains a detailed
formulation of Theorem 1.

As a final remark we would like to mention that the results obtained in [12],
suggest that our problem (P) could be of help at solving the analogous problem
with the operator (1.1) on the right hand side of the differential equation in (P).

2. NONLOCAL DYADIC DIFFERENTIAL OPERATORS AND DYADIC BESOV SPACES

Let 0 < B < 1 be given. We shall deal with the operator D? whose spectral form
in the Haar system is given by D8h; = |I| ™7 by for I € D.

Let S(2) be the linear span of the Haar system ¢ = {hy : I € ©}. The space
S(S2) is dense in L.
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The operator D? is well defined from S(J#) into itself and is given by
DPf =317 (f, hr) s
Ie®

for f € S(o#). Observe that D? is unbounded with the Ly norm.
In the next result we show that D? has the structure of a nonlocal differential
operator if we change the Euclidean distance by the dyadic distance on (0, 1).

Theorem 2. Let 0 < 8 < 1 be given, then for f € S(J) we have
1
flz) - f(y)
DP = ————"d 2.1
f((E) ‘/0 5(I,y)1+ﬁ Y, ( )
where the integral on the right hand side is absolutely convergent.

Before proving Theorem 2, we collect some basic properties of 4.

Lemma 3.

(5.a) Q is the disjoint union of the diagonal A and the level sets A; = {(z,y) €
Q:6(z,y) =277} of 8, for j > 0. (See Figure 1)

(3.b) Fory €R, 67 =3, 27V Xy, .

(3.c) Each A; is the disjoint union of the sets B(I) = (It xI")U (I~ x I") for
Ie®l.

(3.4) For f & S(), set F(a,y) = F@)= W)y then nt{6(z,y) : (2,y) €
supp F'} > 0.

(3.e) Let a > —1. Then for every xz € (0,1), §(x,y)* is integrable as a function of
y € (0,1). Moreover, fol d(x,y)%dy is bounded by (21T — 1)1,

FIGURE 1. The picture depicts schematically the level sets A; of
d for j = 0 (lightgray), for j =1 (darkgray) and j = 2 (black).

Proof of Lemma 3.

Proof of (3.a). Given a point (z,y) € @ which does not belong to A, since
for some J € D°, (x,y) € J x J and since z # y, there exists one and only one
subinterval I of J such that x and y belong both to I but not both to the same half
of I. In other words (x,y) € B(I). Since I C J then, j(I) >0 and §(z,y) = 27,
so that (z,y) € Ajp.

Proof of (3.b). Follows directly from (3.a).

Proof of (3.c). Notice first that if I and J are two different intervals on D7,
then " NJ* =0 and I~ NJ~ = hence B(I) N B(J) = (). On the other hand,
if (x,y) € B(I) for some I € ®/, thenz € [T andy €I  orz € I~ andy € I,



ISSN 2451-7100
IMAL PREPRINT # 2012-0008  Publication date: June 20, 2012

4

so that the smallest dyadic interval containing both = and y is I itself. This means
that §(z,y) = 277, in other words (z,y) € A;. Assume now that (z,y) is any
point in Aj, then §(z,y) = 277. This means that there exists I € ®7 such that
(z,y) € I x I but z and y do not belong to the same half of I. In other words
(x,y) € I x I but (z,y) & (I~ x I7)U(IT x IT). Hence (x,y) € B(I).

Proof of (3.d). Since any f € S(4€) is finite linear combination of some of the
hi’s, all we need to prove is that inf{d(z,y) : (z,y) € supp Hr} > 0 for every I € D,
where Hi(x,y) = hi(z) — hi(y). Take I € D, then I € D7 for some j > 0 and H;
vanishes on (I~ x I7) U (I x I'") hence §(x,y) > 277 for every (z,y) € supp Hy.

Proof of (3.¢). The desired properties are trivial for o > 0. Assume then that
—l1<a<0andz € (0,1). Then

o

/ ey =3

/ o(z,y)*dy
k=0 7 {y€(0,1):27F~1<5(z,y) <2k}

<> 27t [y € (0,1): 6(z,y) < 2¥}]
k=0

< 22—(1+a)(k+1) 1 (21+a _ 1)—1'
k=0
([

Proof of Theorem 2. It is enough to check (2.1) for f = hy with I = I,ig; €D.
From (3.b) and (3.c) we have

/1 hi(z) = hi(y) dy

S(z,y)+h

) /01 (Z 2/0+0) ¥, (a y)) (h1(z) — hi(y))dy

=0

_ Z 9i(1+5) / X, (2, y)(hr(x) — hi(y))dy
>0 0
_ 2j(1)(1+5)/ Xp(r) (2, y)(hi(x) = hi(y))dy
0

, i » -
_ 5iDa+8)y2 / [h(27 Dz — k(I)) — h(2/Dy — k(I))]dy.

{y€(0,1):(=,y)eB(I)}
On the other hand
25279 pely
W2z — k(1)) — h(27Dy — k(I)dy = { —23279D, ze It
{ye(O.1):(rp)e B} 0, v ¢,
3.
which equals 2727 ;. Hence
1 .
h —h , i) 3. :
/ 16((2) y)liéy) dy = 27(D(+5)973 2_2‘7(1)h1(:c) — 247(I)Bh1(x) - Dﬂh](l').
0 5 &

O
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A basic identity to obtain a characterization of the Besov type spaces in terms
of the Haar system is contained in Theorem 4.

Theorem 4. Let 0 < A < 1, be given, then the identity

2
/ /Q %dﬂ@: STUERP @+ I —e]  (22)

Ie®

holds for every function f € S(#) and cy = 2(2** — 1)7L.

Theorem 4 will be a consequence of some elementary geometric properties of the
dyadic system and the distance §.

Lemma 5.

(5.a) Set C(J) =[(Jx(0,1))U((0,1)x ))]\(J x J) for J € D, then B(I)NC(J) =
for §(1) > (7).

(5.b) For every I € © and every j = 0,1,...,5(I) — 1 there exists one and only
one J € D7 for which B(J) intersects C(I).

(5.c) For each I € ® we have

S 20020 S (B A CD) = ex 1] (1172 - 1),

j=0 JeEDI

where m is the area measure in R%, A >0 and c) = 2(22* —1)71.
(5.d) Forj>0,1€®D and J €D, with I # J,

2.1.0) = | /Q %, (2,9)[h1 (@) — e[ (@) — hs(y)ldady = 0.

(5.¢) For each I € ®,

ST L) = 2+ o) 1] — e
j=0

Let us start by proving Theorem 4 assuming the results in Lemma 5.

Proof of Theorem 4. Let f be a finite linear combination of some of the Haar func-
tions hy for I € D, ie. f =) ;0 (f hr)hr with (f,hr) = 0 except for a finite
number of I in ©. From (3.a) and (3.b) in Lemma 3, (5.c), (5.d) and (5.¢) in
Lemma 5 we get
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@)~ WP,
-t

//Q(ZzJHzAXA xy)(zz ot (s h)

>0 I€D JED

% b (@) = hi ()]s (@) = by ()] ) dady

_ZQJ(1+2>‘)ZZ (f,h1) f,hJ/ X, (2,y)

§>0 IeD JeD

x [hr(x) = hi(y)llhi (@) — h(y)ldzdy

_ ZQJ(H—%) Zl f7hl | // hI )]dedy

7>0 Ie®
= S ()23 202 // (@) — hr(y)2ddy
Ie® >0
= (LR 20V T
Ie® 3=20
=Y WLRDPIR +ex) 72 = el
Ie®

O

Proof of Lemma 5.

Proof of (5.a). Since j(I) > j(J) we have I C J or I NJ = 0, we divide our
analysis in these two cases. When INJ =0, then ITNJ =0 and I NJ = and
B(I)nC(J) =. Assume now that I C J, then B(I) C J x J which is disjoint from
C(J).

Proof of (5.b). Let I € ® and j =0,1,...,5(I) — 1 be given. Let J be the only
dyadic interval in ©7 such that J 2 I. Then C(I)NB(J) # 0. In fact, since J 2 I,
then I' € J* or I C J~. Assume for example that I C JT, then any point (z,v)
with € I and y € J~ belongs to both C(I) and B(J). So that, since for J € D7
and j < j(I), arguing as in the proof of (5.a), the condition J D I is necessary for
B(J)NC(I) # 0, we get the result.

Proof of (5.c). Let I € ® be given. For j = 0,1,...,5(I) — 1 set J(j,I) to
denote the only J € D7 for which B(J) N C(I) # 0, provided by (5.b). Now from
(5.a) we have

Jj-1
22]'(1+2/\) Z m(B(J) N Z 97 (1+2X) Z ()
Jj=0 JeDi JeDI

J(I)—l

— Z 2j(1+2>\)m(B(J(j7 nnow).
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But, as it is easy to see, m(B(J (4, 1)) NC(I)) = 2|I|277. Hence
> 20NN (B(J) N C(I)) = 21| 21042097 — ¢ |11 (|1]* = 1).
Jj=0 Je®i Jj=0

Proof of (5.d). From (3.c) it is enough to show that ffB(K) krj(z,y)dxdy = 0 for
every I, J and K € © with I # J, where krj(z,y) = (hr(z)—hi(y))(hs(x)—hi(y)).
We shall divide our analysis in two cases according to the relative positions of I
and J.

Assume first that IN.J = (), more precisely, assume that I is to the left of .J. Then
kry(z,y) =V I [J|[(Xr- x s+ (2,y) = Xr-xg- (2, 9) + X+ (@, 9) = Xpe s+ (2,9))
+ (X sr+ (@, y) = Xj-x1- (2, y) + Xyex1- (2,y) — X+ <1+ (2, y))] whose support is
(I x J)U(J x I). See Figure 2.

] o
H >
!
I{ =
> 4

FIGURE 2. Values of —ELL

VI

Notice that while I x J lies above the diagonal, J x I is contained in {y < z}.
When B(K) does not intersect (I x J) U (J x I) then [fp o krs(z,y)dzdy = 0.
Assume now that B(K)N[(I x J)U(J x I)] # (. Since ff(oﬁl)Q kry(z,y)dzdy = 0, if
we show that B(K)N[(I x J)U(J xI)] # 0 implies (I x J)U(J xI) C B(K) we have
ffB(K) krgdazdy = 0. Since the set B(K)N[(I x J)U(JxI)] =[(K~ x KT)U(K* x
K7)|N[(I x J)U(J x I)] is nonempty, we see that (K~ x KT)N (I x J) # 0. Since
K- NI#0and KTNJ#0and K, I and J are dyadic intervals with 7 N J = {),
we must have that K~ D I and K+ D J. Therefore B(K) D [(I x J)U (J x I)].

Let us assume now that I and J are nested. For example that I g J. Figure 3
depicts in this situation the normalize kernel —ELL

VI

Since krj(z,y) = krs(y,z) and B(K) is symmetric, we only need to show that
St wxc— kra(z,y)dedy = 0. When j(K) > j(J)+ 1, suppkr; N B(K) = 0 and
ffB(K) krj(x,y)dzdy = 0. Assume on the other hand that 0 < j(K) < j(J). In
this case the intersection of the support of k;; and B(K) can still be empty or, if
not, the kernel kr;(z,y) on KT x K~ takes only two opposite constant non trivial
values on subsets of the same area. Hence, again, ffB(K) krj(x,y)dxdy = 0. See

Figure 4 where two possible positions of K when I & J are illustrated.
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1

FIGURE 3. Values of —ELL

VI

FIGURE 4. On the left, K equals J, and on the right, K is the
father of J.

Proof of (5.e). Let us start by computing Z(j,I,I) for j > 0 and I € D. From
(8.¢c) we get

2.1.0) = [ Tte) = ity Py
= |I|—1 Z //B(J)[4XB(I) ~|—Xc(1)]dil]'dy

JeDi

=4|117" Y m(BW)NBI) + 171 Y m(B(J)NC(I))

JeDi JeDI
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for j > 0 and I € ®. Hence, since from (3.a) and (3.c), B(J)NB(I) =0 for I # J
and then applying (5.c)

> 2N L)
j=0

=) 2042y {4|1r|1 > m(B()NBWI)+ 17" > m(B(J) mcu))}

720 JeDI JeDI

1 I? _
=41 2]<f><1+”>% +ex(I7* = 1)

=24 |17 = e
([l

For 0 < A < 1, a function f € Lo is said to belong to the Besov space Bé\,dy

if the function (() f(y) belongs to La(Q, 6‘72”;‘71;’)). In other words, f € Bg‘,dy if and

only if
||f||Bé\, - ||fHL2 1+2)\ ray

is finite.

For our purposes the main result concerning B2 dy 18 the following Haar wavelet
characterization of the Besov space. For the classical nondyadic Euclidean case see
for example [9].

Theorem 6. Let 0 < A < 1 be given. The space Bg‘)dy coincides with the set of all
square integrable functions on (0,1) for which

§ [ 2

A
ien | M

< o0

1

2
) is equivalent to Hf||B§d
ay

hr)
Moreover, | fllp, + (Zle@ U(HAI

2
Proof. Assume first the f is an Lo function such that Zle@ ‘<J‘c}}|§2‘ < 00. Let

]—' be an increasing sequence of finite subfamilies of ® with U2, F,, = © and if
ZIE]-'n (f,hr) hr we have both the Lo and a.e. pointwise convergence of fn
to f- Then from Fatou’s Lemma we have that

|f(z _ |fa(@) = fu()|
// (z,y) 1+2>\ d:cdy th_{]go 3z y)1+2A T igen drdy

L |fn(z )*
< hnrggf// 30 1) 1+2)\ dxdy.

Now, since each fn €S (jf ) from Theorem 4 we get

// |f” a:y1+2>\ Z I{ f,hI [(2+cx) |I]” 2>\—c)\]

I1eFn

<22|f’h1 ,

Ie®
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hence
|f(x [(f, hi)I”
J[ ML oy <25 KR
fen M

In order to prove the opposite inequality let us start by noticing that the identity
(2.2) in Theorem 4 provides, by polarization, the following formula which holds for
every ¢ and 1) € S()

/ / e(@) — o(y) Y(x) —¢(y) dedy
Q 6($,y)>‘ 5(1‘,y))‘ 5(1’,y)
=Y (o hr) W k) [2+ ) 22 = el (2.3)

Ie®

Assume that f € B) 4y Since for any ¢ € S(H) by (3.d); the function w
has support at a positive §-distance of the diagonal A, we have that it is bounded on
Q. Hence $20) € Ly(Q, drdy). Taking in (2.3) fo = oz, (f,hi)hi instead

of ¢ with F,, as before, we get

fn fn ( )— (y) d:Z?dy . . _2>\_C
// 8(z,y)» 5(z,y)>  o(x,y) Iezfm (f, hr) (W, k) [(24cx) | A

(¥;h1)#0
Now since fn(:c) fn(y) tends f(x) = f(y) in La(Q, dedy) and ¢ € S(H°) we get

f(@) = fly) ¥(@) —Y(y) dady -
//Q 3z, y) STy 0@ y) Z (fihr) (W, hr) [(2 4+ ex) ]2 = enl.

Ie®

We have to prove that Y I 7|c TQIA is finite. This quantity can be estimated by

7h ,h
(Z |(f 1 ) supz <J;I|Al>b1

Ie® Ie®

duality, since

where the supremum is taken on the family of all sequences (br) with Y, b7 <1
and by = 0 except for a finite number of I’s in ©. Notice that every such sequence
(br) can be uniquely determined by the sequence of Haar coefficient of the function

=S br N2+ ex) 1172 = el "thy € S(). In fact, by = (v, hy) [T [(2+

) [I]72* =cx]. Hence the condition > ren b < 1becomes Y o (1, ho)? 112 [(2+
—2A 2

ex) |7 =en? <1. So

Z (f, fi\l>b1 = Z U hr) (0, h) [(2+ ex) [I]72 = el

Ie® |I| Ie®
:// f(@) — f(y) v(z) —Y(y) dedy
o Oxyr  4(x,y) 5(:v y)

[l ] 1 (e 2

<Iflpy,
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since [f, (L=t )" oty — 57 oty g I [2 4 ex) 117~ a2 < 1 for
¥ € S(HA). O

As a corollary of Theorem 6 we easily obtain the following density result.

Corollary 7. For f € 32 dy ond fn= ZIG}- (f,hr) hy with Fp, C Fpy1, Fn finite
and US2 Fp =9, wehavefn%fanQdyasn%oo

The above result allows to extend Theorem 2 to the general case of dyadic Besov
functions.

Theorem 8. Let 0 < 8 < A <1 be given. Then for each f € By 4y We have

ST f ha) b / /(@ e y1+6 (2.4)

IeD
as functions in Ls.

Proof. Set fn =) ;cx (f,h1)hr asin Corollary 7. From Theorem 2,

’I’L n d
Do) = S i) = [ SBO) ol

I1€Fn

for every n. Notice that since § < A the series > i | I‘w) I’ converges, hence the series

Yoren I P (f,hr) hr converges in Ly. And then D5 f, — Yoren I B(f hr) by in
Ls. On the other hand, from the fact Bg‘ dy 2 BZB dy

/fnxy”" o _/ fT“Eﬁ)dy

:/ / (fa=HN@) - (fn =y 1 dy
0 0 (5(%,:1]))‘ 6($,y)ﬁ_)‘ 6($,y)

: /01 ( /01 |(Fn — f)(gr(x,—y()éz - NI’ dy) ( /01 W > N

Since 1 — 2(A — 3) < 1, from (8.e) in Lemma 3 we see that the last integral is
uniformly bounded from above, so that applying Corollary 7 and taking the limit
for n — oo we get (2.4). O

2
dzr

dx

Theorem 8 gives a way of extending the nonlocal differential operator D? to the
spaces B2’\7dy with 0 < S <A< 1by

DOf =" (f, hr) _/ leJfﬁ)dy (2.5)

Ie®
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3. THE MAIN RESULT

In this section we state and prove a detailed formulation of Theorem 1. With
the operator D? and the spaces Bg‘) dy ntroduced in Section 2 the problem can now
be formally written in the following way

Ou
P

(P) ot
u(0) = u° in (0,1).

= D%y in (0,1) x R*

Theorem 9. For 0 < 3 < A <1 and u® € B} with fol uOdx = 0, define
u(t) == " M (0 by by, >0, (3.1)
€D
Then,
0

(9.a) w is continuous as a function of t € [0, 00) with values in By 4, andu(0) = u°.
In other words, ||u(t) — u(s)||B2Ad — 0 for s =t and t >0;
ay

(9.b) w is differentiable as a function of t € (0,00) with respect to the norm ||-|| gr-s,
2,dy

u(t+h]3—u(t) + ’LD'BU

and % = —iDPu. Precisely, N 0 when h — 0;

2,d
(9.c) there exists Z C (0,1) with |Z| = 0 such that the series (3.1) defining u(t)
converges pointwise for every t € [0,1) outside Z;
(9.d) u(t) — u° pointwise almost everywhere on (0,1) when t — 0.

Notice that pointwise convergence is not a consequence of convergence in the
By 4y norm. In fact, with the standard notation for the Haar system hj(z) =

i
22 (272 — k), we define a sequence of functions supported in (0, 1) in the following
way. Let n be a-given positive integer. Then there exists one and only one j =

\ . 2z 1
0,1,2,... such that 27 < n < 271 Set f, = 2721’ Then || foll,, = 272

n—27"

. . _1 ; A A
which tends to 0 as n = oo. Since Df, = 272D !, = 20%272p) =

;> we see that for 0 < A < %, HD’\anL2 — 0 as n — oo. Hence

frn — 0in the B2’\7 ay sense. Nevertheless fn does not converge pointwise.

9-3(G=Npi

Before proving Theorem 9 we shall obtain some basic maximal estimates involved
in the proofs of (9.c) and (9.d). With My, we denote the Hardy-Littlewood dyadic
maximal operator given by

My () = supﬁ / F)|dy

where the supremum is taken on the family of all dyadic intervals I € ® for which
x € I. Calder6n’s sharp maximal operator of order A is defined by

M f(z) —sgpm% /J @) - F@)]dy,

where the supremum is taken on the family of all subintervals (dyadic or not) J of
(0,1) such that « € J. In [5], see Corollary 11.6, DeVore and Sharpley prove that
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the L, norm of M f f is bounded by Bg norm of f. For our purposes the case p = 2
is of particular interest,

When dealing with (9.¢) and (9.d) two maximal operators related to the series
(3.1) are also relevant. For ¢ > 0 set

L S Alflgy - (3.2)

[ V)

N 2/-1

St (@) = sup [SY f(2)], where Y f(2) = > 7 e (f] ) B ().
NeN ==

Set

S*f(w) = sup S f(x).

0<t<1

The next result contains the basic estimates of S; and S* in terms of My, and
M.
X

Lemma 10. Let f € B} with 0 < 8 < A < 1. Then with C = 2*"A+1(2A=F _ 1)
we have

(10.a) SFf(x) < CtMY f(x) + 2Myy, f(z) fort >0 and x € (0,1);

(10.b) S*f(x) < OMY f(x) + 2May f (x) for x € (0,1);

(10.c) ||S*fHL2 < (AC +2) ||fHBZ)\, where A is the constant in (3.2).

Proof. For f € By, t>0and N € N, we have
!SNf ()| <188 f (2) = 83" ()| + |53 f ()] (3.3)

Since SV f(z) = Pnf(w fo y)dy, where Py is the projection over the space
Vy of functions which are constant on each I € DV, we have supy }S f( )’ <
2Mdyf(x). Let us' now estimate the first term on the right hand side of (3.3). For

€ (0, 1) and j € N, let k(x,j) = 0,1,...,2/ — 1, be the only index for which

we‘r(wi)’

N 27-1
[SM8) £8T T @)] < |30 30 (€ = 1) (£ b (o)
7=0 k=0
N , | |
<3 ( / | U= @it <y)> e @

R / F(y) — f(@)] dy

=0 Ly Mo
00 it2j5 1
1
=13 [ - i@l
7=0 ‘ h i) TG
Y2 M f (), (3.4)

Jj=0
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which proves (10.a). Estimate (10.b) follows from (10.a) by taking supremum for
t < 1. To show (10.c) we invoque (3.2), and the Lo boundedness of the Hardy-
Littlewood dyadic maximal operator. ([l

The next lemma gives the pointwise convergence of SV g(z) for every = € (0,1)
in a dense subspace of B3.

Lemma 11. Let g be a Lipschitz function defined on (0,1). Then
N 27-1 y ‘
SNg(a) = % " (g,h}) (@)
j=0 k=0

converges when N — oo, for every x € (0,1) and every t > 0.

Proof. Fix t > 0 and = € (0,1). We shall prove that (SNg(x) : N
Cauchy sequence of complex numbers. In fact, for I' < M < N,

Il
<
N
\./
—
wn
o

27 -1

15N g(x) — SMg(x)| = Z > e (g hi )

j=M+1 k=0

27 11

S|y 3 e " (Ll - s@ini ) wi

j=M+1 k=0

291

Z > g/l 2f/|x—y|dy ()

j=M+1 k=0

— 1l Zzﬂj o — yldy

Jj=M+1 G

<g'll.. Z 277,

j=M+1

| A

Proof of Theorem 9.
Proof of (9.a). From Theorem 6 we see that for each ¢ > 0, u(t) € B2’\7dy, since

u’ € By C BQ)\,dy' Moreover, for t,s > 0,

Z (e”llrﬁ — eismfﬁ) (u,hr) by

Ie®

ut) = w(s)ll 53, =

A
BQ,dy

-5

2
2 (uO h
718 is|I1—8 8 is| |~ B u-, Ny
G2 _ sl ‘ u° h[ 2y Z ’ 1|77 _ islI| ‘ < ) >
IeD IeD

|I|2>\

which tends to zero if s — t.
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Proof of (9.b). Let us prove that the formal derivative of u(¢) is actually the
derivative in the sense of Bi;g. In fact, for £ > 0 and h such that t +h >0

2
u(t+ h) — u(t)

- iy Z it =? 17]7° (u, hr) hy

Ie®

B)78

2,dy
2
al117P _ 4
i -8 | € . _
Zet|l| lf_”ﬂ ﬁ‘| <u0,h1>h1
Ie®

A—pB
BQ,dy
2
<c

I ih|I|7F _
Ze”lflﬁlie - 1_Z-|1|5] (u®,hy) hy

Ie®

Ly
nT1-5
ezh\[| -1

h

a0 gl
|I|2)\

>

Ie®

ihlI7F g 2
— il

<ey I

Ie®

Gl —F _

=L PP =

o 2
Since, from Theorem 6, >, o % < o0, and |I|**

% — i|2 — 0 as h — 0 for each I € ©, we obtain the result.

On the other hand since u(t) € Bg‘,dy and since A > 3, DPu(t) is well defined
and from (2.5) it is given by

DPu(t) = D? <Z e (9 hy) h1> =S (W0 hy) iy = i

dt’
Ie® Ie®

Hence u(t).is a solution of the nonlocal equation and (9.b) is proved.

Proof of (9.¢). The boundedness properties of S} and S* and the pointwise
convergence on a dense subset of B3 allows us to use standard arguments for the
a.e. pointwise convergence of SNu® for general u® € B3. We shall prove that the
set Z of all points z in (0, 1) such that for some ¢ € (0,1)

Li(z) == inf sup [SPu’(z)— S7"u’(x)] >0
N n,m>N

has measure zero. It is enough to show that for each £ > 0, the Lebesgue measure of

the set {z € (0,1) : Ly(x) > € for some ¢ € (0,1)} vanishes. Since, for any Lipschitz
function v defined on (0,1) and every ¢ € (0,1),

|SPu’ (z) — S’ ()| < |87 (u” — v)(@)] + [SPv(@) — S v(@)] + [ S (v — u°) ()

from Lemma 11, we have L;(z) < 25*(u® — v)(z). So that, from (10.c) we obtain

)

[{z € (0,1) : Ly(z) > € for some t € (0,1)}| < H:C € (0,1): S*(u’ —v)(z) > %}‘

4(AC + 2)?
52

4 2
< 25—,

2
l” = l[, -
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Since v is an arbitrary Lipschitz function in (0,1) we get that |Z| = 0. Hence for
every t € [0,1) and every z ¢ Z, (Spu’(x) : n = 1,2,...) is a Cauchy sequence
which must converge to its Lo limit, i.e. u(t)(z) for z ¢ Z and ¢ € [0, 1).
Proof of (9.d). For x ¢ Z, taking the limit as N — oo in (3.4) we get the
maximal estimate
‘u(t)(x) — uo(x)| 22 =8

#,0
" §21_27(A75)M)\u ().

sup
t€(0,1)

Since M f u® belongs to Lo, the left hand side is finite almost everywhere, hence
u(t)(z) — u¥(z) as t — 0 almost everywhere. O
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