ISSN 2451-7100

IMAL preprints

http://www.imal.santafe-conicet.gov.ar/publicaciones/preprints/index.php

MEAN VALUE FORMULAS FOR SOLUTIONS OF SOME

DEGENERATE ELLIPTIC EQUATIONS AND APPLICATIONS
By

Hugo Aimar, Gaston Beltritti and lvana Gomez

IMAL PREPRINT # 2013-0013
Publication date: August 05, 2013

Editorial: Instituto de Matematica Aplicada del Litoral
IMAL (CCT CONICET Santa Fe — UNL)
http://www.imal.santafe-conicet.gov.ar

Publications Director: Dr. Rubén Spies
E-mail: rspies@santafe-conicet.gov.ar

I M A L

CONICET

o



mailto:rspies@santafe-conicet.gov.ar

The final version of this article was published under the title: "Improvement of Besov regularity for solutions of the fractional laplacian"
Constructive Approximation, April 2015, Volume 41, Issue 2, pp 219-229. DOI 10.1007/s00365-014-9256-0. ISSN 2451-7100

IMAL PREPRINT # 2013-0013 Publication date: August 05, 2013

MEAN VALUE FORMULAS FOR SOLUTIONS OF SOME
DEGENERATE ELLIPTIC EQUATIONS AND APPLICATIONS

HUGO AIMAR, GASTON BELTRITTI, AND IVANA GOMEZ

ABSTRACT. We prove a mean value formula for weak solutions of div(|y|*grad
u) =0in R*"! = {(x,9) : * €R", y € R}, —1 < a < 1 and balls centered at
points of the form (z,0). We obtain an explicit nonlocal kernel for the mean
value formula for solutions of (—A)®f = 0 on a domain D of R™. When D is
Lipschitz we prove a Besov type regularity improvement for the solutions of

(—A)3f =0.

INTRODUCTION

In [2], L. Caffarelli and L. Silvestre show how the fractional powers of —A in R"
can be obtained as Dirichlet to Neumann type operators in the extended domain
R+, The operator in the extended domain is given by L,u = div (Jy|*grad u),
where a € (—1,1), u = u(z,y), r € R", y € R and div and grad are the standard
divergence and gradient operators in R"*! = {(z,y) : € R", y € R}. The expo-
nent a is related to the fractional power of the Laplacian (—A)® through 2s = 1—a.

Notice that when a = 0 the operator L, is the Laplacian in R**! and s = %

Since for a € (—1,1) the weight w(z,y) = |y|* belongs to the Muckenhoupt class
Ay (R™H1) | the regularity theory developed by Fabes, Kenig and Serapioni in [6],
can be applied. The fact that w is in Ay(R"*1) follows easily from the fact that
it is a product of the weight which is constant and equal to one in R" times the
Aa(R) weight |y|* for a € (—1,1). In particular Harnack’s inequality and Holder
regularity of solutions are available.

It seems to be clear that, when a # 0, the weight w(z,y) = |y|* introduces a bias
which prevents us from expecting mean values on spherical objects in R**!. Except
at y = 0, where the symmetry of w with respect to the hyperplane y = 0 may bring
back to spheres their classical role. In [5] some generalizations of classical mean
value formulas are also considered.

By choosing adequate test functions we shall prove the mean value formula, for
balls centered at the hyperplane y = 0, for weak solutions v of L,v = 0.

The above considerations would only allow mean values for solutions with balls
centered at such small sets as the hyperplane y = 0 of R**!. But it turns out that
this suffice to get mean value formulas for solutions of (—A)*f = 0.
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In [II] a mean value formula is proved as Proposition 2.2.13, see also [§]. In order
obtain improvement results for the Besov regularity of solutions of (—A)*f =0 in
the spirit of [3] and [I], our formula seems to be more suitable because we can
get explicit estimates for the gradients of the mean value kernel. Regarding Besov
regularity of harmonic functions see also [7].

The paper is organized in three sections. In the first one we prove mean value
formulas for solutions of L,u = 0 at the points on the hyperplane y = 0 of R"*1.
The second section is devoted to apply the result in Section [I]in order to obtain a
nonlocal mean value formula for solutions of (—A)® f = 0 on domains of R”. Finally,
in Section [3] we use the above results to obtain a Besov regularity improvement
for solutions of (—A)*f = 0 in Lipschitz domains of R™. At this point we would
like to mention the recent results in [I0] in relation with the rate of convergence of
nonlinear approximation methods observed by Dahlke and DeVore in the harmonic
case.

1. MEAN VALUE FORMULA FOR SOLUTIONS OF L,u =0

Let D be a domain in R™. Let §2 be the open set in R"*! given by Q = Dx (—d, d)
with d the diameter of D. Notice that for € D and r > 0 such that B(z,r) C D,
then S((z,0),7) C Q where B denotes balls in R™ and S denotes the balls in R"*1.
With H*(|y|*) we denote the Sobolev space of those functions in L?(|y|* dxdy) for
which V£ belongs to L?(|y|" dzdy).

A weak solution v of Lyv = 0 in Q is a function in the weighted Sobolev space
H'(|y|*), such that

// Vo - Vily|* dedy =0
Q

for every test function ¢ supported in 2.

The main result of this section is contained in the next statement. As in [2] we
shall use X to denote the points (z,y) in R**! with z € R® and y € R. For x € D
with §(z) we shall denote the distance from z to dD.

Theorem 1. Let v be a weak solution of Lov = 0 in Q. Let p(X) = n(|X]),
n € Cg°(RY) supported in the interval [,3] and [ [, o(X)|y|* dX =1 be given.
Ifx € D and 0 <r < §(z), then

v(z,0) = //Q er(z — 2, —y)v(z, y)ly|“dzdy

1 X
©r(X) = ntita ¥ (r) ‘

Proof. Set A = [;° pn(p)dp and ((t) = fot pn(p)dp — A. Notice that ((t) = 0 for
t >3 and ((t) = —Afor 0 <t < 1. The function ¢(X) = ¢(|X]) is, then, in
C>°(R"*1) and has compact support in the ball S((0,0),1). It is easy to check
that Vi(X) = p(X)X. Take now z € D and 0 < r < d(x). Set ¢.(Z) =

relmey(r=17), Z € R™1, and define

with

0.0) = [[ X = 22y az.
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where X = (2,0), Z = (2,y), dZ = dzdy and v is a weak solution of L,v = 0
is Q. As usual, we aim to prove that ®,(r) is a constant function of r and that
lirr(l] D, (r) = v(X). From the results in [6] with w(Z) = |y|*, which belongs to
r—

the Muckenhoupt class Ax(R"*1) when —1 < a < 1, we know that v is Holder
continuous on each compact subset of €. Then the convergence @, (r) — v(X) =
v(z,0) as r — 0, follows from the fact that

// o D)yI"dZ = e // YY) lyfedzdy = 1.

In order to prove that ®,(r) is constant as a function of r we shall take its
derivative with respect to r for fixed z. Notice first that

O =[] e@ux - rz)ypddy.
5((0,0),1)
Since Vv € L*(Jy|*dX) we have

d
se) == [[  w@Vex - r2)- Zyldz
dr S((0,0),1)

//m 0).1) X —=rZ)-Vy(Z)ly|*dZ
) 7@ // Vo(Z)- vy <X — Z) ly|*dz
// V(2 [rn+a¢ (X ; Zﬂ ly|*dZ,

=)

which vanishes since Ww ( as a function of Z is a test function for the fact
that v solves L,v = 0 in 2. [l

2. MEAN VALUE FORMULA FOR SOLUTIONS OF (—A)f =0

In this section we shall use the results and we shall closely follow the notation in

[2]. Take f € L*(R", (Hlj%) with (=A)*f = 0 on the domain D € R™. Then,

n+
with u(z,y) = (P2 * f) () and Py(z) = Cy'~* (|z|* +y*) 2  the function

[ w(x,y) inDxRF
v(z,y) = { u(z,—y) in D xR~

is a weak solution of L,v = 0 in D x R. In particular v is Holder continuous in
D x R from the results in [6]. Theorem [l guarantees that, for 0 < r < é(x) and
xz €D,

f(z) = u(z,0) = v(x,0) / or(X = Z)v(2)|y|*dZ (2.1)

where, as before, X = (z,0) and Z = (z,y). On the other hand, the definitions of
v and u provide the formula

v(Z) = v(z,y) = (P« ) () (2:2)

Replacing (2.2)) in (2I)), provided that the interchange of the order of integration
holds, we obtain the main result of this section.
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Theorem 2. Let 0 < s < 1 be given. Assume that D in an open set in R™ on
which (—A)°f = 0. Then for every x € D and every 0 < r < 6(z) we have that
f(@) = (P, = f) (z), where ®,(z) = r"® (L), &(z) = ny]R Lern P(2, —Y) PG (z —
2)|y|* dady, @ (z,y) = r~(FIFDp (2 2) o s o C(R") radial function sup-
ported in the unit ball of R" ™ with, [[p.11 0(x,y)|y|* dedy = 1 and Pg is a constant

_nt+l—

times y' = (|z> +y*) " ? ’

Proof. Inserting (2.2)) in (2.1]) we have

f(2) = v(z,0) // 005 — 2, —y)0(2,y) lyl*d=dy
~ [[erta =z« Dy

= [ ete=nmn ([ A= 2 d ) liedsay
= [ L erta=nmnpy e = 2laiizay ) £

_ / L B DI E)E,

with @, (z,2) = [ g [Legn or(z — 2, =y) Py (2 — 2) [y|* dzdy. The last equality in

the above formula follows from the fact that % is integrable in R"™, since

(42 2

a = a C
[ et s lp e - 2y € —— ey
yeR J zeR™ (1_|_|5| ) D)

for some positive constant C. In fact, on one hand

/ / (o — 2, —y)| P (2 — 2)|y|dzdy
yeR JzeR"

< [ el B2 w0 )
1

on the other, for |Z — x| > 2 we have

/ / (@ — 2, ~9)| P (= — 2)|y|°dedy
yeR J zeR"

S C// |y‘ n+1 a dZdy
S0 (42 + |5 — 1)

C
_ . 24
— ‘x _ 2‘”"’1704 ( )
So that ®@,.(z,z) < (1+|w0£6)n+1 _ < (1+‘Cm(|”)”ﬂ721 -, hence [®,(z 22 (2)dz is abso-
lutely convergent. It remains to prove that ®,(z,2) = % = P(552) with @(z) =

nyR ern P(2, —y) By, (¢ — 2)[y|*dzdy. Let us compute <I>( —=) changing variables.
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First in R™ with v = x — rz, then in R with ¢ = ry,
T —Z
(552) = [ oo (e
yER zeR”
x —v
/ / —@ —y)P|y|( )Iyl dvdy
yeR vern T
v 77) ( )\t| dvdt
/eR /ueRn 7“"+1+a ( r ‘t|
=r / / — v, =) Py (v — 2)|t|*dvdt
teR IJE]R”
=7r"P,(
as desired. g

We collect in the next result some basic properties of the mean value kernel ®.

Proposition 3. The function ® defined in the statement of Theorem [J satisfies
the following properties.

(a) ®(x) is radial;
(b) (1+ |3:|)"+1 a|®(x)| is bounded;
(¢) Jgn ®(z)dr =1;

(d) sup,~q (D, *f)(x)| < cMf(x), where M is the Hardy-Littlewood mazimal
operator in ]R”

(e) if Vi(z) = ( ), then ¥ (0) =0 and [Vi(z) dx = 0;
(f) for some const(mt C>0,|V(x) < I:r\‘% for |x| > 2;
(9) |V\I!i| is bounded on R™ for everyi=1,...,n

Proof. Let p be a rotation of R™, then

wpr)= [ [ elem Pyl 2yl dzdy

yeR ZG]R"
/ / (L2, —y) P (p (p — 2))lyl*d=dy
yeR J zeR™

= / / p~lz, —y) Py (x — p~ 2)|y|"dzdy
yeR zGJR”

- / / P8 (& — 2)|y|°dzdy
yeR Jze

= ®(x),

which proves (a). Part (b) has already been proved in and . By taking
f =1 in Theorem [2| we get (¢). From (a) and (¢) the estimate of the maximal
operator is a classical result (see [12]). Item (e) follows from the fact that @ is
radial and smooth and from (c).

Let us now show that |¥(z)| < Ir\% for || > 2. In fact,
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V()] = 2

z,y)P%(x — z y“dzdy‘
/0 /ze]R" 8$i( ) y( )
! 0
o (z,y) =— (P (x — 2)y*) dzdy

/0 /zGB(O,l) (2:9) Ox; ( y( ) )

! 1
< C/ / 0(2,y)| ———5—dzdy

0 JzeB(0,1) o(z )l |z — z|nt2-a

O 1
< - z,Y)|dzd
—<|w|—1>n+2*a/o /zegm,n'” y)ldzdy
C

S |1.|n+27a'

=2

(2.5)
By taking the derivatives of the function ¢ the proof of (g) proceeds as in (2.3). O

3. MAXIMAL ESTIMATES FOR GRADIENTS OF SOLUTIONS OF (—A)*f =0 IN
OPEN DOMAINS AND THE IMPROVEMENT OF BESOV REGULARITY

The mean value formula proved in Section |2 for solutions of (—A)®f = 0 in an
open domain D of R™ can be used to obtain improvement of Besov regularity of f.
Here we illustrate how Theorem [2|can be used to get a result in the lines introduced
by Dahlke and DeVore for harmonic functions. We shall prove the following result.

Theorem 4. Let D be a bounded Lipschitz domain in R™. Let 0 < s < 1. Let
1 <p<ooand0 < X< 2= be given. Assume that f € B)(R™) and that
(=A)*f =0 o0n D, then f € B3(D) with + = -+ % and 0 < a < A%,

Here B (R") and B2(D) denote the standard Besov spaces on R™ and on D
with p = ¢ for the usual notation B;\’q of this scale. Among the several descriptions
of these spaces the best suited for our purposes is the characterization through
wavelet coefficients [9].

It is worthy noticing that in contrast with the local cases associated to the
harmonic functions in [3] and the temperatures in [I], now the B;,‘ regularity is
required on the whole space R™ and that the improvement is only in D.

The basic scheme is that in [3], and the central tool is then the estimate contained
in the next statement.

Lemma 5. Let D be a domain of R". Let 0 < A < 1 and 1 < p < oco. For
f € By(R™) with (—A)*f =0 on D, we have

(/D ’5(x)1—Avf(x)|de>” < CIIfll g any

where 6(x) is the distance from x to the boundary of D, V[ is the gradient of f
and C is a constant.

The main difference between the local case in [3] and our nonlocal setting is
precisely provided by the fact that since our mean value kernel is not localized in
D, the Calderén maximal operator needs to be taken on the whole R™, not only on
D.
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The result is itself a consequence of a pointwise estimate of the gradient of f in
terms of the sharp Calderén maximal operator and [4]. The result is contained in
the next statement and follows from the mean value formula in Theorem [2] and the

basic properties of the mean value kernel ®,. and its first order partial derivatives
contained in Proposition [3] .

Lemma 6. Let D and X be as in Lemma[f and let z € D and 0 < r < §(z). Then
IVf(2)| < Cr = M* f(2),
with
M) = sup o [ 1) = 1)l dy
|BI'"» /B

where the supremum is taken on the family of all balls of R™ containing x.

Proof. From the definition of ® it is clear that %(IJT(JE) = 1V (z) with Ui(z) =
2 [° szR" o2 (2,y) Py (z — 2)y*dzdy, i = 1,...,n. Since from (e) in Proposition
we have that W(0) = 0, then

W) (2)| = | W) (2) = ©L0)| < |z[ sup [V¥(E)] < —— ], (3.1)
£ER™ r

from (g) in Proposition|3] This is a good estimate in a neighborhood of 0. Applying
the mean value formula for f we get the result after the following estimates,

of(@)|
2 | @
= /f(x—z)\lllr(z)dz
R?L
— |5 [ (= 2) - fla) Wil
RTL

- / (F(2) = £(2) Wi (& — 2)da

I /\

L[ @@ - ald e [ 156 - @Y - 2l
B(ZL’ 2r) Be(z,2r)
I+11I.
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We shall bound T using (3.1]),

1 .
I=- z) — f(@)||¥(x — 2)|dz
[ CRE LA

r

c
< W/er) 1f(2) = f(@)||lz — 2|dz

C o0
=—> |f(2) = f(x)||lx — 2|dz

cog—jelc ezl o
z2—i—i<lEzElco-iy

C «— / iy

< — f(z) = f(@)|]277 rdz
257 2 o amseny 1O IO

e BE R it R | 1) = F(@)ld
S (277+17)" " S a-iviny

< ot Z (277“)"“\+1 Mﬂ’)‘f(x)

j=0
= CrA I MPA f ().

Now from (f) in Proposition

n=1 [ 15 - e - 2l
" JBe(x,2r)
e 2—a

< Cz_jo /{ aratenn ey V)~ IO g

< ci_oj f ey O~ 1O st

< rvil g (2j+1)*n72+a E:ziz;z: /B(mj“r) |f(2z) = f(x)|dz

<ortt i (272 MEA f ()

7=0

= Cr I MR f(x)

and the Lemma is proved. O

Proof of Theorem[j) Follows closely the lines of the proof of Theorem 3 in [3]. The
only point in which the nonlocal character of our situation becomes relevant is
contained in the first estimates on page 11 in [3]. On the other hand, our upper
restriction on A is only a consequence of the fact that we are using only estimates
for the first order derivatives. Our restriction guarantees the convergence of the
series involved in the above mentioned estimates in [3]. g

Let us finally remark that after a fine tuning of the function ¢ larger values of
A can be achieved.
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