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An extension of Newton-Sobolev spaces for
curves not measured by arc length

Miguel Andrés Marcos *

Instituto de Matematica Aplicada del Litoral (CONICET-UNL)
Departamento de Matematica (FIQ-UNL)

Abstract

Newton-Sobolev spaces, as presentend by N. Shanmugalingam, de-
scribe a way to extend Sobolev spaces to the metric setting, for metric
spaces with ’sufficient’ paths of finite length. We generalize some of this
results to spaces where the ’length’ of a path is measured differently.

1 Introduction

If Q is an open set in R™ and f is a smooth function defined on €2, the Funda-
mental Theorem of Calculus for Line Integrals implies that for every piecewise
smooth path v with endpoints z,y we get

F(2) — F(w)] < / IV £|d]sl.

~

Nonnegative functions that satisfy this inequality in place of |V f| are referred
to as upper gradients (see for example [HeK]).

In [Sh], N. Shanmugalingam describes, via upper gradients, a way to char-
acterize Sobolev spaces W' in open sets of R" that extends to metric measure
spaces, defining Newton-Sobolev spaces N1'P. If the space has ’sufficient’ rectifi-
able paths (in the sense that the set of rectifiable paths has nonzero p-modulus),
an interesting theory of Sobolev functions can be developed, but if the set of
rectifiable paths is negligible, this ’Sobolev space’ is just LP.

Easy enough examples of metric measure spaces with no paths of dimension
1 can be constructed. For instance, take X = R with d(z,y) = |z — y|'/2,
and we get that paths are either 0-dimensional (trivial paths) or 2-dimensional.
While ’classical’ Newton-Sobolev theory in such a space would be nonsensical,
a good theory could be developed if we measured path ’length’ by Hausdorff
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2-dimensional measure H2.

In this note, following the ideas in [Sh], we develop a more general theory
of Newton-Sobolev spaces by replacing Hausdorff 1-dimensional measure by an
arbitrary measure y as a way of measuring path ’lengths’.

In sections 2 and 3 we generalize all the machinery needed to construct
Newton-Sobolev spaces. In section 4 we define this spaces and prove they are
complete. In section 5 we define some additional properties, such as Poincaré
inequality, needed to prove some more interesting results, as Lipschitz density
or Sobolev embeddings. We also compare Newton-Sobolev spaces with another
kind of Sobolev space in metric spaces: Hajlasz-Sobolev spaces.

2 p-arc legth and upper gradients

Given a metric space (X, d) and a (compact) path v : [a,b] = X (i.e. a contin-
uous function from [a, b] into X), its length is defined as

I(7) = up Zd(v(ti)w(tiﬂ)),

where the supremum is taken over all partitions of [a, b].

We use the notation |y| for Im(y). We say that ¥ is a sub-path of v if it’s
the restriction of of v to a subinterval [a, b].

The concept of arc legth of a path is similar to, but not equal to, Hausdorff
one-dimensional measure H' of its image, but they do coincide for injective
paths (see [Fal]). From this result, for injective paths and for Borel nonnegative
measurable functions we get that

/g=/ gdH',
¥ [

and from this we can think of changing the measure H' for another Borel mea-
sure, as H*®.

Let u be a non-atomic Borel measure in X. Define I'* as the set of all
non trivial injective paths v in X such that 0 < u(|¥]) < oo for all non trivial
subpaths of v. For nonnegative Borel functions g : X — [0, c0] we define

/g=/ gdp.
ol [7]

Now, for a path 7 : [a,b] = X in T'*, we define h(y) = p(]y]) and its p-arc
length v : [a,b] = R as
vy (2) = h(V[a,a))-
Lemma 2.1. For paths v : [a,b] = X in T'*, we have that v, is strictly increas-
ing, continuous, onto [0, h(7)], and besides

h(v) = h(Vljaa]) + MV [2,))-
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Proof. v, is clearly increasing. Continuity follows from ;4 being non-atomic, and
surjectivity follows from it being continuous and increasing.

The fact that v, is strictly increasing follows from the fact that every non trivial
subcurve of v has positive measure, as v € ['*. O

Theorem 2.2. For~y : [a,b] — X inT#, there exists a unique vy, : [0, h(y)] = X
such that

Y = Th OVy,
|| = |yn| and v, (t) =t in [0, h(7)] (therefore v, = ynov,, ). We call this the
pu-arc length parametrization of .

Proof. As vy : [a,b] — [0, h(v)] is strictly increasing and onto, it’s a bijection
between [a,b] and [0, h(7y)] and we can define

—1
Yh="yov, .

We inmediately see that |y| = ||, and

Vi) () = u(((0,2])) = u(y(v5 ([0, 1)) = n(y(la, v (D)) = vy (v5 (1) = .

Theorem 2.3. If v : [0,h] — X is a path in T* parametrized by u-arc length,
then for every Borel set B of [0, h], we have

p(y(B)) = U(B).

Furthermore, if g : X — R is nonnegative and Borel measurable, then for each

subpath ¥ = 7|(a,) we have
b
/ 9= / goy.
107 a

Finally, we get the same result as with rectifiable curves:

Theorem 2.4. Given a function f : X — R and a path v : [0,h] — X in
T parametrized by p-arc length, if there exists a Borel measurable nonnegative
p: X — R satisfying

£6s) = s < | pe
Y [s,t]
for every 0 < s <t < h, then fov:[0,h] — R is absolutely continuous.

Proof. Let € > 0. As p € L'(|v|, 1), by absolute continuity of the integral there
exists d > 0 such that for every E C |y| with u(E) < § we have [ pdu < e.
Then if 0 < a; <by <ag <by <...<a, <b, <hsatisfy Y. [b; —a;| <9,

(Ui ([as, bi])) = va(bi) — vy (a;) = Zb —a; <6

and therefore

Sifor) - foral <y [ o= pdpi < c.
i ey Uiv([ai,bi])

K2
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A nonnegative Borel measurable function p satisfying
#@) - f)l < [ 4
v

for every v € T'* with endpoints z, y, for every pair of points z, y with f(z), f(y)
finite is called a p-upper gradient for f.

As 2.4 shows, a function f is absolutely continuous over every path on which it
has an upper gradient with finite integral over that path.

3 Modulus of a path family and p-weak upper
gradients

Let now m be a Borel measure on X. As in [Sh], we adjust the definition of
modulus of a set of measures in [Fu] to path families.

For every family I' C I'* and 0 < p < oo, we define its p-modulus as

Mod,(T') = inf/ gPdm
X

where the infimum is taken over all nonnegative Borel measurable functions
g : X — R satisfying
[os
ol

Theorem 3.1. Mod, is an outer measure on I'*.

for every v € I

Proof. The fact that Mod,(#) = 0 and its monotonicity are immediate. For
o-subaditivity, if ' = U;I';, given € > 0 we take g; with fv g; > 1 for every
v € I'; and such that

/ gPdm < Mod,(T';) +2 '€
X

Now, if g = sup, g;, g satisfies fv g > 1 for every v € I, and

Mod,(T) S/ gPdm < Z/ gfdeZModp(Fi)—i—e.
X i X i

O

As expected, we say that a property holds for p-almost every path v € T'* if
the set I" where it doesn’t hold has Mod,(I') = 0. A useful property of sets of
p-modulus zero is the following.

Lemma 3.2. Mod,(I') = 0 if and only if there exists a nonnegative Borel
measurable function g satisfying fX gPdm < oo and

fio==
:

for every v € T.
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Proof. For the ’if’ part, for every n, g, = %g satisfies fﬂ{ gn = 00 > 1 for every
~v €T. Then

Mod,(T) < /

1
gﬁdm:—/ gPdm — 0.
X nrJx

Now, if Mod,(I") = 0, then for each n we can find g, satisfying fv gn > 1 for

every v € I' and [, ghdm < 4™™. Then if we define g = (3, 2"gE)'/?, g is
Borel measurable, nonnegative and fX gPdm = 3 2" fX gPdm <1 < oo, and

besides
/g > /Qn/lﬂgn > on/p
v ¥

for every n, therefore fv g = oo for every v € T O
We also need the following result:

Lemma 3.3. If [ |g, — g|Pdm — 0, there exists a subsequence (gn, )i such that
f“/ |gn,, — 9| = O for p-almost every v € T*.

Proof. Without loss of generality we assume g,, > 0 and [ g?dm — 0, and we
need to prove fv gn, — 0 for some subsequence (g,,). We take a subsequence
satisfying

/ gP dm < 27FPHD),
x k

Let now T'y = {v: fv Gn,, > 27"} and T’ = limsup,, ['x. Clearly fv 28 g, > 1 for
each v € I'y, and therefore

Mod,(Ty) < /X 2" gp dm < 27",

and for every j,

Mody(T') < Mody(Uys,Tx) <> Mod,(Ty) < 277
k>j

and Mod,(I') = 0. Finally, if v ¢ T, there exists j such that for &k > j,
fﬂ/ Gn, < 27F and we have what we wanted. O

Given a set £ C X we define
Fp={yel*:|y|NE#0}
Ip={yel:u(yNE)>0}
and we have the following lemma
Lemma 3.4. If m(E) =0, then Mod,(I') = 0.

Proof. Trivial, as g = coxg satisfies ¢ = 0 m-almost everywhere, but fv g =00
for every v € FE. O
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A nonnegative Borel measurable function p satisfying

F(@) - F)] < / o

ol

for p-almost every v € I'* is called a p-weak upper gradient for f.
As in Shanmugalingam’s case, we don’t lose much by restricting ourselves
to weak upper gradients:

Proposition 3.5. If p is a p-weak upper gradient for f and € > 0, there exists
an upper gradient for f p. such that pe > p and ||p — pe|l, < €.

Proof. Let T be the set of paths where the inequality for p doesn’t hold (Mod,(I") =
0). Then there exists g > 0 Borel measurable with fX gPdm < oo but f,y g =00
for every v € I'. We define

€

pe=p+ —r9
L+ [lgllp

and it’s clear that p. > p, f“/ pe > 1 for every ~, so p. is an upper gradient for
f, and finally

loll, .,

pe—pllp =¢€ :
lpe=plle = g

O

As seen in 2.4, functions with ’small’ upper gradients are absolutely contin-
uous on curves. We say that a function f is ACC), or absolutely continuous
over p-almost every path if f oy, : [0, h(y)] — R is absolutely continuous por
p-almost every ~.

Lemma 3.6. If a function f has a p-weak upper gradient p € LP, it is ACC),.

Proof. Let Ty be the set of all paths v such that |f(z) — f(y)| > fvp and let
T'; be the set of all paths with a subpath in I'y. As p is a weak upper gradient,
Mod,(Ty) = 0, but if ¢ satisfies fvg > 1, it also satisfies f;/g > 1 for every
subpath 4 of v, and therefore

MOdp(Fl) S MOdp(Fo) =0.

Let T'; be the set of all paths v with fv p =o0. Then as p € L?, Mod,(I'y) = 0.
For paths not in I'; UT'3, we can apply 2.4 and we conclude the lemma. O

We will also need the following lemma later on:

Lemma 3.7. If f is ACC, and f = 0 m-almost everywhere, then the family

F={yel":foy#0}
has p-modulus zero.

Proof. Let E = {z : f(z) # 0}, then m(E) = 0 and I' = T'y. As I'}, has
modulus zero (because m(FE) = 0), we only need to see that I'z\I'}; also has
modulus zero. But if v € Tp\I'}, |y N E # 0 but u(|y| N E) = 0, therefore
vgl(E) has length 0 in R and f o~y is nonzero in a set of length 0, and if £ # ()
this set is not empty and f o, cannot be absolutely continuous. Therefore
Mod,(Tg\T'}) = 0. O
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4 Extended Newton-Sobolev spaces N?

We define the space N i’p as the space of all functions f with finite p-norm with
a p-weak upper gradient with finite p-norm. We equip it with the norm

1 llee = [1£1lp + i o,
where the infimum is taken over all p-weal upper gradients of f.

It immediately follows from the definition that (N;,p7 |- | nie) is & semi-
normed vector space. Morover, if f,g € N17, then |f|, min{f, g}, max{f, g} €

14 Y

NP As seen before, every function in N7 is ACC),.

N ;}’p is not a normed space, as two distinct functions can be equal almost

everywhere, but also because a function may be in N, le,p while a function equal
almost everywhere to it may not. We do have the following as a corolary of 3.7:

Corollary 4.1. If f,g € N'? and f = g m-a.e., then ||f — g|x1.» = 0.

Finally, we define the equivalence relation f ~ g iff || f — g[|y1» = 0, and the
quotient space NP = N1?/ ~. We will show, as [Sh|, that this is a Banach
space, but first a lemma:

Lemma 4.2. Let F C X be such that
inf{||f\|N1,p L fe NYP(X)A flp > 1} = 0.
Then Mod,(T'r) = 0.

Proof. For every n we take v, € N'P(X) with v,|r > 1 and [jv,||x1» < 277,
and take weak upper gradients p, of v, with |p,|, < 27" Take u, =
SV vkl gn = o7 pr (each g, will be a weak upper gradient of u,) and u =
>~ |un| (observe that u|p = ), g = >_ pn-

Every u, turns to be in N'?, and (uy,), (¢,) are Cauchy in L?, therefore con-
vergent in LP to functions 4, g respectively. Then v = u,g = g a.e. and we have
S |ulP < cc.

Let £ = {z € X : u(zx) = oo}, then m(E) =0 (as [y [ul’ < oo) and F C E.

If we take
F{Vi/goovfgn#/g}
¥ ¥ ¥

then Mod,(T") = 0 from 3.2 and 3.3.
If y gD UTY (Mod,(Tf) = 0), then there exists y € |y|\E, and if x € |v|,

(2] < Jun (9] + /

Y

on < Ju(y)| + / "

Y

therefore |u(x)| < oo and v ¢ I'g, and we have

Mod,(Tr) < Mod,(T'g) < Mod,(T UT}) = 0.
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Theorem 4.3. N'? is Banach.
Proof. Let (u,) be Cauchy in N*P. By taking subsequences we can assume

_p bt
1t — Ungr1]|nre <2 n%

and take weak upper gradients g, of u, — u, 1 with
lgnllp <27
Define
E,={z € X :|up(x) —upy1(x)| > 27"}, E = limsup E,.
If x ¢ E, then there exists n, such that |u,(z) — upt1(x)|] < 27" for n > n,

and therefore outside of E
u(x) = limu, (z)

it’s well defined.

By Tchebyschev’s inequality, pu(Ey) < 2"[|up — upq1]/h < 27", and

oo
W(E) <Y p(Ey) <2772,
for every n, and on the other hand

mf{HfHNl,p L fe NYP(X)A flp > 1} < Zinf{HfHNl,p L f e NYP(X)A flg, > 1}

o0
< Z 2" ||un = Ung1|[R1p <2772

n

for every n.
By the previous lemma, Mod,(I'r) = 0, and if we define u|p =0, as (u,) is

Cauchy in L? and u, — u a.e., we have [ |u[P < co. Finally for v ¢ I'p with
endpoints x,y we have

(=) (2) = (= wn) ] < D Nuwnsr —un) (x) = (s — we)(y)| < Z/gk,

and we get that ZZO gk is a p-weak upper gradient of u — u,, (which tends to 0
in LP), and we have u € NP and

oo
lu = wnllnre < llu—wally + 11 gilly = 0.
n
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5 Poincaré Inequality

If there’s no relationship between the ’space measure’ m and the 'path measure’
i, most results about N1 couldn’t be proven. The standard way of relating
them is by Poincaré inequality.

We say that X supports a (1,p)-Poincaré inequality if there exists C >
0, A > 1 such that for every ball B and every pair f,p defined in B such that
f € LY(B) and p is an upper gradient of f in B, we have

]i|f — fBldm < Cdiam(B) <]£B pp)l/p.

In Shanmugalingam’s case, this property suffices for proving that Lipschitz
functions are dense in N1P. One crucial fact for proving this is that the length
of a path is always greater than or equal to the distance between any pair of
points over the curve, but in our context this may not be the case. We ask the
family I'* to have the following property:

3AC, > 0: Yy € T'*, V4 non trivial subpath of v, diam(|y|) < C,u(|7]) (1)

Lemma 5.1. Let f be ACC), such that f|p =0 m-a.e., for F a closed subset
of X. If p is an upper gradient of f, then pxx\r is a p-weak upper gradient of
f.

Proof. Let I'y be the set of paths for which f o~y is not absolutely continuous,
and let £ = {z € F : f(x) # 0}, so Mod,(ToUT'}) = 0. Now, if v ¢ To UT'},
has endpoints z, y:
o If [y| C (X\F)UE, then |f(z)— f(y)| < [ p = [ pxx\F as u(|7|NE) = 0.
o If #,y € F\E, then f(z) = f(y) = 0 and [f(z) — f(y)| < [, pxx\r holds
trivially.

o Ifz € (X\F)UE (or the same for y) but || is not completely in (X\F)UE,
as (f oyn)~1({0}) is a closed set of [0, h(7)] (f o4 is continuous), it has
a minimum a and maximum b (with f oy,(a) = f o y,(b) = 0). Then:

[f (@)= F (W)l < [f (@)= F (yn(a)) |+ (yn (@) = f (v (0)) [+ (v (0)) = f ()] <

S/ P+/ PS/PXX\F
Yhl[0,a] v v

as v, ([0, a]) and 5 ([b, h(7)]) intersect F in a set of u-measure zero.

lib.n ()]

O

Lemma 5.2. IfI'* has property 1, then Lipschitz functions are absolutely con-
tinuous over every curve of T'*.

Proof. Let v :[0,h] — X be a path in T'* parametrized by p-arc length, and let
f: X — R be Lipschitz with constant L. If e >0 and 0 < a1 < by < ag < by <
- < ap < by, < hsatisfies ), |b; —a;] < ﬁ, then

D1 (v(b:) = f((as) \<L2d +(a;) <LZdzam (Jai, b)) <

%
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<LCZ/¢ ([ai, b)) LCZ|b—al\<e

O

Lemma 5.3. If I'* has property 1 and f : X — R is a Lipschitz function with
constant L, then CLX gupp(s) 15 an upper gradient of f. In particular if supp(f)

is compact we have f € Nbp,
Proof. Let v : [a,b] — X have endpoints z,y. Consider the following cases:

e |7l C supp(f). Then |f(x) — f(y)] < Ld(w,y) < Culp(hyl) = [, LC =
f’y CLX supp(f)-

e |v|Nsupp(f) = 0. Then |f(z) — f(y)|=0= f'y CLX supp(f)-

o x € supp(f) but |y| ¢ supp(f). Then as (f o~)~1({0}) is closed in [a, b],
it has minimum a¢ > @ and maximum by < b. We have that v([a, ag]) and

+([bo, b)) are subsets of supp(f) and f(v(ao)) = f(v(b)) = 0 o,
F@) = F(y)] < (@)~ F(rao))|+1F (v(a0) = (1(bo)) |+ £ (1 (bo)) — F(w)] <
< Ld(z,v(a0)) + Ld((bo). y) <

< LCu(1(fa,a0) + L (0. < [ LCyXeupmisy

Finally if supp(f) is compact, f, CLXsupp(s) € LF(m) for every p. O

Theorem 5.4. If m is doubling, X supports a (1,p)-Poincaré inequality and
T'* satisfies property 1, then Lipschitz functions are dense in NP,

Proof. Let f € NP and let ¢ € LP be an upper gradient of f. Assume f is
bounded (bounded functions are clearly dense in N**). We define

Ey,={zeX:Md¢°(x) > kP},

where M is the uncentered Hardy-Littlewood maximal function. As m is dou-
bling, M is weak type 1,1, and

(Ek)<k:£/g -0 as k—oo.

Let F, = X\Ej (which is closed as Fj is open). If x € Fy, r > 0 and B =
B(x,r),

][ sl < Or<][ )P < Cr(MgP ()P < Cr
B B

Then if we define f,,(z) = fp(z,2-nr), We have

J
|fn+J fn Z |fn+z+1 fn+z | < Z][ |f—fB(w,2_("+"’>r)| <
Pl B(z,2—(n+i+D)p
j i
< 02][ f = fo@a-mron| < Chr2™™ Y 27" < Chr27",
i=1 / B(z,27(n+ir) ’ i=1

10
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and therefore f, (z) is Cauchy for each x € F},. Now, we define for x € Fy,

FH(@) = lim fu(a).

Observe that for Lebesgue points of f in F}, we have f*(x) = f(x). Let’s verify
that f* is Lipschitz:
Given z,y € Fy, take r = d(z,y), B, = B(z,27"r), B, = B(y,27"r), and

n

" \<§jua — far1(2)| + | fola |+§jun — far1(y)| <

<ZO][ s,

n=0

+C][ lf — f2BoH‘ZC][ \f = fBy| <

n=0

< Ckr Z 27"+ Crk < Ckr = Ckd(x,y).

n=0

Now, f* can be extended to all of X as a Lipschitz function, and we can assume
it’s bounded by Ck.

_ fkp _ fkp 2 D
/le 7 /Eklf 7 <C/Ekf| L CRPm(EL) - 0

as k — oo, so f¥ tends to f in LP. As fy f* are ACC,, (g + ék)XEk is a
p-weak upper gradient of f — f*, and as it’s in L and tends to 0 when k — oo,
f— f¥ e NP for every k and | f — f*||y1» — O. O

If X is doubling and supports a (1, ¢) Poincaré inequality for some 1 < ¢ < p,
then we have that every function in N'? has a Hajtasz gradient in LP?, i.e.
NYP s MY with || - ||p1e < CJ| - [[n1e (see [Ha], [KM], [Sh]). The converse
embedding holds true in general for Shanmugalingam’s case. In our case we
need property 1.

Lemma 5.5. If I'* satisfies property 1, then every continuous function f sat-

isfying
|f(z) = f(y)] < d(z,y)(9(x) + 9(y))

for every x,y, for some nonnegative measurable function g, then there exists
C > 0 such that Cg is an upper gradient for f.

Proof. Let ~ : [0,h] — X be a path in I'* parametrized by p-arc length with
endpoints x,y. If fvg = oo we are done. Otherwise, for each n we take v; =
Y

w(|v:) = w(ly])/n = h/n. For each i, there exists z; € |y;| with g(z;) < ch. g,
and property 1 implies that d(z;, z;+1) < Cu(|vi]), then

|f(z1) — f(@n1)] < Z |f(@i) = flzita)] < Zd i, ¥it1)(9(2:) + g(@ig1)) <

4,541, 0 <i<n-—1,asis a u-arc length parametrization we have that
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SC/g
Y

Taking n — o0, xg = x,x,—1 — y and

F(@) - F)] < c/g

and we have what we needed. O
As continuous functions are dense, we have that

Corollary 5.6. If ' satisfies property 1, then M** — NP with || - ||y, , <
Cll - Nlarr»-

Theorem 5.7. If X is doubling and supports a (1,q) Poincaré inequality for
some 1 < q < p, and T* satisfies property 1, then M*P = NYP_ with equivalent
norms.

Finally, as in [Sh], we have the following versions of the classical Sobolev
embedding theorems:

Theorem 5.8. If m is doubling and satisfies
m(B(z,r)) > Cr¥

for C, N independent of x € X,0 < r < 2diam(X), and if X supports a (1,p)
Poncaré inequality for p > N, then functions in N'P are Lipschitz of exponent
a=1-N/p.

Theorem 5.9. If X is bounded and satisfies
erN <m(B(z,r)) < CrV

with ¢,C, N independent of x € X,0 < r < 2diam(X) (i.e. X is Ahlfors N-
regular), and if X supports a (1,q) Poincaré inequality for ¢ > 1, then for p
satisfying ¢ < p < Ng, p% =1_ Niq we have that every f € NP with upper

4 P
gradient g,
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