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Abstract

In this paper we solve the initial value problem for the nonlocal diffusion
generated by the space fractional derivative induced by the dyadic tilings
of M. Christ on a space of homogeneous type. We consider the problems of
pointwise and norm convergence to the initial data. The main tool is the
use of the Haar system induced by a dyadic tiling, which is actually the set
of eigenfunctions for the fractional derivative operator.
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1. Introduction

Since the beginning of the use of real analysis techniques in harmonic
analysis and partial differential equations in the middle fifties of the past
century, it was appreciated that the robustness of the real methods allows
its use in much more general settings than Euclidean spaces (see for exam-
ple [23]). Since then, the subject of analysis on metric measure spaces has
overcome remarkable developments. The corner-stones of these results are
contained in the book by Coifman and Weiss [8] and the in two papers by
Macias and Segovia [17] and [16].

In the last decade, motivated by problems in PDE’s and in fractal
geometry, some of the relevant work is related to the functional spaces
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1. Introduction

Since the beginning of the use of real analysis techniques in harmonic
analysis and partial differential equations in the middle fifties of the past
century, it was appreciated that the robustness of the real methods allows
its use in much more general settings than Euclidean spaces (see for exam-
ple [19]). Since then, the subject of analysis on metric measure spaces has
overcome remarkable developments. The corner-stones of these results are
contained in the book by Coifman and Weiss [§] and the in two papers by
Macfas and Segovia [15] and [14].

In the last decade, motivated by problems in PDE’s and in fractal
geometry, some of the relevant work is related to the functional spaces
associated to elliptic equations. In particular, extensions of Sobolev spaces
to these settings are consider in [13], [9], [6], [I7] and [16]. On the other
hand for fractals, the work by Kigami in [I2] and Strichartz in [20] using
scaling invariances deal with extensions of the idea of harmonic functions
starting from energy methods.

On the other hand, a more adapted differentiation theory in these set-
tings seems to be provided by fractional analysis. In the Euclidean space
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R™, for 0 < s < 2, the fractional derivative of order s of f is given by

D?f(x) —p.v./Wdy. (1.1)

The above formula is a kernel representation of the generalized Dirichlet to
Neumman operator. See [5].
The solution of the diffusion problem

9u = _D%u, in R} 12)
w(z,0) = f(z), nR" '

for adequate initial data f is provided by the Fourier transform with respect
to the space variable
a(e,t) = e ).

The kernel approach for D® contained in can be generalized to
metric measure spaces. Nevertheless the classical Fourier method is not
available in such a general setting. In [3] the authors make use of the Haar
system in R do consider a particular fractional derivative. Since the seminal
work of M. Christ (see [7]) on the existence of dyadic families on spaces of
homogeneous type, the basic tool to provide a dyadic distance associated
to a Haar-Fourier analysis is also available.

As we shall describe with some detail in §2| on a space of homogeneous
type (quasi-metric space with a doubling measure) dyadic tilings and Haar
type bases can be constructed. These two ingredients give the basic tools
to have natural fractional diffusions on each quadrant of X with respect
to the dyadic distance. The eigenfunctions of such fractional derivatives
are precisely the Haar functions and the eigenvalues have the expected size
related to scale.

In order to introduce our results we will sketch here briefly the basic
ingredients of our theory, although in Section [2| we shall be more precise.

Let 2 be the dyadic family in the space of homogeneous type (X, d, 1)
(see [7]). Let d(x,y) = inf{u(Q) : z,y € Qand Q € Z}. Then § is
a distance on each quadrant of X with respect to 2. Associated to the
system 2 we also have Haar bases H for L?(X, u) (see [4]). For 0 < o < 1,
set

D7 f(x) = /X fé(a;){g)du(y)

which is well defined if f belongs to the linear span of . The next state-
ment summarizes the more relevant results contained in this paper.

THEOREM. Let 0 < 0 <1 be given. Then,
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(1) (spectral analysis of D7) for each h € H we have
D7h(z) = mpu(Q(h)) ™ h(z), (1.3)
with my, bounded above and below by positive constants and Q(h) denotes
the dyadic cube on which h is based;
(2) (diffusions induced by D?) for f € LP(X,u), 1 < p < oo, the function
u defined in X x RT by

u(w, t) =Y e QU £ ) h(a)
heH
solves the problem

{%?(x,t) = —D%(z,t), ze€ X, t>0,

u(z,0) = f(z), reX 14

in the LP-sense;
(3) (pointwise convergence to the initial data) with f and u as before we
have, for some constant C, that

sup [u(z,t)] < C Mgy f(x),
t>0

where My, is the dyadic Hardy-Littlewood maximal operator associated to
the dyadic family 2. Hence u(z,t) tends to f(z) for almost every z € X
ast— 07,

The paper is organized as follows. In Section [2| we introduce the geo-
metric and analytic settings. Section [3|is devoted to statement in the
above theorem, Section [4| to statement and Section [5| to statement .

2. Dyadic and Haar systems on spaces of homogeneous type

A quasi-metric on the set X is a nonnegative symmetric function p(z, y)
defined on X x X which vanishes if and only if z = y and satisfies the
following weak form of the triangle inequality

p(z,y) < K (p(z, 2) + p(2,v))

for some constant K > 1 and every z,y,z € X.

In the non-metric case, when K > 1, it is still possible to give a topology
in X through the neighborhood system induced by p.

It is worthy noticing that with this topology the p balls

By(z,r) ={y € X : p(z,y) <r}
could be excluded from the topology. Even more, the balls may not be

Borel sets (see [I]). R. Macias and C. Segovia in [I5] show that it is always
possible to change the quasi-metric p by another equivalent for which the
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balls are open sets. From the analytical point of view, the change from
one quasi-metric to another equivalent is generally possible when we are
dealing with positive operators.

With the above remarks we proceed to introduce our definition of space
of homogeneous type. A space of homogeneous type is a quasi-metric space
(X, d) equipped with a measure u defined on a o-algebra containing the
p-balls such that for some constant A > 1 the inequalities

0 < p(B(z,2r)) < Ap(B(z,7)) < 00

hold for every « € X and every r > 0.

Based on the construction in [7], more recently, in [2], [4] and [I1] dyadic
families on spaces of homogeneous type are built. We shall proceed to state
only the properties of those families which will be relevant in our further
work.

Given a space of homogeneous type (X, d, u), a dyadic system in (X, d, u1)
is a family 2 of measurable subsets of X that can be organized according

to scales as
7= 7.
JEZ
For fixed j € Z the family 27 gathers all the cubes Q € Z of j-th level. We
assume, as usual, that the resolution increases when j — oco. Nevertheless
some caveat is needed regarding the intuition of the families 27 since our
setting contains bounded or purely atomic spaces. In the euclidean setting
the families 2% and 279 are disjoint when 4 # j. This is no longer true in
general. Let us list the basic properties of the cubes in Z.
(1) For Q and @’ in 27 we have that Q = Q' or Q N Q' = 0;
(2) for each j € Z, X = UQe@J’ Q;
(3) there exist 0 € (0,1) such that for each @ € %’ there exist zg € X
with
B(zg,c107) € Q C B(zg, c26”)
for some constants ¢; and cs;
(4) for a given Q € 27 the number of elements of the set

Lo={Q e 7" Q' Cq}
of the children of @) is bounded above by a geometric constant
N eN,ie 1 <#Ly < N;
(5) X can be written as the disjoint union of a finite number K1, Ks. ..., K,
of quadrants

K@ =@ ez QcQ).

Moreover, each (K;,d, u) is a space of homogeneous type.
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Once such a & is given, an orthonormal Haar type basis for L?(X, i)
supported by 2 can be constructed (see [4]). Let us briefly sketch the
construction of H.

Set V7 to denote the closed subspace of L?(X,u) of those functions
which are constant on each Q € 27. The sequence {V; + j € Z} provides
the multiresolution analysis for L?(X, ) which in the metric sense satisfies
a weak self-similarity property. The projector P; from L?(X, i) onto V;
provides a good approximation of the identity for j — 400 and P;f — 0
as j — —oo pointwise and in LP(X,p) when p(X) = 400 and Pjf =
w(X)™t [ f du for every j < jo, when p(X) < +oo.

Let W7 be the orthogonal complement of V7 in V7+!, In other words
VIt = VI @ WJ. The system

XQ ;
{ M(Q)'Qeg}

is an orthonormal basis for V7. This basis can be completed to an orthonor-
mal basis of VI*! by adding a particular basis H? of W7. This basis H’
has the following properties:

(1) for each h € H7 there exist a cube Q = Q(h) € 2/ such that h van-
ishes outside @Q(h) and is minimal with this property, occasionally
we will say that A is based on Q);

(2) his orthogonal to xg() in L2(X, ), ie. Jx hdp = 0.

(3) each h € H’ belongs to V/T! ie. h is constant on each cube of

@j+1;
(4) for each @ € 27 there exist #Lg — 1 functions h € H’ such that
Q(h) = Q.

The Haar system H = [J;cz H7, is an orthonormal basis for L?(X, p) if
u(X) = 4+o00. When the measure of X is finite, equivalently, when X is
bounded, H U {u(X)~'/?} is an orthonormal basis of L?(X, ). To avoid
the frequent distinction of the cases u(X) = +oo and p(X) < 400 we
shall write P to denote the space LP(X, u) when p(X) = +oo and, when
u(X) < 400,

P ={fel’(X,u): /deMZO}.

For a given Q € 27 we shall write hé :l=1,...,#Lg— 1 to identify each
one of the wavelets h € H for which Q(h) = Q.
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It is known that #H is an unconditional basis for ILP, for 1 < p < oo, in
particular f =7, -,/ (f,h)h in the L” sense and

1/2
Cilfllp < (Z |/, h>l2\hl2> < Colfllp (2.1)

heH
p

for some constants C; and Cy and every f € LP (see [4]).

It is worthy at this point noticing that the expression space of homo-
geneous type include still quite inhomogeneous situation. For our purposes
in Section [4| we shall consider the question of whether or not cubes of the
same scale have comparable measures. It turns out that this is not true
even in some elementary situation on the real numbers. Consider for ex-
ample the space of homogeneous type X =R, d(z,y) = |[x —y| and u(E) =
Iz |z|~1/2dz. The standard dyadic intervals in R constitute a dyadic fam-
ily satisfying the desired properties. Nevertheless p((n,n +1)) ~ n~/2 for
n € N. In the proof of Theorem we shall need a classification of the
Haar system H in terms of the measure of cubes in which the functions are
based. We shall write

Ml ={heM: 277 < p(Q(h)) <277F1}.

Observe that the families HfL are pairwise disjoint and also satisfy that
H - U]GZHfL

3. Spectral analysis of the dyadic fractional differential operator

The first result in this section is an elementary lemma which reflects
the one dimensional character of X equipped with the distance 0. For the
sake of notational simplicity we shall write A ~ B when the quotient A/B
is bounded above and below by positive and finite constants. In a similar
way we write A < B when A/B is bounded above.

LEMMA 3.1. Let 0 < e < 1, and let Q) be a given dyadic cube in X.
Then, for x € ), we have

duly) e
/X\Q Sy wQ)

and
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Proof. In order to prove the estimate over X\@, suppose that @
belongs to 29. For every k € N let Q¥ denote the only dyadic cube of 27—*
that contains Q.

Hence

/X\Q5(xy )~ e du(y) Z/k\Q“ z,y) " " du(y)
=3[ (@) ~u (@) u(@)

k=1
oo k-1 h

:kz [1—%] M(Q’f) . (3.1)
=1

Let us observe that for the non-vanishing terms in the above series we neces-
sarily have that the measure of a any cube and its “father” are proportional
independently of the scale, then

k—1
0< Cl < 'M(Lk)
1 (QF)
where C and Cs are constant independent of k and (). Generalizing the
above expression by induction we have that

<Oy <1,

ok < Q) k. (3.2)

Therefore

In an analogous way we can get the following estimate
= H (Qk_l) AN —e 1-Ch
1= (@) > @) 3.4
;! 1 (QF) M( ) @ Cre—1 (34)

So, from (3.1)), (3.3) and (3.4)) we have that

1 - CQ _ 1— 1 - Ol
—u(Q)" < / Sz, y) ' Cduly) <

G @S [ ot i) < G

The proof of the second identity follows the same lines. O

M(Q)_E,
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The dyadic fractional differential operator of order o, with 0 < o < 1,
is given by

Dt = [ 4 fa xym, duly). (3.5)

provided that the above expression is finite. Lipschitz spaces are suitable
domains for these operators. Let A"(X,d, 1) be the space of bounded Lips-
chitz continuous function of order r, i.e. f € A"(X, 9, ) when f € L>=(X, u)
and there exists a positive constant C' such that for every x,y € X we have

that

|f(@) = fy)l < Co(z,y)". (3.6)
This space turns out to be a Banach space once it is equipped with the
norm

1 llar = £ llzee + [£1a,
where [f]a, denotes the seminorm induced by the infimum of the constant

that satisfies (3.6)), i.e.

_ [#(z) - f@)l
[f]Ar o 3161)8 yei?\l«){x} d(ﬂ,’, y)r '

LEMMA 3.2. Let 0 < o < 1. For every function f € A"(X, 6, ), with
o <r<1, D?f is well-defined and moreover

1D fllze < Clflar- (3.7)

Proof Let Q be any cube containing x, then

1f(@) = f()] f (@)~ W), f(z) — ()]
X 5(1‘ y)1+" / g; y 1+a (y) + /X\Q Wdu(y)

d d
<l | W e2lrls [ oy

Hence, by Lemma [3.1] we obtain that

D@l < | %dmy)scmm,

and the proof is complete. |

As a consequence of the above lemma we can conclude that the operator
D7 is well-defined on the linear span S(#) of the Haar system H, since the
Haar functions are Lipschitz functions of order 1 with respect to §.

In [3] the authors prove that the Haar functions are eigenfunctions of
D¢ in RT. The following theorem shows that we can extend the result to
spaces of homogeneous type and the corresponding eigenvalues have the
expected size.
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THEOREM 3.1. Let 0 < o < 1. For each h € H we have
Dh(z) = mpu(Q(h))~h(z), (3.8)

where my, is a constant that could depends of Q(h) but there exists two
finite and positive constants mq and mso such that

my < mp < mg, forall heH. (3.9)

P r o o f. Notice that for Q,Q’ € 2, with Q N Q' = 0, we have that
d(x,y) is constant for all z € @ and all y € Q'. Moreover

§(z,y) = w(Q), forallzecQandallyec Q. (3.10)

where @ is the first common ancestor of @ and Q.

Let h be a fixed Haar function, @ = Q(h) and x € X\Q. Since h has
its support contained in @ then h(z) = 0, then in order to prove we
must see that D7h(z) = 0. Observe that

- —h(y
D% h(z) :/X\Q v y 1+g / b W duy). (3.11)

The first integral of the right hand side is zero since h(y) = 0 for all
y € X\Q. For the second integral, since x ¢ @ and y € @, we apply

(3.10) to obtain

/ 6(x y 1+a duly) = _N(@)_l_"/Qh(y)du(y) = 0.

Therefore, we have proved (3.8) for x € X\Q.
Suppose now that z € Q). Let us denote with @Q* the child of ) which
contanis x. Hence

h(z) — h(y) _ [ h(=x)—h(y)
/Qa(x,y)HU du(y) = / S ) du(y)

h(z) - hly)
o g
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Since h is constant on each child of @), then the integral over Q* vanishes.
Note that in the integral over Q\Q* we have that §(z,y) = pu(Q), then

h(z) — h(y) _ h(z) = h(y)
/Q(Wdﬂ(y) = /Q\Q* 5(z,y)i+e du(y)
Q) /Q . 1)~ h)duty
Q) /Q h() — h(y)du(y)

= u(@Q)"t7 U@ h(x)d,u(y)—/@h(y)dﬂ(y)]

Q)7 [h(@)n(@Q) - 0]
(@)~ h(x). (3.12)

Notice also that

h(z) — h(y) Y A h .
/X\Q 5z, yyiee MW =M )/X\Q‘S( )T dp(y). (3.13)

Therefore, from (3.12) and (3.13)) it holds that
oniz) = [ &) = hy) h(z) — h(y)
D h( )_/Q 6($,y)1+g dlu’(y) _'_/X\Q 5(x’y)1+g d/"(y)

= 1(Q)h(x) + h(x) /X\Q S(z,y) " 7dp(y)

1+ u(Q)° /X\Q 5(5E,y)1”dﬂ(y)] 1(Q)7h(x)

(@)~ (). (3.14)
Finally, applying Lemma we get that

1—Cs 1-Cy
0<l+——"<mp <14+ —— < o0,
cro—1- " C,7 —1
and the proof is complete. O

4. Diffusions induced by D¢

The first part of this section is devoted to find a large class of functions
f defined on X for which D? is well defined. It turns out that, if we think
in terms of weak derivatives of distributions, the class is given by a natural
extension of the weighted L! space introduced by L. Silvestre in [I8]. After
that we give a wavelet (Haar) characterization of the corresponding Sobolev
spaces. Then we precisely state and prove the statement[2]of our main result
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contained in the introduction. The next lemma provides a bound for the
fractional derivative of a regular function.

LEMMA 4.1. Let 0 < o <r <1 and f € A"(X,6,pn) with K :=
supp(f) bounded. Then for any xo € K and x € X we have that

[1f1lar
D° <(C—-—F7———

where C' is a constant that depends on o,r and K.

(4.1)

Proof Given z € B(zp,2diam(K)) where diam(K) := sup{d(z,y) :
z,y € K}, by Lemma we have that

| £l ar
1+ 6(x, zg)lte

On the other hand, if = ¢ B(xo, 2 diam(K)) it is easy to see that d(z, zo) <
26(x,y) for all y € K. Hence, since = ¢ K we get that

|D? f(z)| < C(1+ (2diam(K))'T) (4.2)

()] [/ ]| oo (K
D° < ——7d < — . 4.3
‘ f(m)| - /I( (S(I',y)l_HT H(y) Ny 5(1-7330)1-‘1-0 ( )
Therefore from (4.2) and (4.3) we obtain (4.1) and the proof is complete.

O

The above estimate allows us to extend D7, by duality, to a greater
class of functions. The duality will be interpreted in terms of the theory
of distributions on spaces of homogeneous type introduced by R. Macias
and C. Segovia in [I4]. Let us briefly skecht it. For a fixed positive ~,
following [14] we define the test space D as the space of those functions
¢ with bounded support such that ¢ belongs to every Lipschitz space A"
with respect to § for r < . For zg € X fixed and n € N define D,, as
the class of those functions in D with support in B(zg,n). The space D,,
has the natural metrizable topology induced by the family of seminorms
{[Jav=1/x : k € N}. As in the classical euclidean case D can be equipped
with the inductive limit topology 7. The space of distributions D’ is, then,
the dual of (D, 7). The central fact regarding this topology on & is provided
be the next lemma.

LEMMA 4.2. Let T : D — C be a lineal functional. Then T is
continuous if and only if for every sequence {¢y} in D such that the supports
of ¢y are uniformly bounded and ||¢g||ar — 0 when k — oo for all r < ~,
we have that

(T, dr) :=T(dr) = 0,
when k — oo.
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The next lemma shows that the natural extension of Silvestre’s class
(see [18]) works in our setting.

LEMMA 4.3. Let f € L} (X, u) such that

|/ ()]
d :
T3l s o) <
Then the functional D f defined on D by

(D7 f, ) :==(f,D%p),

belongs to D'.
Proof Given ¢ € D(X,6,u), by Lemma we have that

(D7 f.0)] < /X @)D () dpu(a)

|/ (@)
<C r d
< Cliel [ s gy (@)
< Cllglar. (4.4
Hence D? f is well-defined. Moreover, since the constant C' in (4.4) only
depends on K, by Lemma D°feD. O

Notice that if f € P, with 1 < p < oo, then

/X (1+ 5‘{56(% az(l)»w dp(@) < ( /X |f($)pdu(:r)>;

1
g </x (1+d(@,z0))HoW du(x))
< Clfllze,

and therefore D°f € D'(X,d,n). We say that a function f € LP, with
1 < p < oo, is in the Sobolev space L5 (X, 4, u) if the weak fractional
derivative D? f is a function of P, i.e., if there exist g € IL? such that for
all ¢ € D(X, 4, ) we have that

©0°1.6) = [ godn.
X
Even more we can endow this space with the norm given by

[fllzz = [[fllze + 1D F e

Let us point out here that there are other ways of defining Sobolev
spaces in metric measure spaces (see [13], [9], [6], [10], [I7] and [16]). The

e
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preceding gives to the fractional differential operator the role that the gra-
dient plays in the classical cases and, of course, brings us back a trivial but
basic property: D : LE(X, 6, u) — LP continuously.

We want to point out that Theorem allows us to give an alternative
definition of D?. In fact, given f € S(H) we have that the series defining

f,ie.
f@) = (f, h)h(x),

heH
has only finite non vanishing terms. Then

D7 f(x) = > mpu(Q(R)) 7 (f, h)h().
heH

The following theorem shows that the above expression remains valid
for f € LE(X, 68, u). Moreover, we will give a characterization of the Sobolev
space LY in terms of the Haar system.

THEOREM 4.1. Let0<o<1,1<p<ooand f € L5(X,d,u), then
D7 f(a) = Y mpu(Q(h))~°(f, W)h(=), (4.5)
heH

where the series converge in ILP. Hence the space L5 (X, d, u) coincides with
the set of function of ILP such that

(Z Q) |(f, h>|2|h|2> cLP.

heH
Moreover, given Hy = {h € H : 1(Q(h)) < 1} we have that

1
2

e+ || D m(@) 27 [(f, ) PIR?

heH, L
D

is equivalent to the norm || f|| .

P r o o f. Since every Haar function h € H is a Lipschitz function with
respect to d and has bounded support we have h € D(X,d, ). Hence for
every f € LP we have that

(D f,h)y = (f, D°h).
By Theorem we know that D7h = mpu(Q(h))~7h, and thereby
(D7 f, h) = mppu(Q(h)) = (f, h). (4.6)
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Suppose that f € LY (X, 4§, 1) then D7 f € LP. Since H is an unconditional
basis of P we know that

Df = (D°f.h)h
heH

= 3" man(Q(R) " (£.h)h,

heH
which proves (4.5). On the other hand, from (2.1)) we can assure that

1D? fllzr = <Z (D7, h>!2!h!2>

heM I

Hence by (4.6) we get that

1D% fllze = (Z Q) I(f, h>|2|h|2>
heM I

On the other hand, since f € IL? we know that the ILP norm of the function

2

Y QM) )PIhS

heH\H1

is bounded by the LL? norm of f and so the proof is complete. O
We are now in position to formulate and prove the statement |2 of our
main result in Section [1l

THEOREM 4.2. Let0 <o < 1,1 <p<ooandf €lL? begiven. Then,
the function u defined on R™ by

u(t) = Z e_mh#(Q(h))_Ut<f, h)h,
heH
(1) belongs to L5 (X, 8, 1) for every t > 0;
(2) solves the problem

up = —D%u, t>0,
[ wn

0) =1/, on X,
in the Fréchet sense for ILP. Precisely u; is the Fréchet derivative of u in ILP
and lim;_ou(t) = f in the LP norm.

Proof Since muu(Q(h))~7t is positive then |e~™nHQ@M)™7t < 1,
Hence by (2.1) we know that ||u(-,t)||zr < ||f||Lr for allt > 0. Furthermore,
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since 0 < m1 < my, then
0 < Q)27 2mn@I) ™" < (e )=2, (4.8)

So for each ¢ > 0 we have that

(Z H(Q(h))*"l@(»t%h>|2|hl2>

heH

Lp
= <Z p(Q(h)) 27 e 2mnt@ENTTH (, h>|2\h|2) 2
heH Lp
< <Z|<f,h>|2\h\2>
heH Ip
Sl (4.9)

Therefore, by Theorem u(-,t) € LE(X,d, ) for each t > 0 and thus

is proved.
For the second part of the theorem let us start rewriting the first equal-
ity of (4.7) as
t — t
ulayt 4 5) = uldl) | peyg | —so,
S Ip

when s — 0. By (2.1) it is enough to see that for every ¢ > 0,

—mppu(Q(R)) ™ (t+s) _ o—mau(Q(h)) "7t .
sup |- - + mpp(Q(R))~7e QI g,
heH S
when s — 0. This is equivalent to show that
—mppu(Q(R)) ™t .
sup [emmm@t) s g +mh,u(Q(h))_"s} — 0, (4.10)
heH S




This paper is now published in Fract. Calc. Appl. Anal. Vol. 18, No 3 (2015), pp. 762—788 , DOI: 10.1515/fca-2015-0046.
Available at http://www.degruyter.com/viewl/j/fca.2015.18.issue-3/issue-files/fca.2015.18.issue-3.xml ISSN 2451-7100
IMAL PREPRINT # 2014-0024 Publication date: December 9, 2014

16 M. Actis, H. Aimar

when s — 0. However by Taylor’s theorem,

e @)t ~o -
e MR [e Mm@ 778 _ 1 4 my u(Q(R)) 05}

IN

e~mn(Q) T [ S,
—o\2 —mpu(Q(h))™¢
[s mas [(ma(@() e

S

|

2
Mm@

u(@Q(h))>

M3 tu(QU) T

u(Qh)z©

2m2 2
) Il
1te

which proves (4.10|) and the first equality of is done.
Finally in order to prove that

IN

5]

IA

|u(-,t) = fllL» — 0, cuando ¢t — 0, (4.11)

we shall use the rearrangement of H presented in Section [1| by considering
for each j € Z the family H}, := {h € H : 277 < pu(Q(h)) < 279+1}. Since
f € P and we know that H is an unconditional base of ILP, then for each
€ > 0 we can chose ¢ € Z large enough to have that

PO IRRIE <e (4.12)
J>T he], .

Notice that u(Q(h)) > 277 if h € HJ, for any j < i. So we can chose tg
small enough such that

|e—th(Q(h))7°’t _ 1| <1-— e—m22i"t <e, (4.13)
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for all t < tp and for all h € ”HfL, with j < 4. Hence

Ju(t) = fli < (Zle_mh“ = 1(f B Ihl2>

heH

N

Lp
1
2
<[ D2 D2 lermmr@UDT 1)1 f, b) PR f?
ISt hen),
Lp
1
2
D0 D le QU )i f, B)[?|A)
I>1 perd,
Lp
Therefore, from (4.12)) and (4.13)), for every ¢ < tp we have that
%
lu(t) = Ffllze Sel[ [ D2 D KFBPIR?
ISt hen),
Lp
1
2
+2([ D2 D0 KA mPIRP
J>1 hen],
Lp
S €l fllze + 2e.
Thereby is proven, concluding the proof of the theorem. |

Let us remark that even when Theorem shows that the solution
u belongs to LD (X, 4§, 1) as a function of x € X for each ¢ > 0, this can
be improved. Indeed, the estimation made in can be generalized for
every 17 > o in the following way

2n
0 < u(Q(h)) ™21~ 2mr@M) ™7t < <77) .
eomit

Hence, repeating the steps in and following the constants we can show
that

Ol 5 (1 375 ) 170

/o

Therefore u belongs to L7 (X, d, u) for every n > o as a function of x € X
for each t > 0. Furthermore, it can be shown that u; = —D%u is satisfied
in L) _, sense, for every n > 0.
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5. Pointwise convergence to the initial data

As usual the pointwise convergence relies on the identification and prop-
erties of the heat kernel associated to the solution

u(a,t) =Y e QU E Byh(x). (5.1)
heH
First of all, in order to identify the kernel we need to consider f in
the linear span of the Haar system, i.e. S(#), which is dense in L for
1 < p < 0. Then we study the basic properties of integrability, radiality
and monotonicity of the kernel in order to perform the classical methods
of harmonic analysis.
For f € S(H) let us start rewriting as an integral the inner product
in and changing the integration and summation orders to obtain

u(g;,t):/X [Z e QUD " h(y)h(a) | f(y)dp(y)-

heH

We shall use ki(z,y) to denote the kernel in the above equation. More
precisely,
ki(a,y) = Y e QUL (4)h(z). (5.2)
heH
Then, if K; denotes the operator with kernel k;, we have that

(e, 1) = /X kol ) f()dp(y) = Ko f (),

at least for functions in S(H). If we prove that for fixed ¢ the kernel
k:(x,y) belongs to L' of each variable uniformly on the other, then the series
coincides with the integral representation for every f € ILP with 1 < p < oo.
Those integrability properties of k; will follow from Lemma

In this section we aim to prove that

K f(x) := sup | K f ()] < sup [u(z, )] < CMay f(2), (5.3)
>0 >0

for every f € ILP, where Mg, denotes the dyadic Hardy-Littlewood maximal
operator. In order to do this, we shall prove two lemmas. The first one is
a consequence of the basic character of H and it will be used in the proof
of the second one, which establish that the kernel k; is bounded above by
the rescaling of an integrable radial function.

The next lemma contains a proof of the formal fact that ), 5, h(x)h(y)
coincides with the Dirac delta on the diagonal of X x X. It shall be useful
when dealing with the pointwise convergence for the unbounded case. Let
us remind that given a cube Q € 27, (7 denotes the only cube in Z*~7
such @ is contained in 7. Observe that Q° is in fact Q. Furthermore, let
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us define 7—[{2 as the family of Haar function based on @7, i.e. 7—[{2 ={h €
H:Q(h)=Q'}.

LEMMA 5.1. Let Q € & be such that #Lg > 1. Assume that z € @,
y € Q" with Q' # Q" and both Q" and Q)" belong to Lg, then

> ) h(@)h(y) =o. (5.4)

i>0 j
J=Y heHy,
Moreover,

= Y h@hy) =3 S h@)hly) = (@) (5.5)

heH, i1 hewd,

Proof. Since z € Q" and y € Q" then

0= xgu(x) =Y {xqr, hYh(x)

heH
=>" > {xqgr, h)h(z)
720 het)
- h(z)du(z) ) h(x)
j% heZHg </Q” )
=5 3 ([ modnta) ) nio
320 he,
= (@)Y Y hy)h(x).
720 heH{?

So the first part is proved. In order to show (5.5)) let us first notice that

xo() =Y Y (xq,hh(x).

i>1 J
J=Z heHy
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Hence, by Parseval’s identity we have that

n(@) =lxel =Y > l(xq.h)

321 henl,
2
-X ¥ (e <z>)
7j>1 herHJ
1P D> hyh(x)
3zl hen,
Therefore, the proof is complete. O

LEMMA 5.2. There exists a decreasing function v : R™ — RT such
that v € L1(0,00) and

ke ()] < lt1/<f¢ < iﬂlﬁ/j/)) '

P r o o f. Notice first that for fixed x and y in X, only remains in
the terms in which @Q contains both x and y. We shall denote Q° the first
common ancestor of  and y, and let i € Z be such that Q° € 2. As
before, we shall denote @7 the dyadic cube in 27 containing Q°. Then

=2 > e (y)h(a)
320 hem,

Since for every h € H we have that ||h||;2 = 1 and the measure of a
any cube and his father are proportional uniformly in the scale, it is easy
to check that ||k < Cu (Q(h))™Y2, then

()] <C D3 e manl@077 Ry
Jj=0 heHg

From (3.2) we know that there exist a positive constant C > 1 such that
p(@Q@H)™1 < 57 pu(Q°)7L. Let us recall that my, is also bounded above by

o . _ I\—o _ —jo 0\—o
a positive constant mj. For that reason, e map(@7) 77t < omm1Cy T (@) Tt
Hence,

(e )| < g 3 0 e A

j>0 h fHJ
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We also know that the number of functions on each ’HJQ is uniformly
bounded, then

C — —jo 0\y—o
ke (2, y)| < . § CQ]efmICQ w7t

Finally, since @ is the smallest dyadic cube containing = and y we know
that 3(z,y) = u(Q), s0

|kt($ y ")

]>0
Therefore, defining ¢ : R™ — R as

— 1 Z C—jefml(cgr)—"
r 2 ’

>0

C  (d(zy)
|ke(x,y)| < jo ¥ < /o > :

Now we shall prove that ¢ is locally integrable. For 0 < r < 1, fix 0 < e < 1
and define n(r) := [—elogg, r|, where [-] denotes the ceiling function.
Then we can split the series defining ¢ in the following way

we see that

=23 Gylem@N T 4 o S gpieme@in ™,

j>n(r)

The first term is bounded since for j < n(r) we can easily prove that
e~mi(Cr) 77 < Cemmir= 1797 phen

n(r) n(r) _ —(1—e)o
1 —q j —0 C —(l—e€)o —9 Ce mar =
z E 02 ]efm1(0§r) < Zemmar -9 02 J < <.
T T - T

J=0 j=1

For the second term we see that

1 ; 1 _
- J —ml(C r) o < = —J < 2 n(r)<
§jc <= Y Gl <

j >n(r) j>n(r)

C

,’nlfe :

Therefore, for 0 < r < 1 we know that ¢(r) < que. Since ¢ is bounded for
all » > 1, then ¢ is locally integrable.
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On the other hand, getting back to the definition of the kernel k;, we
can see that

ki(z,y) = Y e ™M@ h(y)h(a)
he?—l%

£ D0 @ () ha)

i>1 J
J=Z heHy

< @7 S h(y)h(a)
heHy,

> D h(yh(z)

3zl henl,
Since my, < my and by Lemma we can obtain that
he(e,y) < —e @@ T (@)
_ 1 [1 B e—mzé’(m,y)*"t} .

Defining ¢ : R™ — R by

we conclude that

C Sz,
k()] < W¢( i"f/jf)) |

Notice that ¢(r) < =179, for r > 1. Hence ¢ is integrable outside the ball
center at the origin and with radius 1.
Therefore, there exist a positive constant C' such the function

ri=¢, if0o<r<l,
() = C{ rito ifr >1,

satisfies the properties stated in the lemma. O
THEOREM 5.1. Let 0 < o0 < 1,1 < p < oo, f € LP and u be given
by [5.1l Then we have for some constant C' that
sup |u(z,t)| < CMgy f(x),
>0
where My, is the dyadic Hardy-Littlewood maximal operator associated to

the dyadic family 9. Hence u(x,t) tends to f(x) for almost every x € X
ast — 0%,
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P roof. By Lemma we have that
Kef @)| < [ sl ll )] duto)

< / tfw <5§1/g)) () diuty)

5, >) )
s - /ytl/aquqwmw( @D ) dty)

J——oo
= 2y () / dp(y).
< j:Zoo V() o B (o11 2 [f (W)l duly)
Since p(Bs(x,r)) < r and each By is a dyadic cube, we obtain that
1
K 9J+1 2] | / ]
K f (x ]_Z:oo Wl 10(Bs(z, 1Y/7241)) [ g 0 1/ [f (y)] dp(y)
S 2 (27) My, f ()
j=—o0
= 4M / 29 dr
dyf J;OO re2i-1<r<29) @Z)( )
<My f@) [ v(r)ar
R+

< 4[] 2 May f ().

Therefore, taking supremum in ¢ we obtain
sup [ K, f(z)] < 4[| May f(z). (5.6)
>

Finally, as usual, the pointwise convergence to the initial data is an
immediate consequence of the boundedness properties of the maximal op-
erator associated to u and the pointwise convergence in S(#), which is a
dense subset of L? (1 < p < c0). O
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