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CONTINUOUS TIME RANDOM WALKS AND THE CAUCHY
PROBLEM FOR THE HEAT EQUATION

HUGO AIMAR, GASTON BELTRITTI, AND IVANA GOMEZ

ABSTRACT. In this paper we deal with anomalous diffusions induced by Con-
tinuous Time Random Walks - CTRW in R™. A particle moves in R™ in such
a way that the probability density function u(-,t) of finding it in region Q2 of
R™ is given by fQ u(z,t)dr. The dynamics of the diffusion is provided by a
space time probability density J(z,t) compactly supported in {t > 0}. For ¢
large enough, u must satisfy the equation u(z,t) = [(J — d) *u](x, t) where ¢ is
the Dirac delta in space time. We give a sense to a Cauchy type problem for a
given initial density distribution f. We use Banach fixed point method to solve
it, and we prove that under parabolic rescaling of J the equation tends weakly
to the heat equation and that for particular kernels J the solutions tend to the
corresponding temperatures when the scaling parameter approaches to zero.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

We shall be concerned with a probabilistic description of the motion of a particle
in the space R”. As usual we shall write R?"" to denote the set {(z,t) : = €
R™ and ¢ > 0}. Sometimes we shall also considerer the whole space time R"*! =
{(z,t) : € R™ and ¢t € R}. The z variable is thought as a space variable, while ¢
represents time.

Let u(x,t) denote, for ¢ fixed, the probability density of the position of the
particle at time ¢. Precisely, for a given Borel set F in R™ the quantity P(t, E) =
| u(x, t)dz measures the probability of finding the particle in E at time ¢.

The general problem is to find u(z, t) when the dynamics of the system is known
and some initial state is given.

Regarding the dynamics of the system we shall deal with anomalous diffusions.
More precisely with continuous time random walks (CTRW). For a comprehensive
introduction to the subject we refer to [6]. A CTRW in R” is provided by a space-
time probability density function, the kernel, J(z,t) defined in R**!. In this model
the particle has a probability density function u(zx,t) of arrival at position z € R™
at time ¢ > 0 which depends on the events of arrival at any y € R", sometimes only
on the events of arrival at any y in some neighborhood of z, at any previous time
s < t. Precisely, this dependence is given by the convolution in R"*! of J with u
itself. In other words, for ¢ > 0 and =z € R"

u(z,t) = (J xu)(z,t) = //}Rn+1 J(x —y,t — s)u(y, s)dyds. (1.1)

The physical condition of the dependence of the current position of the particle
only on the past (s < t) gives us the first natural condition on J,
(J1) supp J C Rt

The research was supported by CONICET, ANPCyT (MINCyT) and UNL.
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On the other hand, since J is a density in R"*!, we must have
(J2)J > 0, and
(J3)J € LY(R™) and [[on0 J (@, t)dxdt = 1.

Following the notation in [6], the density function defined in R™ by

Az) = /R Tz, t)dt

is called the jump length probability function. Notice that from (J1), A(z) =
Jg+ J(x,t)dt. On the other hand, the waiting time probability function is given
by

T(t) = /n J(z, t)dz.

Regarding the initial condition, let us first assume that the particle is localized
at the origin of R™ for ¢t < 0. In other words u(z,t) = dg(x) for ¢t < 0. Hence, since
u(zx,t) for ¢ > 0 needs to satistfy (III), from (J1) we must have that

u(z,0) = //}Rn+1 J(x —y, —s)u(y, s)dyds

N /R— (/ J(x —y, —s)uly, S)dy> ds
N /R* (/n J(z —y, _3)50(y)dy> ds
- /7 J(z, —s)ds

= Ax).
In other words, the deterministic situation, the particle is at the origin for t < 0
produces immediately at time ¢t = 0 a random situation modeled precisely by the
jump length probability function A(z) associated to the density J.

More generally, if the position at time ¢ < 0 of the particle distributes as indicates
the density f(z), then u(z,0) = (A * f)(z). In this framework the basic initial
problem we are interested in, takes the following form. Given J(z,t) and f(z), find
u(z,t) for (z,t) € R%™ such that

u(z,t) = (J xu)(x,t), r€R"t>0
P _ f(z), t<0
A CVE { u<i,1>, t> 0.

Sometimes, to emphasize the data J and f in (P), we shall write P(J, f) for the
problem P and u(J, f) for its solution.

Let us observe that the expected initial condition is attained since, taking ¢ = 0 in
the first equation in (P) we get u(z,0) = (J*u)(z,0) = [[ J(z—y, —s)f(y)dyds =
(A ().

We shall consider wide families of kernels J, but there is one, the parabolic mean
value kernels, which plays a more significant role for our subsequent analysis. We
shall use . (for heat) to denote these special occurrences of J. Let us introduce
the most known of these kernels ¢ (see [7] or [5]). Set W(z,t) to denote the
Weierstrass kernel for ¢ > 0 and & € R™. Precisely W(z,t) = (dmt)~"/2¢~|217/(4),

Set E = {(z,t) € R™" : W(x,t) > 1} and H(x,t) = 1Xp(z, 1) 2L
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As it is easy to check H satisfies properties (J1), (J2) and (J3) stated above.
Moreover, H satisfies also the following two properties

(J4) has compact support in R"*1;

(J5) it is radial as a function of x € R™ for each ¢.

The outstanding fact regarding H is given by its role in the mean value formula
for temperatures. If v(z,t) is a solution of the heat equation % = Aw in a domain
Q in R"*1, then, for (z,t) € Q and r small enough we have that v(z,t) = [[ H,(z—

y,t — s)v(y, s)dyds, where H, denotes the parabolic r-mollifier of H. Precisely
1 x t 1 |z|?
Hp(z,t) = mﬁﬂ <;, r_2> = T—HXE(r)(%t)t—g»

with E(r) = {(z,t) € R}™ : W(z,t) > r~"}. The following figure depicts the
support E(r) of H,.

FIGURE 1. Sets E(r) forn=1and r =1, 1, 1.

In the sequel, for any kernel J(x,t) and r > 0 we shall write J.(z,t) to de-
note the parabolic approximation to the identity given by J,.(x,t) = M%J (%, T%)
Moreover, the notation v,.(z,t) or even f,(x) for functions depending on space
time or, only on the space variable will have always the same meaning. Precisely,

ve(z,t) = r " 20(r~tz, r72t) and f.(z) = r "7 2f(r 1.

The results of this paper are in the spirit of those in [4] and [3]. Instead of
dealing with generalization of boundary conditions, we are concerned with diffusion
problems in the whole space R™ and the initial condition is generalized.

Let us state the main results of this paper. The first one is the weak convergence
to the heat equation.

Theorem 1. Assume that J(x,t) satisfies (J2), (J3), (J4) and (J5). Then, for
each @ in the Schwartz class of R"*, we have

1 dp
}%T_Q(Jr_é)*w_ﬂg

uniformly on R, where p = — [[tJ(z,t)dzdt and v = 5 [[ |lz|* J (x, t)dadt.

+ vAp,

The second result concerns the existence of solutions for problem (P). For a given
Lipschitz function of order v, f € C%7(R"), we denote by [f], the corresponding
seminorm of f. In the next statement C denotes the space of continuous functions.
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Theorem 2. Assume that J(z,t) satisfies (J1), (J2), (J3) and (J4). Set a =
sup{p : ff5<6 J(y,s)dyds < 1}. Let f € L®(R™) be given. Then there exists
one and only one solution u(z,t) of (P) in the space (C N L>®)(RY). If f €
(L' N L>®)(R™), then [y, u(x,t)dr = [g, f(x)dx for every t > 0. In particular,
if fis a density function, so is u(-,t) for every t > 0. Moreover, if f belongs to
(C%Y N L*°)(R™) we have that

u(e,t) = f(2)] < C[fy (1.2)
for (z,t) € R" x [0, a] and some C which does not depend on f.

The next result which is interesting by itself contains a maximum principle which
shall be used in the proof of Theorem[dl Precisely, the supremum of the probability
density function in the future of o = sup{g: ffs<6 J(y, s)dyds < 1} coincides with
its supremum in R™ x [0, a]. -

Theorem 3. Let J be a kernel satisfying (J1), (J2), (J3), and (J4). Let w(z,t)
be a bounded function defined in RT‘I such that

w(z,t) = // J(x —y,t — s)w(y, s)dyds (1.3)
for (z,t) € R™ x [a, +00). Then,

sup  |w(z,t)| = sup  |w(z,t)|.
(z,)eR™H (a,t) R x[0,0]

Let us proceed to state the fourth result of the paper.

Theorem 4. For each H € S there exists C > 0 such that for every r > 0 and
every f € (CO7 N L*°)(R™)

HU(H’H f) - u||L°°(Ri+1) S C[f]’)’r’ya
where u is the temperature in R’y given by u(z,t) = W(-,t) x f)(z).

Let us finally remark that in [2] the authors prove the Holder regularity for
solutions of the master equation associated to CTRW’s.

The paper is designed following the above statements; Theorem k£ is proved in
Section §k + 1 for k =1,2,3,4.

2. SOME SPACE TIME NONLOCAL PARABOLIC OPERATORS AND THEIR WEAK
LIMIT. PROOF OF THEOREM []]

For 0 < r < 1, since [[ J(y,s)dyds = 1, applying Taylor’s formula we get

//Jr(w —y,t — 8)p(y, s)dyds — p(x,1)
- // Jr(@ =y, t = 5)(p(y, s) — p(x,t))dyds

~ [[r-vi-9 [Z 92 (a0 — ) + 22w 1) (s~ 1)
i=1 v
1

+§(y — 7,8 — t)ngo(:v, )y —z,s —t)' + R(y — x,s — t)| dyds,
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where D? denotes the Hessian matrix of the second derivatives of ¢ with respect
to x and ¢ and |R(z,t)| = O(|z|? + t2)2.

The last integral in the above identities can be written as the sums of the fol-
lowing seven terms,

= z:l: g;i (z,1) (//(yz — ) (x —y,t — S)dyds) ,

11 =22z, 1) <//s—t x—y,t—S)dyd5>
,axzaxj ( / / wj)Jr(w—y,t—s)dyds),

=320 (3 [[ - ne -t - gas).
V= ." et (5 [ =~ 00—t - auas).

VI: 8152 ( // 5 —t)? x—y,t—s)dyds)
and

V][://JT(;C—y,t—s)R(y—x,s—t)dyds.

Since for t fixed J is radial as a function of x, then I, II1 and V vanish. For the
other four integrals we perform the parabolic change of variables (z,() = (2%, LF)

to obtain T
8@
II = n ¢J(z,¢)dzd¢

n

= Za—;;j(:c,t)r2 <§ //sz(z,C)dde)
VI= (?92152 r ( / CJ( dzdg)

VII = // J(z,0)R(rz,r*¢)dzd(.

Finally, since, as a function of r close to zero, VI and VII are of order at least 73,
we see that

1 (I IV 0
lny 5 100, = 0) el 0) = g (554 3 ) =580 + vt

where 1 and v are defined as in the statement of Theorem[Il That thus convergence
is uniform in R™*! follows from the fact that ¢ is a Schwartz function and so VI
and VII converge to zero uniformly.

Lemma 5. For J =H we have that u = —v and the limit equation in Theorem [l
is the heat equation multiplied by a constant.
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Proof. All we need to show is that

[ Hws)s ayas = oo [ [ i o)l dys (2.1)

Let us compute both of them in terms of the Euler gamma function and the area
surface of the unit ball of R™, S”~!. On one hand we have that

2
//Hy, sdyds-—/ Xpa)(—y, — usdyds
2
__// Mdyds

1 /0 i
1 / / ) Malyds
4 L B(o,(znsln(m(fs)))i) s

191 (2ns In(4r(—s))) 3
= 1/ —/ p"“/ dodpds
_ﬁ —S Jo Sn—1

n—1 0 n42
= o(5"7) / _L (2nsln(4r(—s))) 2 ds

An+2) ) 1 —s
_o(s"h) /1 i (it(—ln(t))) + dt
C4n+2) Jo t\2r
n=1yp 3> & nt2\ n+t2
_ o8 )n / ()982 g
dn+2)27= 7=z Jo
n—1 + "—+2 [ee] 5
= (S 2+2 nt2 2 2 [E= / efcc%dC
4n+2)2" 7 1 (M+2) (n+2)"

n+2 2

2(n+2)"3 7"

On the other,

1 1 y|?
%//H(@/,S)Iyl2 dyds = —// XEu)(—y,—S)lS—'QIyl2 dyds
lyl*
YL dyd
8 // E(1) 52 yas

4
L Uy
nJ_ L B(oy(2nsln(4w(*5)))§) o

1 [0 1 @nsin(n(-s)?
= —/ —2/ p"+3/ dodpds
nJj-L 5% Jo Sm-1

om0 o
- g | Crntan-a)

— e [ o)

12

n—1 o= o)
(S )n+4 L}L’i—él 6_0(#)9%“d9

8(n+4)27= 0
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n+4

n—1 o0
oS )M ffll 22 / S dg
8(n+4)2"3 1" (R +2) (n42)"

(sm 1) nt2

St A)(n+2) ( )

Now, since I'(z + 1) = 2I'(z), we have that —I‘ ( = 1I'(2}*) and the proof
is complete. ]

3. EXISTENCE OF SOLUTIONS FOR (P) FOR BOUNDED f. PROOF OF THEOREM

Let J(x,t) be a kernel defined in space time R" ! satisfying (J1), (J2), (J3) and
(J4). Let f € L>(R™) be given. Following the ideas in [4], [3] and [I] we shall solve
(P) by iterated application of the Banach fixed point theorem. From (J3) and (J4),
a = sup{f: ffs<5 x, 8)dzds < 1} is positive and finite. For the first step in the
use of the fixed point theorem in the Banach space %) = (C N L*)(R" x [0, §])
with the L* norm.

As in the statement of (P) set

_ _ f(x), t<0
v(z,t) = { v(x,t), tel0,5];
where v € %;. Since T is bounded on R™ x (—oc0, §] and J € L'(R"*!), the integral
(z,t) // J(x —y,t—s)v(y, s)dyds
R”™ % ( ,2]

is absolutely convergent for (z,t) € R™ x [0, §]. Let us prove that, as a function of
(z,t) € R™ x [0, §] the function g belongs to %;. In fact, from the definition of g

we see that
gfo.0) < ( [ ravas) ol

< sup{|[ flloo s [0l oo }-

Let us check the continuity of g. For h € R™ and k € R such that (z + h,t + k) €
(—00, §], we have that

lg(x + h,t + k) — :z:t|<//|Ja:+h y,t+k—s)—Jx—y,t—s)||v(y,s)| dyds

< wr(y/ 1hf* + &) ol .

where w; is the modulus of continuity in L' of J. Hence for v € %, we also have
that g € %) when restricted to the strip R™ x [0, §].

Define T : 1 — %, by Thv=g.

Let us now prove that 77 is a contractive mapping in %;. Let v and w be two
functions in %;. Let (z,t) € R" x [0, §]. Then, with

_ B f(z), t<0
w(,t) = { w(z,t), tel0,%],

we have that

Tyv(z,t) — Thw(z,t) = // N J(x—y,t—3)(0(y,s) —w(y, s))dyds
SSE



ISSN 2451-7100
IMAL PREPRINT # 2014-0025  Publication date: December 22, 2014

B //0<s< J(x—y,t—s)(v(y,s) —w(y,s))dyds.

n[Q

Hence

T —Thwl|, < sup // J(x —y,t—s)dyds | [lv—w]|
(z,t)ER™ %[0, 5] <s<

n[Q

Now, from the definition of a, and (J1)

// J(x —y,t — s)dyds = // J(z,0)dzdo
0<s< t— 3 <o<t
= // J(z,0)dzdo
0<o<t

< // J(z,0)dzdo =: T < 1.
0<o<

So that ||[Thv — Tyw| . < 7|lv —wl||,. Hence T} is a contractive mapping in %;.
So that there exists a fixed point u; € %, for T1; Tiui; = ui. In other words

1(z, 1) // (x —y,t — s)ur(y, s)dyds (3.1)

for x € R™ andOﬁtS%.
Let us check that

NI

(S]fs)

/ uy(x, t)de = f(z)dz
n Rn

for every 0 <t < 5, when f € LY(R™). Since u; can be realized as the limit

of the sequence of iterations of T} applied to any function v € %, we may take
v(x,t) = f(z) as the starting point. In doing so we see that the integral in variable
z of T{" f(z,t) equals [ fdz. In fact, from (J3), we see that

/Tlf(:vtd:c—/<// x—y,t—s)f(y)dyds)d:c
/f (// x—y,t—s)dmds)d
:/fdy.

Hence, inductively, assuming [ 17" f(z,t)dz = [ fdx we see that

/T{”“f(x,t)d:v = /Tl(Tlmf)(x,t)dx

_ / < / / J(z—y,t— S)W(y,s)dyds> dx
/<// (ot — )T f(z —y, )dyds)dm
_ / (//KO Tyt — ) f(x — y)dyds) do+
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+/([L¢W”—@ﬂwu—%@@@)m
N //s<0 Tyt =) (/ fla - y)d:v> dyds+

i //S>O Ty,t =) (/ T f(a —y, s)d:v> dyds
.

The result follows since, being f € L' N L, we have that 77" f tends to u; also in
the L(R™ x [0, $]) sense. In fact, if we prove that
m—+1 m m 1
HTl f=T f”Ll(]R"X[O,%]) =7 HTlf 4 fHLl(]R"X[O,%]) (3:2)

then 7" f is also a Cauchy sequence in L*(R™ x [0, $]) since T{" f converges uni-
formly to u; we get the desired preservation of the integral. Let us prove (3.2,

HTlerlf_TflfHLl(Rnx[o,%])

0<t<g

< //0< o (//< e J(x —y,t— s)dxdt) |T7" f(y, s) = T £y, s)| dyds
<s<2 s<t< g

<ol =T

//0< @yt = 9) (T (y, ) = Ty, 8)dyds) | dudt

Rrx[0.5])”
By iteration we obtain (B.2]).

Let us observe that since u (z, t) can be obtained as the iteration of Tj starting at
any function v in %, we can in particular take v as the constant function M,
where s(f) = sup f and i(f) = inf f. Then T = UX{OStS%} + fX{i<0y, so that
i(f) <v < s(f) everywhere. From (J2) and (J3) we also have i(f) < Tiv < s(f)
on R™ x [0, 5]. The same argument shows that for every iteration TFv of Tyv we
have i(f) < TFv < s(f). Since u; is the uniform limit of TFv we get

i(f) Sw(z,t) < s(f)
on the strip R” x[0, §]. So far we have existence and mass preservation for ¢ € [0, §].
We shall proceed inductively by covering R with intervals of the type [( —
1)§,i5]. The first step, i = 1 is precisely the one described above. Assume that
ui € Bi = (CNLZ)R" x [(i = 1)§,i§]) for i = 1,...,j have been built in such a
way that

want) = [ [ I =yt = sy, o)duds,

with .0 ( )
— _ Ui_1(z,t); t<(i—-1)35
“l(w’t)_{ wiz,t);  (i—1)g <t<ig
Moreover, [o, wi(z, t)de = [p, f(x)dz for (i—1)§ <t <ig,

i(f) < wilz,t) < s(f) (3-3)
for every (z,t) € R™ x [(i —1)%,45], and u;(x, (i — 1)§) = ui—1(x, (i — 1)5) for
every .
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Define %11 as the space (CNL*)(R™ x [j§, (j+1)%]) with the complete metric
induced by the L* norm. For v € %;41, define

Tyvolet) = [[ I = .t = ooy, s)dyds

with
— _ w; (x,t); t<j
o) = { o(wt);  j§<t<(+1)3
As in the case of i = 1, it easy to check that with (z,t) € R™ x [§,(j + 1)5],
Tjp1v € Bjy1. Hence Tj1q : Bjp1 — Bj+1. 1t is also easy to prove that T)jyq is
contractive on %;; with the same rate of contraction 7 obtained when ¢ = 1.
Also, with the same argument as in the case i = 1, with [ u;(z,t)dz = [ f(z)dz
when ¢ < j§ we have that for ¢t € [j§, (7 + 1)5]

/n Ujt1(z, t)de = /Rf(x)dx.

In order to check that w;1(z,55) = wuj(x,j§) we have to observe that for
Jj5 <t <(j+1)g, the fixed point equation is given by

(Slis)

una(e.t) = [ [ I =yt Sy, s)dyds.

For t = j§, property (J1) shows that the above integral only involves values of s
which are bounded above by j§. Then, for those values of s, @171 (y, s) = w;(y, s).
So that

wa@3) = [ [ T =v.3% =m0 dyds = u,(@.53),

as desired.

Property B3] for i = j + 1 can be proved following the same argument used in
the case i = 1. Let us notice that the function u(z,t) defined in R by u(z,t) =
wj) (x,t) with j(t) the only positive integer for which (j(t) —1)5 <t < j(t)§ is
continuous and bounded. Moreover, i(f) < u(z,t) < s(f) for every (z,t) € R}

The above remarks prove that u € % = (C N L>=)(R™") and solves (P).

In order to prove the uniqueness of the solution u let us argue as follows. Assume
that u and u are two solutions. Then their restrictions on the strip R™ x [0, §]
coincide. Since the fixed point of T; is unique and being a solution of (P) in
R™ x [0, §] is equivalent to be a fixed point for T, we see that v = % on R™ x [0, §].
For the next time interval [§, o] the restriction of both, u and @ to this interval are
fixed points of the same operator T>. Again the uniqueness for the Banach fixed
point guarantees u = u on R x [§,a]. Proceeding inductively we get that u = u
everywhere.

Let us finally prove the estimate (L2). First we shall show that (L2)) holds
true when (z,t) € R™ x [0,§]. This can be accomplished because the function u

in the first time interval [0, §] coincides with u; which is provided by the Banach

fixed point theorem and the rate of convergence can be estimated by the contraction
constant 7. We already know that 7 = [ _a J(y,s)dyds < 1. Set uf" to denote the
=73

m-th iteration of Ty applied to the initial guess u{ = f, then since HUTH — u’{‘”oo <
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" ||u% - U?HOO, we see that

1
1—71

ler = £l

m
[uf” = flloo < { D77 | lui = £l <
j=0

for every m=1,2,... N
Let us now show that for (z,t) € R™ x [0, §] there exists a constant C' depending
only on J such that ||uj — f||_ < C[f],. In fact,

’u}(xj) - f(x)‘ — (Tuf) (1) — f(z)]
B W J(x—y.t = $)(f () — f(a))dyds

<[fly (//J(w—yi—S) Iw—ylvdyds>-

Hence for every m = 1,2, ... we have

HU’T - f||L°°(R”><[O,%]) < C[f]’yv

where C depends only on J. The same is true for the uniform limit u; of the
sequence u7*, in other words

”ul - f”Loo(Rnx[o)%]) < C[f]'y (3-4)

Let us now check how to get the same type of estimate for the time interval [§, a].

From the construction of u we have that on R" x [§,a], u = uy with

us(ot) = [ [ I =yt = sya(y.s)ayds

fx) t<0
U_Q(ZE, t) = ’LLl(.’II, t) te [07 %]
us(z,t) telg,al
On R™ x [§, a] the solution us is the only fixed point for the operator T and, since

the limit uy of iterations u3* of Thud = ul is independent of the starting point u3,
let us take again uy = f. Hence |lug — f|l < 12 ||ug — f||,. Notice that if we

write T(y, s) = f(y)Xs<o(s) + ui(y, S)X[o_%] (s) + f(y)X[%ya] (s)

ul(z, t) = // J(x —y,t — ) F(y, s)dyds.

Let us finally check that the desire estimate holds for Hu% — fHOO in R™ x [§,al.
Take (z,t) € R" x [§,al, then

b 1) — ()] = (Do) (. 0) — ()
- \ J[ 6= vt = s — s

<Jf L@t =8|/ ) - f(@)]dyds
’ //— o=yt =a) huly. o) = ()l dyds
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" //S J(w—y,t—3)|f(y) - f(x)| dyds.

The first and the third terms in the right hand side of the above inequality are
bounded by the product of the Lipy seminorm of f and a constant depending only
on J. For the second term we use ([3.4]) and we are done.

4. MAXIMUM PRINCIPLE: PROOF OF THEOREM [3]

Recall that a = sup{8 : [[,.;J(y,s)dyds < 1}. Since the function I(8) =
/ fs <p Jdyds is increasing and continuous as a function of 3, « is also the infimum of
those values of 3 for which I(3) = 1. Moreover, from definition of a, 0 < I(5) < 1.

Let ty = a+(k—1)5, By = R" x [0,tx], S = supp, |w| for k=1,2,.... Let us
see that Sy = Sk—1. Let (x,t) € R™ X [ty—1, tx], hence

S

" (z.1)

tk—1 ’
th—2
a _

Rn

jw(a, £)] = ] [ 1=t - syt syayas

_ // Iz — y,t — s)w(y, s)dyds + // (@ —y,t — shw(y, s)dyds

k—1<s<t t—a<s<tp_1
< Sk // J(x —y,t —s)dyds + Si—1 // J(x —y,t — s)dyds
tp—1<s<t t—a<s<tr_1
=S| 1- // J(x —y,t—s)dyds | + Sk-1 // J(x —y,t — s)dyds
t—a<s<tr_1 t—a<s<tr_1
=Sr — (Sk — Sk-1) (// J(z—y,t—s)dyds) .
t—a<s<tk_1

Hence

(// J(x —y,t— s)dyds) (Sk — Sk-1) < Sk — |w(x,t)],
t—als<tp_1
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since
// J(x —y,t— s)dyds = // J(x —y, s1)dyds;
t—a<s<tp_1 t—tp_1<s1<a
2// J(x —y,s1)dydsy =1 = 1(5).
F<s1<a
Then
(1= 1(5))(Sk — Sk—1) < Sk — sup |w] (4.1)

Bi\Bg-1
Of course Sy > Sk—1, if Sk > Sk_1, then Sy = supp,\p, , |w| and the right hand of
(@T) equals zero. Since 1—1(§) is positive we have that S, < Sk_1, a contradiction.

5. CONVERGENCE OF SOLUTIONS. PROOF OF THEOREM [l

Along this section we shall assume that J in problem (P) is a fixed parabolic
rescaling of a mean value kernel H € 7. More precisely for » > 0 we consider the
CTRW, with past density distribution f(x), generated by the space time probability
density H,(z,t) = =5z H (%, %), with H(x, t) satisfying (J1) to (J5) and the mean
value formula. The space probability density function for the localization of the
moving particle at time ¢ is the solution u(H,, f)(-,t) of P(H,, f).

The result contained in Theorem [ will be a consequence of the two following

lemmas and the maximum principle contained in Theorem [3]

Lemma 6. Let J be a kernel satisfying (J1), (J2), (J3) and (J4). Set o = sup{p :
Jocp Iy, 8)dyds < 1}. Let f € (CO7 N L®)(R™), 0 <y < 1. Then there exists a
constant C' > 0 such that for every r >0

[u(Jr, f) = f”Loo(Rnx[o)arz]) < Clflyr

The next lemma contains a well known result on the rate of convergence of
temperatures to the initial condition when it belongs to a Lipschitz class.

lz—y|?

Lemma 7. Let f € (C%YNL>)(R") and u(z,t) = (47rt)7% Jon €™ 3 f(y)dy the
solution of
n+1
Bt AU, R_,’_Jr
u(@,0) = f(z), ©ER",
Then there exists a constant C > 0 such that
lu(z,t) — f(z)| < C[f]5t2

4

+1
for every (x,t) € R,

Proof of Theorem [} From Lemma [l and Lemma [7] we have that

sup |w(Hy, f)(z,t) —u(z,t)] < Clf]r7.
(z,t)eR™ x[0,ar?]
Now, since a=sup{f: [[,_, ,8)dyds < 1} we also have that ar? = sup{3 :
JJo<p He(y, s)dyds < 1}. Hence for (z,t) € R" x (ar?,+00) we have that the

support of H (z —y,t — s) as a function of (y,s) is contained in R’:"'. So that
for a temperature u defined on R’}rﬂ and t > ar?, since H € S, the mean value

formula holds and
u(z,t) = // H.(z —y,t — s)uly, s)dyds
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for x € R and t > ar?.

On the other hand, we also have that w(H,, f) = H, * u(H,, f) for z € R and
t > ar?, because u(H,, f) solves P(H,, f). Hence, applying Theorem [B] with H,
instead of J, ar? instead of a, u(H,., f) — u instead of w, we get

sup [u(Hy, f)(@,?) —u(@, )] < sup | [u(Hy, [)(2,t) — ulz,t)] < Clflyr7,

Ri+l 7 x[0,ar
as desired. O

Proof of Lemmal@ The result follows from ([2)) in Theorem [ after parabolic
rescaling. In fact, set u(J,g) to denote the solution in R}*' of P(J,g). With

this notation we have that
U(Jru f) = |:’U, (‘L fl>:| )

for each > 0. Hence, for z € R” and 0 < % < o, from ([2) with f(r-) instead f,
we have

[u( e, f)(2,t) = f(2)| =

O

Proof of Lemma[7] For (z,t) € RT’l, since the Weierstrass kernel has integral
equal to one, we have

utet) = 1) = e [ e s 10

g W /R T 1(y) — 1) dy

[/] leyi?
SW ; e ly—a|'dy

= [f]'y/ e 2V dzt3 .

- /2
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