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Abstract

In this paper we define Bessel potentials in Ahlfors regular spaces using a Coifman type approximation
of the identity, and show they improve regularity for Lipschitz, Besov and Sobolev-type functions. We prove
density and embedding results for the Sobolev potential spaces defined by them. Finally, via fractional
derivatives, we find that for small orders, these Bessel potentials are inversible, and show a way to characterize
potential spaces, using singular integrals techniques, such as the 7’1 theorem. Moreover, this characterization
allows us to prove these spaces in fact coincide with the classical potential Sobolev spaces in the Euclidean
case.

1 Introduction

Riesz and Bessel potentials of order a > 0 in R™ are defined as the operators Z, = (~A)~*/? and J, =
(I — A)~=%/2 respectively, where A is the Laplacian and I the identity. By means of the Fourier transform, it
can be shown they are given by multipliers

(Zaf)" (&) = 2rle)) = f(8), (Taf)" (&) = (L +4x®(¢[?) 2 f ().

These frequency representations of Riesz and Bessel potentials, as well as of their associated fractional
differential operators, depend on the existence of Fourier Transforms on the underlying space. In more general
settings alternative tools are needed. Spaces such as self similar fractals are more general, but are still Ahlfors
regular. In spaces with this type of regularity, scales are a good substitute of frequencies.

a/2

Both the Riesz potential and its inverse the fractional derivative %, = (—A)*/¢, which on the frequency

side is given by

(Zaf)" (&) = 2nl€)* f(6),
have an immediate generalization to metric measure spaces, as they take the form

f(y) fly) — f(w)d

|z —y[—e ") eyt

Tof(x) = Coc,n/ )
at least for functions of certain integrability or regularity and o < 2. One can just replace |z —y|* by a distance
or quasi-distance d(z,y)®, Lebesgue measure by a general measure and |x — y|™ by the measure of the ball of
center x and radius d(z,y).

For spaces of homogeneous type, fractional integrals (i.e. Riesz potentials) and derivatives, as well as
their composition, have been widely studied. In the absence of Fourier transform, other techniques have been
developed, such as the use of a Coifman type approximation of the identity (see for instance [HS], [DJS]). It has
been proven that even though the composition of a fractional integral and a fractional derivative (of the same
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order) is not necessarily the identity, at least for small orders of regularity it is an inversible singular integral.
See [GSV], [Ga] for the study of this composition in L? and [HV] for Besov and Triebel-Lizorkin spaces.

Bessel potentials have essentially the same local behavior than Riesz potentials, but behave much better

globally. For instance, they are bounded in every LP space, whereas Z,, is bounded from L? only to LY with

% — % = 2. This leads to define potential spaces L*? = J,(L”), and these coincide with Sobolev spaces when

« is an integer.
For a > 0, as

NV ECi W
= [ amfeyer =

the composition (I + Z,)Ja is inversible in L2. In fact, as shown in [S], for 1 < p < 0o and 0 < a < 2,
feL*?ifand only if f,2,f € LP, (1)
and in terms of Riesz potentials,

f € LY if and only if f € LP and there exists v € LP with f = Z,~. (2)

Bessel operators have been rarely studied in the metric setting, although in R™ they can be represented as

Taf (@) = f % Galz) = / £ (4)Galz — y)dy,

where G, is a radial function, so their definition does not present a limitation. In this paper we define Bessel-type
potentials using the same construction found in [GSV].

All the known tools and definitions used in this paper are described in section 2, such as approximations of
the identity and singular integrals. In section 3 we define a Bessel-type potential operator and prove it increases
the regularity of Lipschitz, Besov and Sobolev functions. In section 4 we describe the potential space obtained
with this operator, and find relationships with Lipschitz, Besov and Sobolev functions, as well as a Sobolev
embedding theorem. In section 5 we prove an inversion result for the Bessel operator using the techniques from
[GSV] and [HV]. We finish this paper characterizing the potential space with the fractional derivative analogous
to the Euclidean version in 1 and with the fractional integral, analogous to 2, and analyze the case of R™.

2 Preliminaries

In this section we describe the geometric setting and basic results from harmonic analysis on spaces of homo-
geneous type needed to prove our results.

2.1 The geometric setting

We say (X, p,m) is a space of homogeneous type if p is a quasi-metric on X and m a measure such that balls
and open sets are measurable and there exists a constant C' > 0 such that

my(B(z,2r)) < Cm(By(z,r))
for each z € X and r > 0.

If m({z}) = 0 for each z € X, by [MS] there exists a metric d giving the same topology as p and a number
N > 0 such that (X, d, m) satisfies

m(By(x,2r)) ~rV (3)

for each x € X and 0 < r < m(X).
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Spaces that satisfy condition 3 are called Ahlfors N-regular. Besides R™ (with N = n), examples include
self-similar fractals such as the Cantor ternary set or the Sierpiriski gasket.

Throughout this paper we will assume (X, d, m) is Ahlfors N-regular. One useful property these spaces have
is regarding the integrability of the distance function:

. fB(I,T) d(z,y)*dm(y) < oo if and only if —N < s < oo, and here
[ dwyydmy) ~ oo
B(z,r)
° fX\B(zﬂ,) d(z,y)*dm(y) < oo if and only if —co < s < —N, and here

[ dwgyrdnt) ~ oo,
X\B(z,r)

If we add (locally integrable) functions we get
o if —N <5< o0,
| ) am(y) < 0N fa);
B(z,r)

o if —co<s<—N,

/ F@)d(y)*dm(y) < CrtN M f(z),
X\B(z,r)

where M f is the Hardy-Littlewood maximal function of f.

2.2 Aproximations of the identity

In Ahlfors spaces of infinite measure (and thus unbounded), Coifman-type aproximations of the identity can
be constructed. In this paper we will work with a continuous version, as presented in [GSV]. See [HS] for the
discrete version. The construction is as follows.

Let (X,d,m) be an Ahlfors N-regular space with m(X) = oco. Let h : [0,00) — R be a non-negative
decreasing C* function with h = 1in [0,1/2] and h =0 in [2,00). For ¢ > 0 and f € Lj,, define

Tif(@) = i [y h (52 f(y)dm(y);
M, f(z) = p(a,t) f(x), with ¢(2,t) = 795y
Vvtf(x) = w(xvt)f(x)v with ¢(xat) = m;

Sif(x) = MiTV;T, M, f (z) = [y s(x,y,t)f(y)dm(y), where

s(x,y,t) = % /X h <d(:”’z)> h <d(yz)> bz, 8)dm(z).

t t

(St)t>0 will be our aproximation of the identity, with kernel s. We now list some of the properties they
possess, they can be found in [GSV] for the case N = 1.

1. S;1=1forallt>0;
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2. s(z,y,t) = s(y,z,t) for z,y € X, t > 0;
3. s(x,y,t) < C/tN for 2,y € X, t > 0;
4. s(x,y,t) =0if d(z,y) > 4t;

5. s(x,y,t) > C'/tN if d(z,y) < t/4;

‘S(xv Y, t) - S(xlv Y, t)| S Cl/tNl-%—l d(xa x/);
S; is linear and continuous from LP to LP;

Sif — f pointwise when ¢ — 0 if f is continuous;

© »®» N

|Sef(x) — f(x)] < CtY for each x if f is Lipschitz-;
10. S;f(z) — 0 uniformly in z when t — oo if f € L%;

11. s is continuously differentiable with respect to t.

Continuity of a linear operator T from A to B will be denoted throughout this paper as
T:A— B.
To include an interesting example of an Ahlfors space satisfying m(X) = oo (and thus having a Coifman-

type approximation of the identity), we can modify the Sierpiniski gasket 7' by taking dilations (powers of 2):
T = Ur>128T. This T preserves some properties of the original triangle, including the Ahlfors character.

2.3 Calderén reproducing formulas

With this approximation of the identity (S;):~o we will construct our Bessel potential J,. For the proof relating
Jo, with the fractional derivative D,, we will follow the proof for the fractional integral as presented in [GSV]
and [HV], which requires the derivative of S; (that exists because s is continuously differentiable with respect
to t): let

d 1
%Stf(f) = *EQtf(I)»

SO

Q:if(x) = /X q(z,y,t) f(y)dm(y), with q(z,y,t) = —t%s(m Y, ).

Some of their properties mirror those from S; and s:

1. @1 =0 for all t > 0;

2. q(z,y,t) = q(y,x,t) for x,y € X, t > 0;



ISSN 2451-7100
IMAL PREPRINT # 2015-0029 Publication date: June 29, 2015

©

q(z,y,t)| < C/tN for z,y € X, t > 0;

e

gz, y,t) =0if d(z,y) > 4t;
5. ‘Q(Ivyvt) - q(I/7y,t)| < Cltl\f%d(xvxl)a

. Q LP — LP;

[=2]

7. Calderén-type reproducing formulas. (see [C])
o dt oo [oo dt ds
f= et r=[ [ eastt
0 o Jo s

2.4 Singular Integrals

In Ahlfors N-regular spaces, the following version of the 7’1 theorem hold (see for instance [Ga]). Once again
we require m(X) = oo.

A continuous function K : X x X\A — R (where A = {(z,z) : € X}) is a standard kernel if there exist
constants 0 < 7 <1, C' > 0 such that

o |K(w,y)| < Cd(a,y)";
o for x #y, d(z,2") < cd(z,y) (with ¢ < 1) we have

K (2,y) — K(«',y)| < Cd(x,2)"d(w, y)~ V7

o for z #y, d(y,y") < cd(z,y) (with ¢ < 1) we have

K (2,y) — K(z,y')| < Cd(y,y')"d(z,y)” "+

Let C7 denote the space of Lipschitz-y functions with compact support. A linear continuous operator
T:CY — (C7) for 0 <y <1is a singular integral operator with associated standard kernel K if it satisfies

(T, g) = // K (@) (v)g(@)dim(y)dm(z),

for f,g € C) with disjoint supports. If a singular integral operator can be extended to a bounded operator on
L? it is called a Calderén-Zygmund operator or CZO.

Every CZO is bounded in L for 1 < p < oo, of weak type (1, 1), and bounded from L*° to BMO.
The T'1 theorem characterizes CZQO’s. We say that an operator is weakly bounded if
(T f. )| < Cm(B) /N f],[g],,
for f,g € CY(B), for each ball B.

Theorem 2.1. (T1) Let T be a singular integral operator. Then T is a CZO if and only if T1,T*1 € BMO
and T is weakly bounded.

2.5 Besov spaces

In metric measure spaces (X,d, m), Besov spaces can be defined through a modulus of continuity, as seen in
[GKS]. For 1 < p < oo and ¢ > 0, the p-modulus of continuity of a locally integrable function f is defined as

1/p
B, f(t) = ( /X ]fg R f(y)l”dm(y)dm(x)) ,
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where fA fdm denotes the average ﬁ fA fdm, and the Besov space By, for a > 0 and 1 < ¢ < oo is the
space of functions f with the following finite norm

oo d 1/q
11z, =1+ ([ ermor @)

(with the usual modification for ¢ = o0).

For the case p = g, if the measure is doubling, an equivalent definition of the norm is

) — P 1/q
115, =100+ (] s s dmiyima))

2.6 Sobolev spaces

A way of defining Sobolev spaces in arbitrary metric measure spaces is Hajlasz approach (see [H1] for the case
B = 1): a nonnegative function ¢ is a 8-Hajlasz gradient of a function f it the following inequality holds for
almost every pair xz,y € X

1f(x) = f(y)] < d(z,9)"(g9(x) + g(y)).

For 1 < p < oo, the Hajtasz-Sobolev (fractional) space M?P is defined as the space of functions f € L? that
have a gradient in LP. Its norm is defined as

1 laran = [1Fllp + i lgll,
where the infimum is taken over all 5-Hajtasz gradients of f.
For the case p = oo, the space M?> coincides with the space C? of bounded Lipschitz-/3 functions.

Functions with g-Hajtasz gradients satisfy the following Poincaré inequality

][ |f — fldm < Cdiam(B)f’][ gdm,
B B

for all balls B (again, see [H1] for the case 8 = 1).

If the measure is doubling and 1 < p < oo, then the following relationships hold between Besov and Sobolev
spaces, for f >0and 0 < e < f3

B B,p B—e
Bp,p = MPF = Bp,p

(see [GKS]). Here the expression A < B means A C B with continuous inclusion.

3 Bessel potentials

In this section we define the kernel k,(z,y), to replace the convolution kernel G,, in the definition of 7,, and
prove some properties this new Bessel-type potential operator J, possesses, emulating those from 7.

The convolution kernel G, takes the form

Galo =) = na [ (177) (smet ) 2,

1(lz=ul)2 | . . . . . . . .
where ¢;(x) = t‘"e_}l( ) is the Gaussian approximation of the identity. This provides us with a way to
define the kernel in our context.
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Let (X,d, m) be our fixed Ahlfors N-regular space with m(X) = oo, and (S;)¢~¢ an approximation of the
identity as constructed in the previous section.

For a > 0, we define

> t* dt
ko(z,y) = 04/0 ms(x,yﬂf)?-

Observe that the factor multiplying the approximation of the identity is ﬁ, as opposed to tre=t" in
G- It presents the same local behaviour, but near infinity it has only integrable decay. However, the properties
obtained for k, will be sufficient for our purposes.

The following properties follow immediately from definition and the properties of the kernel s, listed in
section 2.

Lemma 3.1. k, satisfies:

2

3. kal(z,y) < Cd(z,y)~N=;

4 kalw,y) < Cd(z,y)~ N+ if d(z,y) > 4;

5. ka(x,2) = ka(y, 2)| < Cd(w,y)(d(w,2) Ad(y, z)) "N+,

6. |ka(z,2) — ka(y, 2)| < Cd(z,y)(d(z, 2) Ad(y, 2))~ N1 if d(z, 2) > 4 and d(y, z) > 4;
7. [y kalz, 2)dm(z) = [y ka(z,y)dm(z) = 1 Va,y.

All results that will be presented in sections 3 and 4 involving the kernel &, can be derived from just these
properties. The actual need for the definition will become clear in section 5.

We are now able to define our Bessel potential

Jag(z) = /X 9(2)kal, z)dm(2).

Observe that from property 7 of the last lemma, we get

||Jag||p < ||g||p
for 1 <p < oo.

As expected, we can compare this operator with the Riesz potential, which is be defined from the kernel

° dt 1
/ —_ « —_—_
k (xay) - A Oét S(Jj,y,t) t d(‘r?y)]\],a

as
Inf@) = [ S @ )in)
(see [GSV]) and we obtain |Jag(x)| < Cl,lg|(x).

We now proceed to prove J, improves regularity on Lipschitz, Besov and Hajtasz-Sobolev functions. We
start with the Lipschitz case

Proposition 3.2. If f = J,g and a+ 5 <1 for o, > 0,
() = f(y)] < Clglpd(x,y)* 7.
In particular, as J, is bounded in L>°,

J, : CF — cotB,
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Proof. We will prove only the first part, the second follows immediately. What we will show also holds true for
I, as shown in [GSV]. As [k, =1, we have

and if we call d = d(z,y)

@) - f)l < C lo@) =@l ;)

B(z,2d) d(w,2)N=2

o) ()],
+C/ y3a) dy,z)N—« dm(z)

+C l9(2) = 9(2)| |ka (2, 2) — ka(y, 2)| dm(2)
X\B(z,2d)

=I+1I+1I1I.

Then for I and I1, as o, 3 > 0,

d(z,z)"
I<c / —— 0 —dm(z) < Clg]pd* ™7,
[9}5 B(2.2d) d(‘I,Z)N*D‘ ( ) [9]3

1< Clad? [ L —dm(2) < Clgld**.

B(y,3d) d(yv Z)Nia
Finally, as d(z, z) ~ d(y, z) for z € X\B(z,2d), and as a+ 5 < 1,
I < C’[g]gd/ d(z, 2)Pd(z, 2) "N =Ydm(z) < C[g]gd*+P.
X\ B(x,2d)
O

Before proving the increase in Besov regularity, we need the following lemma, that follows from properties
3 and 5 of 3.1:

Lemma 3.3. For ¢ >0 and xz,y € X,
o if (N —a) <N,
/ ka(z,2) — ka(y, 2)|9dm(z) < Cd(z, y)N 1=,
d(z,z)<2d(x,y)
* if N<q(N—a+l),
/ ka(@,2) = ka(y, 2)|%dm(z) < Cd(ar,y) N~V =),
d(z,z)>2d(z,y)

Proposition 3.4. If f = J,g and a+ S <1 for o, >0,

f)P // (2)|P
< .
//X><X d(z,y) N+(a+6)pd y)dm(z) < C XX d (z,2) N+,Bp Ny dm(z)dm(z)

In particular, as J, is bounded in LP,

. BB a+pB
Jao: prp — prp .
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Proof. Using f ko = 1, by Holder’s inequality we have
|f(2) = fF)” <

<C / lg(x) = 9(2)P|ka(z, 2) — ka(y’z)|dm(z)>
B(z,2d(z,y))

p/p’
X </ |ka(xﬂz)ka(yaz)|dm(z)>
B(z,2d(z,y))

+C (/ l9(x) = g9(2)|P|ka(@, 2) — ka(y, Z)|0pdm(z)>
B(z,2d(z,y))°

/

p/p
x </ |ka(z, 2) — ka(y, Z)l(le)p/dm(z)> :
B(z,2d(z,y))°

By the previous lemma, if we find 0 < 6 < 1 such that N < (1 —0)p'(N — a+ 1), we get
[f(@) = fy)lF <
< Cdzgy= | 9(2) — 9(2) P IRa(a,2) ~ baly, 2)ldm(:)

B(z,2d(z,y))
+ Cd(l‘, y)fN+pa+0p(N7a)

x/ 19(2) — 9(2)Plka(@s2) — Ealy, 2)|*Pdm(z).
(z,2d(x,y))°

With this, to conclude the theorem it will be enough to prove

ko (7, 2) = ka(y, )| 1
dm(y) < C—————.
~/d(rc,z)<2d(:r,y) d(:[,’, y)NJr,Bera ( ) d(IL', Z)NJrﬁp

and for the other part

/ |ka(ac,z) _ka(yv'z”epdm(y) S C 1
(

d(x,z)>2d(x,y) d(JU, y)2N+Bp—0p(N—oz) d(I, Z)N+ﬁp '
e For the first one, if d(z, z) < 2d(x,y) then d(y, z) < 3d(z,y) and by using the bound for k,,
|ko¢(xa Z) — ka(yv Z)|
dm(y) <
/d(z,z)<2d(:v,y) d(x7 y)N+,6’p+a

<C / . ( o ) dm(y)
B d(z,z)<2d(z,y) d(.’l?, y)N+,(3p+oc d(.]?, Z>N_a d(ya Z)N—a ,

then we consider two cases,

— if d(y,z) < 3d(z,z) < 3d(z,y), then

/ 1 < 1 N 1 )d () <
— —a myY) =
d(y,z)<3d(z,z)<3d(z,y) d(xv y)N+,8p+a d(l’, Z)N d(y7 z)N

1 1
< C—/ ———~—a dm(y)
d(xv Z)N+ﬁp+a d(y,z)<3d(z,z2) d(yv Z)N_a
1
< .
- Cd(:r’ Z)N+ﬁp7
— if §d(x,2) < d(y, 2) < 3d(,y),
/. (25 s ) dm) <
Sd(z,2)<d(y,z)<3d(z,y) d .1? y N+,6‘p+a d d<ya Z)N_a N
1
<Co——x— / N7 ara dmy)
2N e yy>d(e,z) 2 AT, y)NPoPTe
<
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e For the second one, if d(z,z) > 2d(x,y), then d(x, z) ~ d(y, z) and by property 5 in 3.1,

ko (2, 2) — kal(y, z)|6p
/d(x,z)>2d( (J,‘7 y)zN"rﬁp—Qp(N—a) dm(y) <

z,y) d
L d(x, )"
< Co——pn—aiD / : dm(y)
d<x7z)9p(N—(x+1) d(,2)>2d () d(x’y)QN-‘,-Bp—Gp(N—a)
1
<(C——mn-—
- d(x7 Z)N"rﬁp

as long as N + fp < Op(N —a + 1).

Finally, both conditions over 6 can be rewritten as
N+Bp<bp(N—-a+1) <N+ (1-a)p,

and there is always a value for 0 satisfying them, for § < 1 — a. O

We have now the following result regarding Sobolev regularity.

Proposition 3.5. Let f, g satisfy, for a.e. x,y,

(@) = f(y)] < d(z, )" (g(x) + 9()),
with g >0, > 0. Then for a >0 and o+ < 1,

[Jaf(@) = Jaf(y)| < Cd(z,y)* P (Mg(z) + Mg(y)).

In particular, if p > 1,

Jo : MPP — MOt

Proof. Once again, using [ ko = 1, and proceeding as in the Lipschitz case,

|Jaf (@) = Jaf(y)] < /X |f (@) = f(2)l[ka(®, 2) — kaly, z)|dm(2)
1 1

X,z B x z mlz
=¢ B(gc,2d(:c,y))d( ’ ) (g( )+g( )) (d(xvz)Na - d(y’z)Na> a ( )

z,2)2(g(z z 7d($,y)
+C B(z,2d(z,y))° d( 7 ) <g( )+g( >)d(x72)N7Q+1
< Cy(x)d(z,y)**F + Cd(x,y)* "’ Mg(z)
+ Cd(z,y) g(x)d(z,y)* + Cd(z,y)’ Mg(y)d(z,y)*
1
dw, ) @)
< Cd(z,y)* P (Mg(x) + Mg(y)).

+ Cd(x, y)g(z) + Cd(z,y) Mg(x)

d(z, y)'~e+P)

4 Potential spaces L“?

In this section we define potential spaces L%P and see they are Banach spaces. We prove they are embedded in
certain Sobolev and Besov spaces, and that Lipschitz functions are dense. We finish the section with Sobolev
embedding theorems for L%P.

For o > 0, we define the potential space

LYP(X)={feLP:3ge P f=Jug} = Jo(LP)

10
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and equip it with the following norm

[fllap = Ifllp + nf = lglp-
9€Ja  ({F})

a

Proposition 4.1. L*? is Banach.

Proof. To prove completeness, we will show the convergence of every absolutely convergent series. Let (f,) be
a sequence in L*P such that

Y lfallay < oo
n

In particular, Y || fnllp < 0o, so the series >, f, converges in L? to some function f. For each n, take g, in
LP with f, = Jog, and

lgnllp < [[fallap +27"

then clearly Y ||gn|l, < co and ) ¢, converges to some g € LP. Finally, as J, is continuous in L?,

f:an:ZJagn:Ja (Zgn) = Jag

so f € L%P and

n

Q*ng

k=1

< + — 0.

P

F=> "t

k=1

o,p p

O

Remark 4.2. ||Jag|la.p < 2|l9llp, so it is continuous from LP onto L*P. In particular, as L> N LP is dense in L?
for 1 < p < oo, we get that J, (L N LP) is dense in L*P.

The following theorem shows that ‘potential functions’ have Hajlasz gradients, and this leads to some
interesting results, such as Lipschitz density and embeddings in Sobolev spaces.
Theorem 4.3. Let f = J,g for some g such that f is finite a.e.. Then if 0 < o < 1,

[f(z) = f(y)] < Cad(z,y)* (Mg(z) + Mg(y))

for every x,y outside a set of measure zero. If « > 1, then for each f <1 we get

[f(x) = f(y)| < Capd(z,y)" (Mg(z) + Mg(y))

for every x,y outside a set of measure zero.

Proof. Assume first o < 1. Let d = d(z, y),

F(@) - F)] < /X 19(2) o, 2) — Koy, ) dm(2)

< / +/ =1+1I.
B(z,2d) X\ B(z,2d)

In I we have

1 1
9(2)|————dm(z) + C 9(2) | ———
B(;c,Zd)l ( d(x, z)N=« (2) B(y,3d)‘ ( )ld(’y»z)N_a

< Cd*(Mg(z) + Mg(y)),

I1<C

and for I1, as d(z, z) ~ d(y, z) we get

I1<cCd / lg(2)]d(z, z) =N +H1=Ddm(z)
B(z,2d)°

11
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< Cdd= =Y Mg(z) = Cd*Mg(z).

Let now a > 1 and fix 0 < 8 < 1. Observe that the bound for I also holds in this case, and for d(z,y) < 1 we
get

[ <Cd*(Mg(x) + Mg(y)) < Cd’(Mg(x) + Mg(y)).

We now divide X\ B(z, 2d) in two regions (and use in both cases the fact that d(z, z) ~ d(y, 2))

d
9(2)| ——7——=dm(z) <
/ngd(z,z)<5 ( )|d(x,z)N—a+1 (2)
/ I ——
S g 2N amiz
2d<d(z,2)<5 d(z, z)N—(a=5)
< Cd’Mg(x);

and if d(z,z) > 5, as d(y, z) > 4 we can use the other bound for differences of k, (property 6 in 3.1)

d
———wrardm(z) < CdMg(x) < Cd’Mg(z).
/d(r,z)>5 |g(z)‘d(x7z)zv+a+1 m(z) < CdMg(z) < C g(x)

Finally, if d(x,y) > 1, as |f| < Mg,
[f(x) = f(y)] < C(Mg(x) + Mg(y)) < Cd(x,y)*(Mg(x) + Mg(y)).
O

Corollary 4.4. Let 1 <p < oo. If0 < a < 1, then L®P < M®P. For a > 1, L%P < MP? for all 0 < § < 1.
Corollary 4.5. Let p=o00. If0 < a < 1, then L™ < C“. Fora > 1, L% < CP for all0 < f < 1. In
particular, functions in L are continuous for all o > 0 (after eventual modification on a null set).

From this last result and remark 4.2, we get the following density property.
Corollary 4.6. Let 1 < p < 0o and o > 0. Then CP N LYP is dense in L*P for all0 < f < a if a < 1, and
forallO< B <1lifa>1.

As alast corollary of theorem 4.3, since M g is a Hajtasz gradient for potential functions, we get the following
Poincaré inequality.

Corollary 4.7. Let 0 < a < 1 and f = Jng for some g such that f € L}, then for each ball B we get

loc?

][ If = fBl < Cdiam(B)a][ Myg.
B B

Now, regarding Besov spaces, as M P — By for 1 < p < oo and 0 < € < «, from 4.5 we obtain for a <1
L*P — Bp €. This also holds true for By ©. First, a lemma.

Lemma 4.8. Let 0 < o < 1 and q > 0 satifying (N —a) < N < g(N 4+ ¢ — «). Then there exists C > 0 such
that, for every z € X andt >0

/f k(@ 2) — ka(y, 2)|%dm(y)dm(z) < CEN—aN—),
X J B(x,t)

Proof. Consider

Al = {(x,y) : d(xvy) <t d(xvz) < Zt};

Ay ={(z,y) : d(z,y) < t,2t < d(x,2)}.

12
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Integrating over A;, we get

// %lea(x, z) = ka(y, 2)|*dm(y)dm(z) < C ko (z, 2)|2dm(z)
Ay B(z,3t)

1
B(z3t) d(z, 2)1N=a)

< CtN*Q(N*Oé)’

<C dm(x)
and the last inequality holds because N > g(N — «).

In As we have d(z, z) ~ d(y, z), and then, as d(z,y) < t,
1
//A erka(az,z) — ko (y, 2)|%dm(y)dm(z) <
2

1 1
éth[/A Wmdm(y)dm(:ﬂ)
1

<ot / .
X\B(z,2¢) d(, 2)IN+1—a)
< OV I < oy maVme),
given N < ¢(N +1 — ).
Proposition 4.9. Let f = Jog, 0 < a <1 and 1 < p < oo, then for t > 0 we get

Epf(t) < Ct%[lgllp

Proof. If p < o0,

@)= 10 < ( [ Pralar) - ka<y,z>|i+$|g<z>|dm<z>)

(
< ([ 1hate2) ~ Kol 2l Pam(:))

X </X |ko (2, 2) — ka(y,z)|dm(z))p/p/ .

By lemma 3.3 for ¢ =1, as d(z,y) <t and o < 1,

[ Wae.2) — hay.2)ldm(z) < Ct°
X

SO

[ A 1@ = fpant)dn() <
X J B(x,t)

ap/p’ ) 2)|dm m(x z2)[Pdm(z
< ct /}((/X][B(mw %) — kaly, 2)|dm(y)d ()) lg(2)Pdm(z)

and by lemma 4.8 (also taking ¢ = 1)
[ £ @) - swPam(dm(z) < cir e gl = cevlgl,
X J B(x,t)
For p=o00,as a < 1,
Esf(t)= sup |f(z)— f(y)l

d(z,y) <t

<C sup d(z,y)*(Mg(z)+ Mg(y))
d(z,y)<t

< Ctgllco-

13
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We can now conclude the following embedding in Besov spaces.

Corollary 4.10. Let 1 <p < oo and 0 < a < 1. Then for 1 < q < oo and 0 < ¢ < o we have L™ — By .
For q = co we obtain L*P —» B;“,oo-

Proof. Let f = J,g. By the previous proposition, if ¢ = oo,

/]

Bg.. =Iflp+ jggt‘“ pf () < C|lfllap-

And for 1 < ¢ < o0, as we also have E,f < C|f||,.

1 dt 1/q
gz <+ € ([ B, 1005 )

1
LA\ C
<Clfly+Clall ([ #9%) < ol o

O

We finish this section with Sobolev-type embedding theorems for potential spaces. First we need a lemma.

Lemma 4.11. For o > 0 and ¢ > 0 satisfying (N — a) < N < q(N + «), there exists C > 0 such that for
every x € X,

/ ko(z,y)4dm(y) < C < co.
X

Proof. By lemma 3.1,

X B(x,4) (y) XX\B(Q:A)(y)

q
Ko, y)" < Cd(a:, y)a(N—a) d(z,y)sN+e)’

and restrictions over ¢ guarantee integrability. O

Theorem 4.12. Let 1 < p < oo and a > 0. The following embeddings hold for L*P

a. Ifp< %}
LYP — L9
* 1 o 1
forp < q < p* where - =1 — &.
b. pr:%, then for p < q < oo,
LYP — L4,
If in addition o« < 1,
LYP — BMO.
c. If p> & then for p < q < oa
LYP — L9,

If in addition o < 1+ N/p,

LoP < Co N,

14
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Proof. a. We know L*? — LP (for || f|l, < |/f|la,p), then if we prove L*P — LP*, by an interpolation argument
we are done. This follows from |J, f| < Cl,|f], as (N — a)p’ > N and for any ¢ > 0 we get

f@l<c [ L 400 EAC)

B(ap) d(z,y)N X\B(z,t) Az, y)N =
< Ot M f(z) + CtN= O gy,
= CtOM () + Ct= || ]
This last expression attains its minimum for ¢t = CMf(;U)*p/NHng/N, and for this value of ¢ we obtain

|Jof ()| < OM f(x)P/P"

Flaee,

and as p > 1, boundedness of the maximal function implies
[ Vst dm < iy [ 0apyam < cisy

b. Let N/a = p < g < 00, so there exists a > 1 such that

1

L
g N a

In particular a(N —a) < N (and also N < a(N + «), as a > 1), so by the previous lemma

/ ko(z,y)*dm(y) < C < 0.
b's

Let now f = J,g with g € LP, as % = ﬁ + % by Hélder’s inequality we obtain the following Young-type
inequality

|f($)|S/Xk‘a(x,y)a/q+a/p/|g(y)|p/q+p/a/dm(y)

. (/X ko, y)“dm(y)) v

< Clglr ( /. ka<x,y>ag<y>pdm<y>)l/q

(here we use a/q + a/p’ =1 and p/q + p/a’ = 1) and

/X|f(x)\qclm(m)gC||g||gp/f“/X/Xka(:c,y)a\g(y)\pdm(y)dm(w)

< Ollgllp @+ = Cllgl2.

Moreover, if a < 1, by Poincaré inequality for any ball B,
a/N
f 11 - sal < Catan(B)® Mg < Conmy (f (1))
B B B

a/N
<o ([ atare) " <l
and we conclude
I fllermo < Cllflla,N/a-

c. For the first part, again by interpolation it is enough to prove L*P — L*. If f = J,g with g € L?,

1F(@)] = [ ag(x)] < /X ()9 () dm(y)

15
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<ol ([, ka<x,y>p’dm<y>)l/p/

< Cliglly < Cllfllap

as long as p'(N — «a) < N < p/(N + «). The second inequality is trivial for p’ > 1 and the first one is
equivalent to pa > N.

Assume now a < 1+ N/p. Then

\</|k (2,2) — kaly, 2)llg(2)]dm(z)

<l / bz, 2) <,z>p’dm<z>)w

—p'(N—a) N
< Cllglpd(z,y) 7 = Cllgllpda, y)*™?

if p(N —a) < N <p'(N—a+1). The first inequality is once again equivalent to p > N/«, and the
second to & < 1+ N/p.

O

5 The inverse of J,

In this section, with the fractional derivative D, as defined in [GSV], we prove conditions for the composition
(I + D) J, to be inversible in LP for 1 < p < oo, which in turn will lead to inversibility of J,. We follow the
techniques used in [Hz|, proving

”I_ (I""_Da)Ja”LP*)Lp <1

by rewriting the operators in terms of (Q:)¢>o instead of (S¢)¢~0, and applying the T1 theorem for Ahlfors
spaces (see [Gal).

Let a > 0. Define

dt

o0
na(ac,y):/ at_“s(:v,y7t)7.
0

This kernel satisfies

1

na(z,y) ~ W

and

na(z,y) = na(z’,y)| < Cd(z,2')(d(x,y) Ada’,y)) VT,

The fractional derivative can be then defined as
Dof@) = [ maleu)(f(@) = F)im(y).

see for instance [GSV], whenever this integral makes sense (for instance if f has sufficient regularity of Lipschitz
or Besov type).

Let us now rewrite the operators with Q; = —t%St. Assume f € C) for some a < v <1, then
toz 1
0= [ ket = [ [ s @)
a—1 1

:/0 (1«1;7#*)5”0( 2)dt _/0 i(w) S f (w)dt

16
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Sif(x)

> < 1 d dt
P 7t7 -
T+i|, +/0 1t < dtstf(x)) t

=/0°O @ ®

14+t

where we have used S;f — f when t — 0 and S;f — 0 when ¢t — oco.
On the other hand, we obtain
Do f(z) = / na(@,9) (F(2) — £(3))dm(y)
/ / ot~ Ls(z,y,8)(F(z) — £(y))dtdm(y)
1 *d -
= [ ettt - sutenar = [ 4 07 (8150 - fonde
C(Sf@ - ) [ . .d it
- &S +/0 ¢ <tdtStf(x)) <
:/OO f@@tf(x)%,
0

where we have used that S;f — 0 when ¢t — oo and that |S;f(z) — f(a:)| < Ct7. Since we also have

f(@) = - /0 & 5. ()t = / Qif(

we get

1+ D)1 = [ @+ )Quf @)Y

0

This way,

R /N y dd
t+0hf= [ [ =TT

1= [ et

(I—(I+Da)Ja)f:/OOO/OO (1_ij‘:>QQtfdtds
/ / 1+_t o QQtfﬂ%
- [Pa- ([ rrmreenr ) §

and as we also have

we conclude

For each v > 0 we define

Toof = / Qquf

and, following [Hz], if we can prove

1T fllp < Cap(0)[| £l

with

/ 1= 02Ca ()P <1
0 v

17
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for a small enough, we will obtain

o o dv
0=+ DIl < [ =0T 1,5 < 11,
and therefore (I + D, )J, will be inversible for those values of a.

To prove the boundedness of Ty, ,, we will use the T'1 theorem as presented in 2.1. As a first step, we need
to show T, is a singular integral operator, for which we need to find its kernel.

Lemma 5.1. For u,v >0, x,z € X,

‘/x Q(x,y,u)Q(y,z,uv)dm(y)‘ <C (v A UN1+1> ulNX(d(L )(u).

FICES RES

/000 m /Xq(a:,y,u)q(y,z,uv)dm(y)d?u <C (v/\ 11)) d(TalZ)—N

Proof. The second inequality follows immediately from the first one. For this one, as

As a consequence,

q(z,y,u) = 0 when d(z,y) > 4u; q(y, z,uv) = 0 when d(y, z) > 4uv,

for the product to be non zero d(z,z) < 4u(v + 1) must hold. If v > 1, as [ q(z,y,u)q(z, z,uv)dm(y) = 0,
[ etz yim)| -
X
= ‘/ q(l’, Y, u)(q(yv Z, UU) - q(m, Z, uv))dm(y)
X

< C/ L d@y) oy <ot ]
B(

N N+1 N oON+1
oau) U (uv)N+ ulN yN+

and if v < 1, as [ q(z, z,u)q(y, z,uv)dm(y) =0,
[ ety 2wty -
X
> '/ (Q(xa Y, u) - q(xv Z, u))q(yv Z, uv)dm(y)
X

dly,z) 1 1
< d <(C—
- C’/B(Z 4uv) ulN+t (UU)N m(y) o CUNU

Let now f,g € C? with disjoint supports, and let = € supp(g). Then

> 1
Ta,vf(m) :/0 1+ (uv) Ququf

_ /0 h m ( /X o(z,y,u) ( /X a(y, 2, uv) f(z)dm(2)> dm(y)) %

and from the previous lemma we have this integral converges absolutely, so we can change the order of integration
and obtain

(Tont. ) / / Nao (2, 2) f(2)g(x)dm(z)dm(z),

where
° 1 du
Naw(,2) :/0 W/Xq(x,y,U)q(y,z,uv)dm(y)f.

u

From the previous lemma, N, ,(z,2) < C (v A %) W. To see that T, , is a singular integral operator
we need to check the smoothness conditions for the kernel N .

18
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Lemma 5.2. For u,v >0, z,2',2€ X and 0 < § < 1, it holds

‘/}((q(w,y,u) - Q($/7y7u))q(y,z,uv)dm(y)‘ <

d(z,2')\"° 1L\ 1
gc(u Ué/\vN—s-l UTVX(MOO)(U)

A(vt+1)

From this we obtain

/O°° % /X(Q(x,y,u) - q(ml,y,U))q(y,z,uv)dm(y)?‘ <

(uv)®

d(l‘,l‘/)l_é ont 4
= @) ndw )V ( " v) '

Proof. As in the other lemma, the second inequality follows from the first one. We consider two cases: If v > 1
y d(z,z’) > u, by that same lemma,

’/X(q(:ay,u) - 4(95/7y,u))q(y,z,uv)dm(y)’ <

1 1
<O NN <X< e ioo) () TX (220 ) (“)>

4(v+1)° 2(v+1
1 1
< CW uwx(d(z’jgﬁf§f"z) ’Oo> (u)

1 1 d(x,x") -0
< CWWX(d(m,z)Ad(w/,z)7w> (U) <—‘ .

4(v+1) u

And for d(x,2’') < u, the integrand will be nonzero only if d(x, z) < 4u(v+ 1) or d(z’, z) < 4u(v + 1), so
‘/ (q(fﬁ, Y, ’U,) - q(xl7 Y, u))Q(yu 2, uv)dm(y)’ =
X

= ‘/X(Q(x, y,u) — q(z',y,u)(q(y, 2, w) — q(a, z, uv))dm(y)‘
1

1
<Cd N d d
N (=@ )UNH (uv)N+1 B(x,4u)UB(z’ ,4u) (@ y)dm(y)

11 d(z, ')

A(v+1) U
1 1 d(z,z") -0
= Cmuwx(d(z’j@ﬂ?"z’,oo) (u) (u .

For the case v < 1, on one hand by the previous lemma we obtain
[ ) = e vt ()| <
X

1
= C”uTX ( JCBVEICHS ’OO) (u),

on the other hand

[ ) = ot etz o)t <
X
d(z,z") 1
< C N x,z)ANd(x!,z 5
- u uNX<4d< St oo) w)

and by combining both inequalities we get

‘/X(Q(I,y,u)q(l’/,y,u))q(%zym})dm(y)‘ <

d(z, x' |
< C? (()) a X (At o) (u).

U 4(v+1) ’
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For the rest of the section, we fix 0 < 6 < 1. Joining both lemmas we conclude

Theorem 5.3. T, is a singular integral operator. Its kernel N, , satisfies

1\’ 1
N(I'U bl S - 7;
|Now(z,2)| < C (v/\ U> L
and for 3d(z,z') < d(z, z),

1 d(z,z") =0

é
|Now(z,2) — Na,v(x/azﬂ <C (1} A U) W

and

5 _
1 d(x,z')1=0
[Nao(2,2) = Naw(z,2')| < C (U A U) d(z, z)N+1-8"

To prove each T, , is a Calderén-Zygmund operator, and thus bounded in LP, we will use the 71 theorem.
The next lemma proves the other conditions needed.

Lemma 5.4. T, , satisfies

Towl=0,

Totvl =0,
and for f,g € C2(B), for some ball B,

§
(Tt < € (vnd ) B 113l

Proof. The first equality is immediate, the second uses the fact that ¢ is symmetrical.

Tt 9) = [ ([ Nowlas i) ) gl

JA e

X gl g, w)aly,  wo)dm(y)

:/Xf(z) </X No*t’v(z,:v)g(x)dm(l")) dm(z) = (f,T5..9)

f(z)dm(z)g(z)dm(z)

so clearly T3 ,1 = 0.
For the third one, as
<Ta,vf7 g> =

(oo}

_ / ﬁ /X /X /X q(x,y,U)Q(y,Z>uv)f(Z)g(x)dm(y)dm(z)dm(x)%u

we observe that the triple integral inside may be estimated in three different ways

e Firstly,

A—\ [ ][ etz ) st an )

1 1
< el (01 53757 7 [, [ Xototoony (him()am(z)
BJB

< CUlalm B/~ (vA s ) m(B) (0 + 1)

<c ( A 1) flslalsm(B)+29/N
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e Secondly, using the fact that [, q(z,y,u)q(y, z,uv) f(y)g(z)dm(z) = 0,
A= ‘ /X /X /X a(@, 9, W)y, 7 w0) (f(2) — F()g(@)dm(z)dm(y)dm(z)
z B miz)am m\x
< Clflsllglos /B ]{3 » ]i o Ay () im ()
< Clflslglsm(B) I (u)?
uv B
<0 (o) alalam(m) /%,

e And lastly, it also holds

m(B)?
(uw)N

A <Ol flloollgllo

uv

_N
<0 (i) Ulalalam(z) .

By taking an appropriate combination of the previous three inequalities, we have

A:‘ [ ] ateuiato. s un) s Glataram)dn im(o)

=C ( " 1)6 <<m<gw>ﬁ : <m<§>m> N) ) [Fslglsm(B)+2/N,

and conclude

6
(Taufig) < C (v A %) Flslglsm(B)+2/,

Thus the T'1 theorem holds for each Ty, ,, and we get
Theorem 5.5. For 1 < p < oo and 0 < § <1 the following holds

)
1
ol <Gy (072 ) 151

The fact that the LP-constant of T, , is bounded by the constants appearing in Theorem 5.3 and Lemma,
5.4 follows the same ideas that the Euclidean case (see for instance [Gr]).

From this result, as for a < § we have

dv «

||I — (I"‘Da)JaHLPHLP S / |]. - 'UaH|TOé7v||Lp4)Lp7 S Cpﬁ
0 v 0% —

so we obtain the estimate we were looking for and we can conclude

e Forany 0 < a <1, I — (I 4 Dg)Jq, and thus (I + Dg)J,, is bounded in L?
e There exists ag < 1 such that, for a < ay,
I = (I + Da)JallLr—rr <1,
and thus (I + D, )J, is inversible (with bounded inverse) in LP. As J, maps LP onto L*?P,
(I + Do) Jo) ™ (I+ Do)Jo = Idpe
so J, is inversible with inverse J 1 : L*? — LP given by

It =+ Do)Ja) " (I + Dy).
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6 A characterization of L*? in terms of D,

For 0 < @ < 1and 1 < p < oo, we proved that, if f € L*P then f € LP (this holds for any o > 0 and
1<p<oo)and (I+ D,)f € LP, so

If f € L®P, then f, Do f € LP,
moreover,

[Dafllp < Cllfllap-

For the case o < ag, we obtain the reciprocal.

Theorem 6.1. Let 1 <p < oo and 0 < a < ag. Then
f e LY if and only if f,D,f € L?,
Furthermore,
[fllecp ~ NI+ Da) fllp-
Proof. We have already seen in this case J, : LP — L“P is bijective, and therefore I 4+ D,, is also bijective. If
[, Do f € LP, define
9= I+ Da)Ja] " (I + Da)/f.
we get g € LP and
Jag = Jo [(I+ Da)Ja] " (I + Da)f = Jod3'(I+ Do) "I+ Do)f = f.
We also get

a,p = ||f||p + H‘]a_lpr
< OIS fllp = CINI + Da)Ja] ™t (I + Do) £l
<O+ Da)fllp-

/]

O

We can also characterize functions in L®? in terms of the Riesz potential I, as follows. In [GSV] and [Ga],
it is proven there exists 0 < &g such that, for a < &y, the operator D, I, is inversible in LP, 1 < p < co. Thus
we obtain

Corollary 6.2. For a > 0 satisfying a < ag A &g and 1 < p < oo, we get
f € LYP if and only if f € LP and there exists v € LP with f = 1,7.

As another corolary, the following embeddings hold, which follow from the fact that D, f € LP for f smooth
enough.

o If 0 < a< apand e > 0 satisfies 0 < a4+ ¢ < 1, for 1 < p < oo we have

MOH-G,p s L&P s MP,

o If 0 <a<apand 0 < e < asatisfies 0 < a+¢e <1, for 1 <p < oo we have
a+te€ o,p a—e
By, = L*" <= BJ*.

o If 0 < a< agand > 0 satisfies a < f < 1, for 1 < p < oo we have

LPP ey [P,
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As a final result, we show that in R", for a@ < ayp, the space L*P coincides with the classical L*P.

Let (St)¢>0 be an approximation of the identity as constructed in the introduction, from a function h. Let
H(x) = h(|z|) and Hy(x) =t "H(x/t). Then

o Tif(@) = & [0 (570) f()dy = [ Hi(x = 9)f (9)dy = Ho = f(@);
o I}1=[Hy= [H =cy for every t > 0 and z € R", then ¢ = —Handw_l
« Suf =3 HosHysf = f( Ht*Ht)( — ) f(y)dy.

o s(z,y,t) = (éHt * Ht) (x —y).

We will see that

S(.’L’,y,t) = (Pt(l' - y)
where ¢ is radial. Observe

Ht*Ht(x):t;n/H<x y)H(i’)dyz}i/H(f—z)H(z)dz

_ tln(H*H)(x/t) — (H * H), (2).

Besides, if p is a rotation, as H is radial, we get
H x H(pr) = /Hm:— dy—/H plx—p~'y))H(pp~'y)dy

— [ H =g ) )y = o H(a),

This way, if ¢ = C%H x H, we will have
H

1
THt * Ht = ¢t-
H

With this expression for s, we obtain

V dt | 1 x—y\ dt
na (@l = / ot~ s(z,y,t) 2 — / ataqs( )
o t tn t )t

_ 1 : /00 au”Jra(i)(uel)d—u _ Cn,a,<¢>+
|z —y["te Jo u |z -yt

and the last integral converges because ¢ is bounded and compactly supported.

Now, recall that for 0 < o < 2,

fw) - 1),

|z — y[rte

@af(m) =DP.V. Can

and that for those values of «,

feLxPifandonly if f,2,f € LP.

From the previous result, we get
Daf = Cn,a,h-@afa
and thus
fe LY ifand only if f, D, f € L”.
In conclusion, for 0 < « < ag, by the characterization theorem the spaces L*P(R™) are independent from

the choice of h in the aproximation of the identity (S;), and they coincide with the classical space

ap _ pap
L LYP,
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