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Abstract

We study the local approximation properties in hierarchical spline spaces through
multiscale quasi-interpolation operators. This construction suggests the analysis of
a subspace of the classical hierarchical spline space [VGJS11] which still satisfies
the essential properties of the full space. The B-spline basis of such a subspace can
be constructed using parent-children relations only, making it well adapted to local
refinement algorithms.

Keywords: adaptivity in isogemetric analysis, hierarchical splines, quasi-interpolation,
local refinement

1 Introduction

Local adaptivity in numerical methods for partial differential equations makes possi-
ble to solve real problems leading to a suitable approximation of the desired solution
without exceeding the limits of available software. When considering isogemetric meth-
ods [HCBO05, CHBO09], from a theoretical point of view, the design of efficient and robust
strategies for local refinement constitutes a challenging problem because the tensor prod-
uct structure of B-splines [dV01, S07] is broken.

Hierarchical B-splines (HB-splines) based on the construction presented in [K98, K97,
VGJS11] are a promising approach, because their construction and properties are closely
related to the ones of hierarchical finite elements. Moreover, truncated hierarchical B-
splines (THB-splines) have been introduced in [GJS12], where their use as a framework
for isogeometric analysis that provides local refinement possibilities has been analysed;
see also [GJS14]. Local approximation estimates for hierarchical spline spaces have been
studied in [SM14] using quasi-interpolants described in terms of the truncated hierarchical
basis while the use of THB-splines in conjunction with residual based error indicators has
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been proposed in [BuGil5] under a few assumptions on the meshes. It is important to
remark that truncation is indeed a possible strategy to recover partition of unity and
convex hull property. On the other hand, the procedure of truncation requires a specific
construction that entails complicated basis function supports (that may be non convex
and/or not connected) and their use may produce a non negligible overhead with an
adaptive strategy.

In the present paper, we take the point of view of classical hierarchical B-splines and
we study their structure with a special attention to all those properties that may be
needed or may facilitate their use with an adaptive isogeometric method.

When considering an underlying sequence of nested tensor-product spline spaces and
the corresponding B-spline bases, a particular way of selecting B-spline basis functions
from each different level in order to build a hierarchical basis H has been established
in [K98] (see also [VGJS11]). This hierarchical basis H enjoys some important properties:

e 7{ is a set of linearly independent B-spline functions.

e [t is possible to identify uniquely the basis H from the knowledge of a hierarchical
mesh.

e All functions in the coarsest underlying tensor-product spline space belong to the
hierarchical space spanH.

e Under certain assumptions about the hierarchy of subdomains associated to H, it
is possible to define a multiscale quasi-interpolant operator in spanH obtaining
optimal orders of local approximation.

e Any enlargement of the hierarchy of the subdomains associated to H gives rise to
a refined basis H* in the sense that spanH C span H*.

On the other hand, unlike tensor-product B-spline bases, the functions in the hierar-
chical basis H do not constitute a partition of unity. If we consider the corresponding
coeflicients {as}ger C R in order to form such a partition, i.e.,

Zaﬁﬁ =1, (1)

BEH

it is known that the coefficients az are nonnegative, but in fact, some of them can be
equal to zero.

In this article we analyse the local approximation properties of hierarchical splines
spaces through the construction of a multiscale quasi-interpolant operator. Kraft [K98|
has introduced such a operator for the case of bivariate spline spaces on infinite uni-
form knot vectors and has studied its pointwise approximation properties. We extend
his results to the case of open knot vectors with possible multiple internal knots in d-
dimensional domains, for d > 1, and we also provide local approximation estimates in
Li-norms, for 1 < ¢ < oo.

Furthermore, we propose a new hierarchical spline space, through a construction of a
set of basis functions named H that satisfies all important properties just listed above.
In particular, HC ‘H, and therefore, in general, the new hierarchical space span?—[ may
be smaller than span H. However, the new basis is easier to manage and to update when



ISSN 2451-7100
IMAL PREPRINT # 2015-0030 Publication date: July 23, 2015

performing local adaptive refinement, and in this case, the coefficients for (1) are strictly
positive.

This paper is organized as follows. In Section 2 we introduce the notation and the
assumptions for the underlying tensor-product spline spaces to be considered, and in
Section 3 we briefly introduce the standard hierarchical B-spline basis and prove some
results which will be useful later. In Section 4 we construct a multiscale quasi-interpolant
operator and study the local approximation properties in hierarchical spline spaces. In
Section 5 we define the new hierarchical B-spline basis and prove some of its basic prop-
erties. Finally, we conclude the article with some final remarks in Section 6.

2 Spline spaces and B-spline bases

Univariate B-spline bases Let &,, = {fj}?ifﬂ be a p-open knot vector, i.e., a
sequence such that
Ozfl :"':£p+1 <£p+2 < - Sgn <£n+1:"’:€n+p+1: L,

where the two positive integer p and n denote a given polynomial degree, and the cor-
responding number of B-splines defined over the subdivision =, ,, respectively. Here,
n > p+ 1. We also introduce the set Z,,, := {Cj}?zl of knots without repetitions, and
denote by m; the multiplicity of the breakpoint (;, such that

Ep,’l’b:{gl""7(1;\627“'7C2}“‘§’FL7“"CT~L}7
Vv

VvV vV
m1 times ma times msp times

with Z m; =n + p—+ 1. Note that the two extreme knots are repeated p 4+ 1 times, i.e.,
i=1
mi = mz = p+ 1. We assume that an internal knot can be repeated at most p+ 1 times,
ie,m; <p+1forj=2...,n—1
Let B(Z,,,) == {b1, b, ..., b,} be the B-spline basis (cf. [dV01, SO7]) associated to the

knot vector £, ,,. The local knot vector of b; is given by

Zp, =4 Eprih

which is a subsequence of p + 2 consecutive knots of =, ,,. We remark that

supp b; = [, §jprl-

Let Z(Z,,) be the mesh defined by

I(Ep,n) = {[<j7Cj+1] |] = 1a te >ﬁ - 1}

For each I = [(j, (j11] € Z(Z,,) there exists a unique k = >>7_ m; such that I = [&, &)
and & # 1. The union of the supports of the B-splines acting on [ identifies the support
extension I, namely

I:= [fk—;n §k+p+1]-
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Let =y := Z,,, be a given p-open knot vector. We consider a sequence {Z;}sen of
sucessive refinements of =, i.e.,

E0CZC..., (2)

where =, is a p-open knot vector, and =, C =y, means that =, is a subsequence of =, 1,

for £ € Ny. In other words, condition (2) says that if £ is a knot in =, with multiplicity

m, then ¢ is also a knot in =, ; with multiplicity at least m, for ¢ € Ny.
Let B, := B(Z;) be the B-spline basis, for ¢ € Ny.

Definition 2.1. Let 8, € B, be given and let =g, be the corresponding local knot vector.

Let Eg“;ﬂ) C Z¢4+1 be the knot vector obtained from =g, after inserting the knots of =44
which are in the interior of supp ;. We say that 8,11 € Byyq is a child of 8, € By if the
local knot vector of .1, which is denoted by =g, ,, is a subsequence of E(;;l). In other
words, the children of g, are the B-splines in B, whose local knot vector consist of p+ 2
consecutive knot of E(ﬁiﬂ). We let

C(Be) := {Bes1 € Buy1| Bey1 is a child of f}.

Conversely, if 8,11 € Byyq is given, we define the set of parents of Gy, by

P(Bet1) == {Be € Be| Beyr 1s a child of B}

It is easy to check that the last definition means that 8,1 € B, 1 is a child of 5, € B,
if and only if

(i) minZg, < minZs,,, < maxZg,,, < maxZg,.

(ii) If £ € Z3,,, matches any of the end points of Zg,, then the multiplicity of £ in Zg,
is less or equal to the multiplicity of £ in Zg,.

In particular, notice that if Sy, is a child of 3, then supp B, 1 C supp Be.

Since =, C =1, using the so-called knot insertion formula, all B-splines of level ¢ can
be written as a linear combination of B-splines of level £ 4+ 1. More precisely, if 5, € By,
then,

Be=">_ s, (BB, (3)
Be+1€C(Be)
where the coefficients cg,,, (8;) are positive, and C(f;) C By is the set of children of j3,.

Tensor-product B-spline bases Let d > 1. In order to define a tensor-product
d-variate spline function space on  := [0,1]? C R? we consider p = (p1,p2, .-, pa)
the vector of polynomial degrees with respect to each coordinate direction and n :=
(n1,n2,...,n4), where n; > p; + 1. For i = 1,2,...,d, let =, ,, = {fj(-z)}?flpiﬂ be a
pi-open knot vector, i.e.,

0=¢6P == <, <<l el = =0 =1,

where the two extreme knots are repeated p; + 1 times and any internal knot can be
repeated at most p;+1 times. We denote by S, , the tensor-product spline space spanned
by the B-spline basis Bp ,, defined as the tensor-product of the univariate B-spline bases

4



ISSN 2451-7100
IMAL PREPRINT # 2015-0030 Publication date: July 23, 2015

B(Zpm)s---BEpn,) Let Qpn be tensor-product mesh consisting of the elements
Q = I; x -+ x Iy, where I; is an element (closed interval) of the i-th univariate mesh
Z(Zpm), fori=1,....d.

As we did for the univariate case, we consider a given sequence {S;}nen, of tensor-
product d-variate spline spaces such that

S CcS CSCSC..., (4)
with the corresponding tensor-product B-spline bases denoted by
BOa 817827 B37 )

respectively. More precisely, if p = (p1,pa,...,pa) is given, for ¢ € Ny, Sy := Spn, 18
the tensor-product spline space and By := By, y, is the corresponding B-spline basis, for

some ny = (nf,n5,...,n%). In order to guarantee (4), we assume that if £ is a knot in
Epint with multlphclty m, then £ is also a knot in up et with multiplicity at least m,

fori=1,...,d and ¢ € Ny. Furthermore, we denote by Q¢ := Qpn, the tensor-product
mesh and we say that ) € O, is a cell of level £. We state some well-known properties of
the B-spline basis functions that will be useful in this presentation [dV01, S07]:

e Local linear independence. For any nonempty open set O C €2, the functions in B,
that do not vanish identically on O, are linearly independent on O.

e Positive partition of unity. The B-spline basis functions of level ¢ form a partition

of the unity on 2, i.e.,
Z f=1, on ). (5)
BEB

e Two-scale relation between consecutive levels. The B-splines of level ¢ can be written
as a linear combination of B-splines of level ¢ + 1. More precisely,

Bi= > s, (B)Bw, VB EB, (6)
Be+1€C(Be)

where the coefficients cg, , (8¢) are positive and can be computed using the corre-
sponding coefficients in the univariate two-scale relation (3) and Kronecker prod-
ucts. Here, C(5;) is the set of children of f3,, and we say that Sy € Bpyq is a
child of B, if the i-th univariate B-spline which defines [, is a child of the i-th
univariate B-spline defining (,, for each coordinate direction i = 1,...,d.

Remark 2.2. Notice that if we define cg, , (3¢) := 0 when 3, is not a child of 3, then
equation (6) can be written as
Bi= > s (BB, VB EBy (7)
Be+1€B8e41

In particular, we remark that

C(Be) = {Brr1 € Beya | e, (Be) > 0} C{Bey1 € By | supp Bra Csupp S} (8)

Finally, we also consider the set of parents of ;.1 € Byy1 given by

P(Bes1) :={Be € Be| By is a child of 3}
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3 Hierarchical B-spline basis

Definition 3.1. If n € N, we say that Q, := {Qg, Q,...,Q,} is a hierarchy of subdo-
mains of ) of depth n if

(i) € is the union of cells of level £ — 1, for £ =1,2,...,n.
(i) 2= D% D+ D 1 D02, =0.

We now define the hierarchical B-spline basis H = H(£2,,) in the following recursive
way

Ho = B(),
Hopr :={8 € He| supp S & Qi1 } U{B € Bpy1 | supp B C Qo }y £=0,...,n—2.
H = anl-

If Dy :=Hy \ Hesq, then

Dy ={B € He|suppB C Qp1} ={B € By | suppf C Qpy1}.

Notice that in order to get Hyy 1 from H, we replace the set D, by

{B € Byy1| supp B C Qi1 }-

Moreover, it is easy to check that

n—1

H=|J{BeB|suppB C QAsuppB ¢ U1} (10)

=0

We say that f is active if § € H. The corresponding underlying mesh Q = Q(€2,,) is
given by

n—1
Q= J{Qe U | QU AQZ U}, (11)
=0

and we say that ) is an active cell is @) € Q, or that @ is an active cell of level ¢ if
QeQngy.

Our definition of the hierarchical B-spline basis H is slightly different from the one
given in [K98, VGJS11], because they consider the domains €, the cells 7 and the
function supports as open sets. That definition does not allow to rebuild the hierarchical
space uniquely from the only knowledge of the hierarchical mesh (i.e., the active cells of
each level); see for example [K98, Figure 2.5] or [K97, Figure 2].

We know (cf. [VGJS11]) that functions in #H constitutes a linearly independent set
and that

Sy = span By C span H.

Unlike the B-spline bases B, for tensor-product spline spaces, the hierarchical B-spline
basis H does not constitute a partition of the unity. Instead, we can prove the following
result.
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Lemma 3.2. (Partition of unity in H ). Let H be the hierarchical B-spline basis associated
to the hierarchy of subdomains of depth n, €, = {Qo, N, ..., Q,}. Let ag, := 1 for all
Bo € By and

s = Y. agCa,(B). VB € Brar, supp Brpr C Qua, (12)

Be€By
supp B¢Co41

fort=0,1,...,n—2. Then,
Zafgﬁzl, on €.
BEH

Remark 3.3. In view of the linear independence of functions in 4, we have that the set
{ag}pen is uniquely determined. On the other hand, we remark that the definition (12)
depends on the hierarchy of subdomains €2,,, and that the coefficients ag are defined not

only for 8 € H but also for g € UZ;OI{BZ € By | supp B C 4}

Proof. By (5) we have that } ;, ag = 1, on . Assume now that for a fixed ¢
(0<€<n—2), > 5c4,as8 =1, on 2. Thus, using (12) and (7) we have that

Z agf = Z agf + Z By, Bt

BEH 11 BEH, Be+1€Bey1
supp BZ Qe 41 supp Be+1CQ+1
= > wBt ), asb
BEH, Be€By
supp SZ €11 supp B¢ C2p41
=) asp.
BEH,
Thus., ZBGMH agf E.l, on . .
Finally, the proof is complete regarding that H = H,,_;. O]

Notice that in the last lemma ag > 0, for all B € H. The next result characterizes
the functions f whose weight as is equal to zero.

Theorem 3.4. Let By 1 € Byyy be such that supp Bey1 C Qpyq, for some £ =10,1,... ., n—
2. Then, the following statements are equivalent:

(i) ABpry = 0.
(ii) ¥ B € P(Beg1), (ag, >0 A suppfe C €y = suppfe € Qp1).
Proof. From (12), we have that ag,,, = 0if and only if for all 3, € By, with supp 8y C Qp41,
ag, =0 or Cﬁe“(ﬁf) =0,

or, equivalently, if and only if, all parents 3, of 841 with ag, > 0, satisfy supp 5y ¢
Qoiq- ]
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Notice that there is no function §y € By satisfying ag, = 0. Now, the last theorem
implies that ag, = 0 for 5, € By with supp 81 C ; if and only if all its parents are active.
Roughly speaking, €27 is too narrow around supp ;. Notice that, as soon as one of the
B1’s parents is deactivated, ag, will become positive in the new configuration.

We conclude this section with the following result, which states that each deactivated
B-spline of level £ can be written as a linear combination of functions in the hierarchical
basis of the subsequent levels, i.e., £+ 1,..., n— 1.

Lemma 3.5. Let H be the hierarchical B-spline basis associated to the hierarchy of sub-
domains of depth n, Q, = {Qo,Q,...,Q,}. Then,

n—1
Dy C span (7—[ N U Bk> , (13)

k=t+1
fort=0,1,...,n—2.

Proof. Notice that (13) holds for £ = n — 2 due to (7). Let us assume that (13) holds
for some ¢, and prove that it holds for ¢ — 1. Let 8,1 € Dy,_;. Since [,_1 € By_1 and
supp Be—1 C €24, we have that

Bea= > caBe)Be= Y eaBe)Be+ D, ca(B1)Br

Be€B, Be€By BeEHNB,
supp BeC8 supp B¢ C 41
Thus, £,_1 € span (’H N UZ;; Bk), which concludes the proof. n

4 Approximation properties and quasi-interpolation

Let €, := {Q0,,...,Q,} be a hierarchy of subdomains of 2 of depth n and let Q be
the hierarchical mesh given by (11). Let H be the hierarchical basis defined in (10).

A multiscale quasi-interpolant operator has been introduced by Kraft [K98|, where
pointwise approximation estimates were established, for the case 2 = R2, where there is
no boundary. There, the (infinite) knot vector in each direction considered for building
the initial tensor-product space Sy was the set of the integer numbers Z, and then dyadic
refinement is performed to obtain the subsequent levels. In particular, we extend the
Kraft construction to the case of open knot vectors with possible multiple internal knots.
Moreover, we present a multiscale quasi-interpolant operator which provides suitable local
approximation orders in L?-norm, for any 1 < ¢ < oo.

For each coordinate direction 7 = 1, ..., d, we assume that the sequence of knot vectors
{E,, ¢ been, satisfies:

e The sequence of meshes {Z,, ./ }en, is locally quasi-uniform with parameter 6; > 0.
We let 0 := max;—; __q0;.

e The meshsize in each direction is at least halved when moving from a level to the
next one, i.e.,

1
hysri < §h£,i, (14)

for all £ € Ny, where hy; is the maximum length of the intervals in Z(Z, ).

8
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Remark 4.1. Notice that if the initial knot vectors for each direction, i.e., =, .0, 5, 9,
<y Spgml, are chosen arbitrarily and we perform dyadic refinement for obtaining the
subsequent levels, we will obtain a sequence of meshes which satisfies the two conditions

just stated.

In order to define the multiscale quasi-interpolant operator in the hierarchical space,
we need to introduce first some local quasi-interpolant operators Py, for { =0,1,...,n—1,
satisfying certain suitable properties. These last operators can be defined using the ideas
from [LLMO1], where each operator is defined using a underlying local approximation
method.

A local approximation method. We recall that p := (py,p2,...,ps) and denote
by P, the set of tensor-product polynomials with degree at most p; in the coordinate
direction z;, for i =1,2,...,d. Let N :=dimP, = 0L, (p; + 1).

Let ¢ € Ny be arbitrary and fixed. For Q) € Q, given, we consider the basis B :=

{B? e ,ﬂ]%} of P, consisting of the B-spline basis functions in B, which are nonzero
on Q.
Let Ig : LY(Q) — P, be the L%-projection operator defined by
[-mapg=0.  wger, (15)
Q
Notice that
N
Mof =) A(NEP.  Vfel(Q). (16)
i=1
where A2(f) := (A2(f), ..., A%(f))T is the solution of the linear system
MQX = FQ,
where
Mg = (/ 5?5?) eRVN and Fy = (/ f,@f?) e RV
Q i,j=1,....N Q i=1,..,N
Since Tl preserves polynomials in Py, we have that {A\? : L'(Q) = R|i=1,...,N}
is a dual basis for By in the the sense that
1 ifi=j
M9y =7 , ,j=1,...,N. 17
i (B7) {07 it i, (17)

As a consequence of the L>-local stability of the B-spline basis we have the following
result (cf. [BGGS15]).

Lemma 4.2. Let q be such that 1 < q < co. Let Q € Q; and let Il : L'(Q) — P, be
the L*-projection operator defined by (15). Then, there exists a constant Cp g > 0 which
depends only on p and 0 such that

IN2(N)llso < Cosl@7 flloy Y f € LUQ),

where X2(f) = A2(f), ..., AL(fNT are the coefficients of Tlo(f) with respect to the local
basis By as given (16).
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A locally supported dual basis. For /=0,1,...,n— 1, we define wy as the union of
the elements of level ¢ whose support extension is contained in €2y, i.e.,

we=J @

QEQ
QCLYy
where Q denotes the support extension of Q, given by Q = U supp 8. In other
BEB,
supp SOQ

words, w, consists of the elements of level ¢ where the full tensor-product space of level ¢
can be exactly represented in the hierarchical space.
Let

B, ={8€B,|3Q € Q; : Q CsuppfNuwy}, (18)

and
Sy, i=spanBy,,.

We remark that By, C {f € B¢|suppf C €}, but in general, By, & {8 €
B | supp 8 C €}, see Figure 2 below. The goal of this paragraph is to define a dual
basis for the multivariate B-spline basis By, , i.e., a set of linear functionals

s : L'(Q) = R|B € By,

1,  ifi=
such that g, (53;) = 0. i
presented in [LLMO1] together with the local L*-projection defined in (15). Roughly
speaking, we define the functional Ag as a local projection onto some (s € Q, such that
Qs C supp B Nw,. More precisely, for each 8 € By,,, we choose Qs € Q, such that

Qs C supp B Nwy and let

, for all 3;,8; € By,. We will use the technique

Ag i= A2

0

where iy = iy(5, @) with 1 < iy < N is such that @?ﬂ = [ on Q.
As an immediate consequence of (17) and Lemma 4.2 we have the following result.

Proposition 4.3. Let {\g : L'(Q) — R |3 € By, } be the set of linear functionals just
defined above. Then, the following properties hold:

(i) Local support: If Qs denotes the element in Qp chosen for the definition of Az, then
Ag is supported in Qg, i.e.,

VFEL(Q), fi,, =0 = Ms(f)=0.

L, ifi=7

1) Dual basis: For 3;, 8; € By,, Mg, (8;) = e
(ii) Dual basis: For B By € Br. As (5) {07 il

(111) L9-Stability: If 5 € By, and f € LI(Qg),
[As (N < Coal@sl™ 7l Loy (19)

10
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Localized quasi-interpolant operators in the tensor-product spaces. Now, we
are in position of defining a quasi-interpolant operator for each level ¢, using the dual
bases introduced in the previous paragraph. For ¢ = 0,1,...,n — 1, let P, : LY(Q) —
span By, C S¢ be given by

Pfi= ) M(N)B,  YfeLi(Q) (20)

ﬁelgﬁ,wz
The next result summarizes the main properties of F;.

Theorem 4.4. For { = 0,1,...,n— 1, let P, be the operator given by (20). Then, the
following properties hold:

(i) Py preserves splines in S,,, i.e., Pis =s, for all s € S,,.
(i1) Py is supported in wy, i.e.,

0 =  Pf=0 (21)

VfeLiQ). f,

(111) For all s € Sy,

Pis = s, on wy.
(iv) Stablility: The quasi-interpolant operator Py satisfies
1Pef o) < CsllfllLawn, V€ L (w), (22)
where the constant Cs > 0 only depends on p and 6.

(v) Approximation: Let s := (s1,$2,...,54) be such that s; < p; + 1, fori=1,2,...,d.
For f € L3(Q) :=={g € L,.(Q)| Dig € L), 0 <r; < 53,0 =1,...,d},

loc

d

1f = Pefllzoy < Ca > b3,

=1

D3 fllLay), (23)

where the constant Cy > 0 depends on d, s, p and 6.
Proof. (i) This is an immediate consequence of Proposition 4.3 (ii).
(ii) This follows from (19) and (20).
(iii) This is a consequence of (i) and (ii).
(iv) Let @ € Qy such that @ C €. Taking into account (19) and (5) we have that
Pfl < max As(A)] < ORI I fllrugnu: o0 @

supp 8DQ

for all f € L9(w,), where Q = U supp 8. Here, the constant C' > 0 depends on p

BeEB,
supp 80Q

1Pefllze@) < CllfI La@rwy)- (24)

and 6. Then,

11
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Now, (22) follows from the last equation.

(v) Let @ € Qy such that ) C w,. By results on multidimensional Taylor expansions,
there exists py € P, such that

d
1f _pQHLq(Q) < OTZhZZZHDZZf

i=1

|La@) (25)

where the constant C7 > 0 only depends on d, s, p and 6. Taking into account (24), (iii)
and (25) we have that

1f = Peflla@) < If = pllza) + 1pg — Pefllza)
= ||f = pglla@) + 1 Pe(pg — )llLa@)
<(A+O)|f _pQHLq(Q)

d
<(1+C)Cr Y hy,

=1

Dt

0@
Now, (23) follows. O

A multiscale quasi-interpolant operator. Let P, be the operator given by (20), for
each £ =0,1,...,n — 1. We define IT : L9(Q)) — span H by

HO = P(),
Hg_H = Hg—i—Pg.H(id—Hg), (= 0,...,71—2. (26)
II .= anl'

Remark 4.5. Notice that Theorem 4.4 (i) implies that Pys = s, for all s € Sy. Thus, as
an immediate consequence of the definition of 1T given in (26), we have that

IIs = s, Vs e S,

i.e., I preserves splines in the initial level and in particular, tensor-product polynomials
in Pp.

Remark 4.6. Taking into account the definitions of IT and P, given by (26) and (20),
respectively, we have that

n—1 n—1
H:Lq(Q)—>ZSW = {Zé‘g | se€S,,, EzO,l,...,n—l}.
=0

£=0

When restricting to a fixed wy, the following result allows to write the multiscale
quasi-interpolant II in terms of the operators Py, Pyy1,...,P,_1.

Theorem 4.7. If
Wn—1 C Wp—9 C -+ Cwy Cwy C Wy,

12
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then

n—1

If =Pf+ > Puf—Parf), on wy, (=0,1,....,n—1),
k=0+1

for f e LI(Q).
Before proving Theorem 4.7 we state the following elementary result.

Lemma 4.8. For f € L1(1),
I, f = B f, on wy, (l=0,1,...,n—1).

Proof. Let 1 < ¢ < n—1and f € LI). Since II,_1f € S_1 C Sy, by Theorem 4.4
(iii), we have that PiIl,_yf = II,_1f, on wy. Now, the definition of II, yields II,f =
oo f + P(f —Tl_1f) = Pof, on wy. O

Proof of Theorem /.7. From the definition of II given by (26) we have that

n—1

M=I,+ Y Puid —Iiy).
k=0+1

Now, since wy, C wg_1, using that Py is supported in wy (cf. (21)) and Lemma 4.8 we have
that

n—1 n—1
Y Pid-Iy) = > Pid—Pioy),
k=041 k=t+1
which concludes the proof. O]

Now, we state and prove the main result of this section.
Theorem 4.9 (Quasi-interpolation in hierarchical spline spaces). Assume that
Wn-1 C Wpo C -+ Cwo Cw Cuwp.
Let s := (s1,82,...,84) be such that 1 < s; < p;+ 1, fori =1,2,...,d. IfI1: LYQ) —

span H is the multiscale quasi-interpolant given by (26), then,

d
1f = T1f o) < Ca(l+2Cs) > b

i=1

D f

| La(e,) ¢=0,1,...,n—1,

for f € L3(9).

13
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Proof. Let f € L3(£2) and let £ be such that 0 < £ < n—1. Then, using Theorem 4.7, (22),
that wy C wy_1, (23) and (14), we have that

n—1
1f =T o < I = Pefllioqn + D I1P(f = Pocrf)ll Lo
k=¢+1

n—1

=/ = Pefllzsn + D 1P = Picif)llzoee)

k=0+1

n—1
<\ f = Pefllzawn +Cs Y I = Pect fllzogn

k=(+1
n—1
<If = Pefllzan + Cs D I1f = Peoi fllogo
k=(+1
d n—1 d
< Ca (Z Bl D3 flloe +Cs 3 > hallDsf |Lq<9k_l>>
i=1 k=41 i=1
d n—1 1
AT —) il
k=(+1
d
< Ca Z (1 O gks ) Rl D Fllzacoo)
d
-y (1 ) sl D% o
[
Remark 4.10. If the hierarchy of subdomains €2, := {Qq, Q1,...,$,} satisfies
Qy C wy_1, (=1,...,n, (27)

we say that the mesh Q is strictly admissible (of class 2, cf. [BuGil5]). In particular,
if the mesh if strictly admissible, in view of [GJS14, Proposition 20|, we have that the
functions in the truncated basis [GJS12] which take non-zero values on any active cell
belong to at most two different levels.

Notice that if a mesh is strictly admissible then satisfies

Wn—1 C Wp_o C -+ Cwo Cw; Cuwp. (28)

On the other hand, in Figure 1 we show some non strictly admissible meshes which
satify (28).

We conclude this section by applying Theorem 4.9 to the case of strictly admissible
meshes. More precisely, we obtain optimal rates of convergence in each level of the
hierarchical mesh when considering the asymptotic behavior (cf. [SM14, Example 2]).

14
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% T s ﬁ

Figure 1: Some examples of four-level meshes for splines of maximum smoothness; we consider
quadratics (p = 2) on the left and in the middle, and cubics (p = 3) on the right. In all cases,
the meshes are not strictly admissible but they satisfy (28). The domains w, wy and ws are
highlighted in grey from the lightest to the darkest.

Corollary 4.11. Assume that each level is obtained by dyadic refinement of the elements
of the previous one (see Remark 4.1). If the mesh is strictly admissible (cf. (27)), then,

d
If = fllzoon < CYhglI D3 flla@y, — (E=1,....n),
=1

for all f € L3(2), where the constant C > 0 depends only on d, s and p.

5 A new easier hierarchical spline space

Assume that we have already computed the set #H, for given ¢ (cf. (9)). Now, in or-
der to compute H,.; we need to select the new B-splines to be added, ie., {f €
Bii1 | supp S C Q1) Once we know the B-spline basis functions to be deactivated
Dy ={p € By| supp f C Q41}, notice that it is not enough replacing the functions in D,
by their children, because in general,

U C(B) & {B € Bet1| supp 8 C Qi1 }-

BED,

In Figure 2 we show some examples of this situation. This observation suggests a
simplified way of selecting B-splines at different levels which consists in adding solely the
children of the deactivated functions. Doing so, we obtain a new hierarchical space whose
basis that we call H = H(£2,) is defined as follows:

/)f[() = Bo,
721%1 = {ﬁeﬁﬂsuppﬁgZQgH}U U C(B), (=0,...,n—2.
d (29)
BEH,
~ ~ supp BCQp41
H = Hn—l'

15
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[ "

Figure 2: Some examples of two-level meshes for cubic splines (p = 3) of maximum smoothness.
In both cases, the highlighted B-splines of level 1 have support included in 21, but they are not
children of any deactivated B-spline of level 0.

In this case, if D, := H, \ Hy1, we have that

Dy ={B€He|suppB C Qi1} C{BEBy|suppB C i1}, (30)

but now, we can get 7-[g+1 from H, by replacing the B-splines in D, by their children.

Thus, it seems that building the basis  is easier than the basis . In particular,
there is no need of traversing the mesh in order to identify the B-splines to add in each
recursive step of (29). However, as an immediate consequence of the following lemma we
have that

HCH,
and therefore, in general, span 7 can be smaller than span .

Lemma 5.1. 5
He C Hy, ¢(=0,1,...,n—1. (31)

Proof. Notice that (31) holds for £ = 0 due to Ho = Ho = By. Now, using mathematical
induction and taking into account (30) and (8) the proof can be completed. O

Thus, since that H C H, when considering the basis H instead H for discretizations in
isogemetric methods, it will be important to understand which functions we are discarding
from the basis and the properties of the space spanH. Regarding the set of coefficients
{ap}pen for the partition of unity in H (cf. Lemma 3.2) and using Theorem 3.4, we can
establish the following characterization for functions in #.

Theorem 5.2. For ¢ =0,1,...,n—1,
Ho={B € Hy¢|ag > 0}. (32)

In particular,

7‘2:{667‘[’&5>0}.

16
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Proof. Since that ag = 1, for all 5 € By, we have that (32) holds for £ = 0. Assume now
that (32) holds for some ¢ and prove that it holds for ¢ + 1.

Let g € 7-2@“. If g e 7-lg+1 N H,, using the induction hypothesis we have that
ag > 0. On the other hand, if 8 € Heyq \ He, there exists 5, € H, N P(B) such that
supp 5 C €241 and Theorem 3.4 yields ag > 0. Thus, by Lemma 5.1 we have that
Hepr C {ﬁ € Hosr | ag > 0}.

Now, let 8 € Hq1 satistying ag > 0. If 8 € H,y1 NHy, using the induction hypothesis
we have that § € 7:[g+1. On the other hand, if § € Hpq \ He, we have that § € By
and supp 8 C Q1. Thus, using Theorem 3.4 we have that there exists 8, € P(/3) such
that ag, > 0 and supp 5y C €241. The induction hypotesis now implies that £, € H, and
therefore, § € Hyi1. In consequence, {f € M1 | az > 0} C Hepq, which concludes the
proof. O

Notice that the functions in H are linearly independent because # C H. On the other
hand, from (29) it follows that

span H, C span Hei1, (=0,1,...,n—2, (33)
and therefore, taking into account that 7—20 = By and Ho1 = 7:[,
Sy = span BBy C spanH.

Remark 5.3. Since span B, C span #, we have that tensor-product polynomials in Py,
belong to span H.

In the Section 5.1 we study the local approximation properties of the space span H,
through multiscale quasi-interpolant operators.

Finally, taking into account Theorems 5.2 and 3.4 we can prove the analogous result
of Lemma 3.5 when considering the basis 7.

Lemma 5.4. Let H be the hierarchical B-spline basis defined by (29) associated to the
hierarchy of subdomains of depth n, S, := {Qo, Q1,...,Q,}. Then,

n—1
D, C span (7—2 N U Bk> , (34)
k=(+1
fort=0,1,...,n—2.

Proof. Notice that (34) holds for £ = n — 2 due to (6). Let us assume that (34) holds
for some ¢, and prove that it holds for ¢ — 1. Let 8,1 € Dy_y. Since [,_1 € B,_; and
supp Be—1 C €2y, we have that

Bioa= Y cuBe)Be= Y e (Be)Be+ D, ca(Bea)bBe

Be€C(Be—1) Be€Dy Be€C(Be—1)\De

Thus, £,_1 € span <7—~l N UZ;; Bk>, which concludes the proof. O

17
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5.1 Quasi-interpolation and local approximation properties in
span H

In this section we assume that each level is obtained by dyadic refinement of the elements
of the previous one (see Remark 4.1). The following related auxiliary technical result will
be useful. The proof is presented in the Appendix 1.

Lemma 5.5. Let By, be the set of B-splines defined in (18), for £ = 0,1,...,n — 1.
Then,

Biiwn, C |J €, (=01,..n-2

BEB,
supp BCQ 41

This lemma allows us to prove the following proposition, which, together with the
results presented in the previous section, show that the space spanH is rich enough, and
in particular contains all the local spaces span By,,.

Proposition 5.6. Assume that
Whp-1 C Wp9g C+++ Cwy Cwy Cwy. (35)

Then, 3
Bﬁ,wgCHb E:O,l,...,n—l.

Proof. Taking into account the definition of H, given in (9) and the characterization of
H, in (32), we have that {8 € By | supp C Q A ag > 0} € Hy, for £ =0,1,...,n— 1.
On the other hand, for 8 € B,,,, we have that supp 8 C €2, and thus, ag is well-defined
(cf. (12)). Thus, it will be enough to prove that

B, C{B € Bilag > 0}, =0,1,...,n— 1. (36)

Notice that (36) holds for ¢ = 0 due to ag, = 1 > 0, for all fy € By = By, Now,
assume that (36) holds for some /. Let 841 € Brjiy,,,- In view of Lemma 5.5, there
exists 5y € P(Bey1) such that supp 5, C Q1. Moreover, taking into account (35), the
definition of Byy1,,, implies that there exists Qo1 € Qpy1 such that

Qe+1 C supp Brs1 Nwesr C supp Be N wy,

which in turn yields g, € By,. Finally, taking into account the induction hypotesis, we
have that ag, > 0 and now using Theorem 3.4 we conclude that ag,,, > 0. O

In view of Remark 4.6, the immediate consequence of Proposition 5.6 is that the
multiscale quasi-interpolant operator defined in Section 4 does construct interpolating
functions belonging to H and not only to #. Thus, the approximation estimates from
Theorem 4.9 apply verbatim to H. We express this fact in the following simple corollary.

Corollary 5.7. Assume that
Wp—1 C Wp—o C -+ Cwo Cwy; C wyp.

Let 1 < g < o0 and 11 : L9(Q)) — spanH be the multiscale quasi-interpolant operator
defined in (26).Then, )
IT: LYQ) — spanH.

18
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5.2 Refinement of hierarchical spline spaces

When thinking of hierarchical splines within a refinement and an adaptation process,
it is very important to have a precise link between the enlargement of the hierarchy of
subdomains €, = {Qg, Q1,...,Q,} and the refinement of the corresponding hierarchical
space. This issue has been addressed for classical hierarchical splines in [GJS14] and here
we address it for H.

Definition 5.8. Let €, = {Q0,Q4,...,Q,} and Q},, = {9, QF, ..., Q5 Q1) be

n

hierarchies of subdomains of €2 of depth (at most) n and n + 1, respectively. We say that
Q| is an enlargement of §2,, if

QgCQZ, (=1,2,...,n.

Let €7, be an enlargement of £2,. Now, the corresponding hierarchical B-spline
basis H* and refined mesh Q* are given by

H* = U{ﬁ € By | supp S C  Asupp B 0,4},
=0

and
n

= {Qex | Qcy AQ¢z 0}

=0
In [GJS14] has been proved that

span’H C span H". (37)

Let {a}}per- denote the sequence of coefficients (with respect to the hierarchy €27, ;)
given by Lemma 3.2. Thus, we have that

Z agf =1, on €2,

BeH*

and thus, we can consider

H ={B € H" |a; > 0}.
The following theorem establishes the analogous of (37) when considering the basis H.

Theorem 5.9. 3 .
spanH C span H".

In order to prove this result we need the following auxiliary lemma.

Lemma 5.10. If 8 € B, and supp 8 C €y, for £ =0,1,...,n— 1, then

a}g > ag.
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Proof. The assertion holds for £ = 0 due to a3 = ag = 1 for all § € By. Now, assume
that for some ¢ we have that

ag, > ag,, for 8, € By, such that supp B, C Q. (38)

Let fy11 € Beyr such that supp B0 C Q. Since Q4 C Q7,4, using (38) and the
definitions of ag,,, and aj,  , we have that

as,. = > ahes(B)= Y ahean(B) = Y agcs,,(B) =ag,,.

Be€By . Be€B, Be€By
supp B¢ C82 supp B¢ Cy1 supp BeC€py1

]

Proof of Theorem 5.9. Let 8 € H and let £ be such that 3 € B,. Since supp § C Q, C 7,
we have that 8 € Hj. On the other hand, Lemma 5.10 implies that aj > ag > 0, and (32)

yields € 7:[2‘ Finally, taking into account (33) we have that § € span H*. ]

6 Concluding remarks

In this paper, after studying the approximation properties of hierarchical splines as de-
fined in [K98|, we propose a new hierarchical spline space, through a construction of a
set of basis functions named #, that enjoys several properties and may be considered as
a valuable alternative to truncated hierarchical splines [GJS12]. We can summarize and
comment upon our results as follows:

e The basis that we construct simplifies the implementation and data structures
needed to carry hierarchical splines because the refinement can be performed through
the parent-children relations between B-splines. Unlike the classical hierarchical
space, where algorithms traversing the mesh are needed to identify the new active
B-splines, we just add children of already active B-splines. Moreover, we believe
that our construction can be suitably used in conjunction with function-based er-
ror indicators, i.e., error indicators that mark functions (and not elements) to be
refined: in our framework, a marked function would be simply replaced by some of
its children. These aspects are studied in the forthcoming paper [BuGalb5].

e The weighted basis {az3 |8 € H} constitutes a convex partition of unity and has
the advantage of preserving simple basis function supports (only hypercubes) and
also, in principle, ask for the use of simple spline evaluation formulae.

e We have extended the multiscale quasi-interpolant proposed in [K98] to the cases of
general and open knot vectors and we have provided local approximation estimates
in L9%-norms, for 1 < ¢ < oco. This interpolant is built in a multiscale fashion, it
is not a projector in general and is not based on dual functionals, unlike the one
presented in [SM14] based on THB-splines. On the other hand, it verifies optimal
local approximation estimates.
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Appendix 1

Now we present the proof of Lemma 5.5. Here, if A and B are two knot vectors (i.e.,
sequences), we say that A C B if A is a subsequence of B. On the other hand, given two
arbitrary sequences A and B, we denote by AN B the largest subsequence of A and B.

Proof of Lemma 5.5. For clarity of presentation, we consider first the univariate case
d =1. Let p = p; be the polynomial degree and let ¢ be fixed satisfying 0 < ¢ < n — 2.
Let =y and =Z/;; be the open knot vectors associated to the spline spaces S, and Sp.q,
respectively. Let

EZJrl = {517 527 cee 7£#Bz+1+p+1}'

Let Be1 € Bryi,w,,,- Then, there exists @ € Qg1 such that Q C supp fry1 and Q C wyy1.
Thus, there exists k such that @ = [k, &r1]. By the definition of w1, we have that

Q = [Ghp, Ghrps1] C Qe

Notice that

EQ = {sz—p, ce 7§k:+p+1}
consists of 2p 4+ 2 consecutive knots in Z,, ;. Since =, is obtained from =, by dyadic
refinement, we have that #(Z5 NZ,) > p+ 1. If #(E5 N Z) = p + 1, it is easy to
check that we can add one knot § € Z, such that #((Z5 U {£}) N Z¢) = p + 2 and

{£e(EpU {€})NEs} C sy, Therefore, there exists Eg C =y such that

#E5>p+2, (55, NE) C(EgNE) CE5  {£€E5) T (39)

Let 7 := #(Z3,,, N Z¢) and notice that r < p+ 1. We consider two cases:

(i) minZg,,, or maxZg,,, matches a knot in Zp: By (39), there exists 8, € B, such
that EBZ+1 Nz, C =, C E% Thus, B € C(ﬁe) and supp B¢ C Q1.

(ii) Neither minZg, , nor maxZg, , match knots in Z;: Since Zg,,, = p + 2, in this
case < p. Thus, there exists §, € B, such that 25, NE, C Z5, C Eé Again,

Bey1 € C(Br) and supp Br C Q1.

Finally, for the multivariate case d > 1, we can apply this argument in each coordinate
direction. O
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