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DEMOCRACY OF HAAR TYPE SYSTEMS IN SPACES OF

HOMOGENEOUS TYPE

HUGO AIMAR, ANA BERNARDIS, AND LUIS NOWAK

Abstract. We explore the relation of the geometric structure of the under-
lying space and the democratic character of Haar systems in Lorentz spaces.

1. Introduction

Let (B, ∥.∥B) be given a Banach space. A countable set B of the unit sphere of
B is said to be democratic in B if for some positive constant D the inequality

(1.1)

∥∥∥∥∥∑
h∈F1

h

∥∥∥∥∥
B

≤ D

∥∥∥∥∥∑
h∈F2

h

∥∥∥∥∥
B

,

holds for every choice of finite subsets F1 and F2 of B with |F1| = |F2|. Here, as
usual, we write |F | to denote the number of elements in F .

The most classical example of democratic system is provided by any orthonormal
sequence in a Hilbert space. In fact, in such case (1.1) is an identity with D = 1.

As Temlyakov showed in [15], democracy in Lebesgue spaces on Euclidean spaces,
Lp with 1 < p < ∞, is a common property of all wavelet bases that are equivalent
to the Haar basis.

In [6] Garrigós, Hernández and Martell showed that the only Orlicz spaces on
Rn for which wavelet bases are democratic, are precisely Lebesgue spaces. In [16]
Wojtaszczyk showed that this is true also among all rearrangement invariant spaces
for the Haar system in [0,1] equipped with Lebesgue measure.

In [1] (see also [2]) was defined Haar type systems H (see Section 2 for the
definitions) in the context of the space of homogeneous type (X, d, µ) and was
proved that the systems H are unconditional bases of the Lebesgue spaces Lp(X,µ),
1 < p < ∞. Later on, in [14] was proved that the result can be extended to the
Lorentz spaces Lp,q(X,µ) with 1 < p, q < ∞. The aim of this paper is to show
that the results of democracy given in [16] and [9] for the classical Haar system and
the Lorentz spaces in the euclidean context can be generalized to the more general
context of the spaces of homogeneous type.

For Lebesgue spaces the result is the following

Theorem 1.1. Let (X, d, µ) be a space of homogeneous type and let H be a Haar
type system in X. Then H is a democratic basis for Lp(X,µ) with 1 < p < ∞.

2000 Mathematics Subject Classification. 42C15, 42B20, 28C15 .
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2 H. AIMAR, A. BERNARDIS, AND L. NOWAK

Moreover

(1.2)

∥∥∥∥∥∑
h∈F

h

∥h∥p

∥∥∥∥∥
p

≈ |F |1/p,

for each finite subset F of H.

In order to obtain a result for the Lorentz spaces analogous to the euclidean,
some particular distribution of mass is required. We call it the growth property
G for D. The precise definition is given in Section 2 and the growth property is
denoted by G. Following the lines of the proof given in [9] we can prove the next
statement.

Theorem 1.2. Let (X, d, µ) be a space of homogeneous type that admits a dyadic
family D satisfying property G and let H be a Haar system associate to D. If H is
democratic in Lp,q(X,µ) with 1 < p, q < ∞, then necessarily p = q.

When the dyadic family D, and therefore the Haar system associated to D, does
not verify the condition G, it is possible to define a Haar type system which is
democratic on Lp,q(X,µ) with p ̸= q, as shown in the following proposition.

Proposition 1.3. Let X be the set of real numbers of the form xn = 1
2n , n =

1, 2, .... On the subsets E of X we define the measure µ(E) =
∑

xn∈E
1
2n . In the

measure space (X,µ) the class of Lorentz spaces Lp,q is well defined, see Section 2.

For each positive integer i we define the function hi : X −→ R by

hi
n = hi(xn) =

 2
i−1
2 if i < n

−2
i−1
2 if i = n

0 if i > n

We shall use H to denote the family of all functions hi with i ∈ Z+. Then

(1.1.1) (X, d, µ) is a space of homogeneous type when d is the restriction to X of
the standard distance in R.

(1.1.2) H is an orthonormal basis for L2
0(X,µ) = {f ∈ L2(X,µ) :

∫
X
fdµ = 0}.

(1.1.3) For any 1 < p, q < ∞ we have that
∥∥∥∑h∈F

h
∥h∥p,q

∥∥∥
p,q

≈ |F |1/q, for each

finite subset F of H where the equivalence constants are independent of F .
(1.1.4) The system H is democratic in each Lp,q(X,µ) when 1 < p, q < ∞.
(1.1.5) No Lorentz space Lp,q(X,µ) with p ̸= q is a Lebesgue space on (X,µ).

Notice that in the above proposition, if we interpret the cubes in the dyadic
family in X as the intersection of standard dyadic intervals with the set X, we see
that at each level j ∈ Z+ we have only one of such cubes with nontrivial offspring:
(0, 2−j ]∩X. The example is related to some results about the subsequences of the
Haar system given in [16].

The paper is organized in the following way: in Section 2 we give the definitions
and known results. Sections 3 and 4 are devoted to prove Theorems 1.1 and 1.2,
respectively. In Section 5 we prove the statements in Proposition 1.3. Finally, in
Section 6 we show that Theorem 1.1 can be generalized to the weighted spaces as
in [11].
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3

2. Haar systems H and characterization of Lorentz spaces

Let us recall the basic properties of the general theory of spaces of homogeneous
type. Assume that X is a set, a nonnegative symmetric function d on X × X is
called a quasi-distance if there exists a constant K such that

(2.1) d(x, y) ≤ K[d(x, z) + d(z, y)],

for every x, y, z ∈ X , and d(x, y) = 0 if and only if x = y.
We shall say that (X, d, µ) is a space of homogeneous type if d is a quasi-distance

on X, µ is a positive Borel measure defined on a σ-algebra of subsets of X which
contains the balls, and there exists a constant C such that the inequalities

0 < µ(B(x, 2r)) ≤ C µ(B(x, r)) < ∞
hold for every x ∈ X and every r > 0.

It is well known that the d-balls are generally not open sets. Moreover, sometimes
some balls are not even Borel measurable subsets of X. Nevertheless in [13], R.
Macias and C. Segovia prove that if d is a quasi-distance on X, then there exist
a distance ρ and a number α ≥ 1 such that d is equivalent to ρα. Hence we shall
assume along this paper that (X, d, µ) is a space of homogeneous type with d a
distance on X, in other words that K = 1 in (2.1). In order to be able to apply
Lebesgue Differentiation Theorem we shall also assume that continuous functions
are dense in L1(X,µ).

The construction of dyadic type families of subsets in metric or quasi-metric
spaces with some inner and outer metric control of the sizes of the dyadic sets is
given in [5]. These families satisfy all the relevant properties of the usual dyadic
cubes in Rn. Actually the only properties of Christ’s cubes needed in our further
analysis are contained in the next definition which we borrow from [3].

Definition 2.1. The class D(δ) of all dyadic families. We say that D =∪
j∈ZDj is a dyadic family on X with parameter δ ∈ (0, 1), briefly that D belong

D(δ), if each Dj is a family of open subsets Q of X, such that

(d.1) For every j ∈ Z the cubes in Dj are pairwise disjoints.
(d.2) For every j ∈ Z the family Dj covers almost all X in the sense that µ(X −∪

Q∈DjQ) = 0.

(d.3) If Q ∈ Dj and i < j, then there exists a unique Q̃ ∈ Di such that Q ⊆ Q̃.

(d.4) If Q ∈ Dj and Q̃ ∈ Di with i ≤ j, then either Q ⊆ Q̃ or Q ∩ Q̃ = ∅.
(d.5) There exist two constants a1 and a2 such that for each Q ∈ Dj there exists

a point x ∈ Q for which B(x, a1δ
j) ⊆ Q ⊆ B(x, a2δ

j).

The main properties of a dyadic family D in the classD(δ) are contained in the
following result.

Proposition 2.2. Let D be a dyadic family in the class D(δ). Then

(d.6) There exists a positive integer N depending only on the doubling constant
such that for every j ∈ Z and all Q ∈ Dj the inequalities 1 ≤ #(O(Q)) ≤ N

hold, where O(Q) = {Q′ ∈ Dj+1 : Q
′ ⊆ Q}.

(d.7) X is bounded if and only if there exists a dyadic cube Q in D such that
X = Q.

(d.8) The families D̃j = {Q ∈ Dj : #({Q′ ∈ Dj+1 : Q
′ ⊆ Q}) > 1}, j ∈ Z are

pairwise disjoints.

IMAL PREPRINT # 2016-0032
                                                                ISSN 2451-7100 
                                   Publication date: March 15, 2016

Prep
rin

t



4 H. AIMAR, A. BERNARDIS, AND L. NOWAK

(d.9) There exists a finite and positive constant C such that µ(Q
′
) ≤ µ(Q) ≤

Cµ(Q
′
), for all j ∈ Z, every dyadic cube Q ∈ Dj and each Q

′ ∈ O(Q).

(d.10) There exists a constant α > 1 such that for every Q ∈ D̃ and all Q
′ ∈ O(Q)

we have that µ(Q) ≥ αµ(Q
′
).

For proofs of (d.6) to (d.8) see [3]. From (d.5), (d.6) and the doubling property
for µ we get (d.9). Finally from (d.5), (d.8) and the doubling property for µ we
get (d.10).

We shall now introduce the growth property G of a dyadic system D.

Definition 2.3. We shall say that a dyadic family D in the class D(δ) satisfies
the growth property G if

lim sup
|i|→∞

|D̂i| = ∞,

where D̂i = {Q ∈ D̃ : δi+1 < µ(Q) ≤ δi}.

This concept allows us to obtain from D̃ two types of finite sequences of disjoint
cubes,

(a) for each positive integer M a sequence of M disjoint dyadic cubes can be

selected belonging to the same level D̂j for |j| as large as desired,
(b) for each positive integer M a sequence of M disjoint dyadic cubes can be

selected belonging to different levels D̂ji , i = 1, ...,M with all the |ji| as
large as desired.

Even when we introduced property G as a property for a particular dyadic family,
it is not difficult to see that it actually is a property of the space. In fact, if D1

satisfies G then also any other D2 in D(δ) satisfies G.

In [1] (see also [2]) the authors show that for a given dyadic family D in the class

D(δ) there exist Haar type bases H, of Borel measurable simple real functions h,
satisfying the following properties.

(h.1) For each h ∈ H there exists a unique j ∈ Z and a cube Q = Q(h) ∈ D̃j such
that {x ∈ X : h(x) ̸= 0} ⊆ Q, and this property does not hold for any cube

in Dj+1. Moreover, each function h is constant in each cube Q
′ ∈ O(Q).

(h.2) For every Q ∈ D̃ =
∪

j∈ZD̃j there exist exactly MQ = #(O(Q)) − 1 ≥ 1

functions h ∈ H such that (h.1) holds. We shall write HQ to denote the set
of all these functions h.

(h.3) For each h ∈ H we have that
∫
X
hdµ = 0.

(h.4) For each Q ∈ D̃ let VQ denote the vector space of all functions on Q which

are constant on each Q
′ ∈ L(Q). Then the system { χ

Q

(µ(Q))1/2
}
∪

HQ is an

orthonormal basis for VQ.

From (h.1) to (h.4) and (d.9), we get the following two additional properties.
As usual, for a measurable function f , we write ∥f∥∞ = sup ess|f |.
(h.5) There exist two positive constants c1 and c2 such that the inequalities

c1µ(Q
′
)−1/2 ≤ ∥h∥∞ ≤ c2µ(Q(h))−1/2,

hold for each h ∈ H and each Q
′ ∈ O(Q(h)).
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5

(h.6) For each h ∈ H we have that

∥h∥∞χ
Q

′
h

(x) ≤ |h(x)| ≤ ∥h∥∞χ
Q(h)

(x),

for all point x ∈ X and some dyadic cube Q
′

h ∈ O(Q(h))).

Thus, from (h.5) and (h.6), there exist two positive constants C1 and C2 such that

(2.2) C1µ(Q
′

h)
1
p−

1
2 ≤ ∥h∥p,q ≤ C2µ(Q(h))

1
p−

1
2 ,

for each function h ∈ H where Q
′

h and Q(h) are the dyadic cubes given in (h.6)
and (h.1) respectively. Also, from (h.1) to (h.4) we obtain the following result (see
[2], [3]).

Theorem 2.4. Let D be a dyadic family on X such that D belong to class D(δ).
Then every Haar type system H associated to D is an orthonormal basis in L2(X,µ).

In the above Theorem and in the sequel we write Lp(X,µ), (p ≥ 1) to denote
the space Lp(X,µ) of all measurable functions f such that ∥f∥pp =

∫
X
|f |pdµ < ∞

when µ(X) = ∞ and the space Lp
0 = {f ∈ Lp(X,µ) :

∫
X
fdµ = 0} if µ(X) < ∞.

Now we introduce the Lorentz spaces in the general setting of measure spaces
(X,µ) such that µ is a σ-finite measure. We shall restrict our attention only to the
scale Lp,q with 1 < p, q < ∞. The basic source for the general theory of Lorentz
spaces is the paper of R. Hunt [10]. See also [12], [8] or [4].

Given a measurable real valued function f defined on X, we denote with λf

the distribution function of f , that is, λf (s) = µ({x ∈ X : |f(x)| > s}). The non
increasing rearrangement of f is the function given by f∗(t) = inf{s > 0 : λf (s) ≤
t}, for t ≥ 0.

For 1 < p, q < ∞, the Lp,q(X,µ) = Lp,q space is defined as the linear space of
all measurable functions f on X such that ∥f∥∗p,q < ∞, where

∥f∥∗p,q =

(
q

p

∫ ∞

0

(t1/pf∗(t))q
dt

t

)1/q

.

Notice that the Lorentz space Lp,p is the classical Lebesgue space Lp. The quantity
∥.∥∗p,q is not a norm. However, R. Hunt introduce in [10] a norm ∥.∥p,q on Lp,q(X,µ)
such that the topology given by ∥.∥∗p,q is equivalent to topology induced by the norm.

The following statements collect the main properties of Lorentz spaces that we
shall use later. For the proofs see [10] and [7].

(L1) (Lp,q, ∥.∥p,q) is a Banach space and ∥f∥p,q ≈ ∥f∥∗p,q for each function f .

(L2) For every measurable set E we have that ∥χ
E
∥∗p,q = µ(E)1/p, where χ

E

denote the indicator function of E.
(L3) If f and g are two measurable functions defined on X such that |f | ≤ |g|

µ-a.e., then ∥f∥p,q ≤ ∥g∥p,q.
(L4) For any α > max{1, 2

1
p−

1
q } there exist two positive and finite constants C1

and C2 such that

C1∥f∥∗p,q =

(∑
k∈Z

αkqµ({x : αk ≤ |f(x)| < αk+1})q/p
)1/q

= C2∥f∥∗p,q.

We shall denote by Lp,q(X,µ) the Lorentz space Lp,q(X,µ) if µ(X) = ∞ and
those functions in the space Lp,q(X,µ) with vanishing integral if µ(X) < ∞
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6 H. AIMAR, A. BERNARDIS, AND L. NOWAK

In [14] one of the authors obtain the following characterization of Lorentz spaces
on a space of homogeneous type in terms of these Haar systems.

Theorem 2.5. Let (X, d, µ) be a space of homogeneous type and let H be a Haar

system associated to a dyadic family D in D(δ). If 1 < p, q < ∞, then H is an
unconditional basis for Lp,q(X,µ). Moreover, there exist two positive constants C1

and C2 such that for all f ∈ Lp,q(X,µ) we have that

C1∥f∥p,q ≤

∥∥∥∥∥∥
(∑

h∈H

| < f, h > |2|h|2
)1/2

∥∥∥∥∥∥
p,q

≤ C2∥f∥p,q,

where < f, h >=
∫
X
fh dµ.

It is important to observe that, with p = q, Theorem 2.5 also give a characteri-
zation of Lebesgue spaces Lp with 1 < p < ∞.

3. Proof of Theorem 1.1

First, we introduce some notation. Given a dyadic cube Q ∈ D, we shall consider
the non-trivial ancestors of Q, (Qn : n ∈ I) ⊆ D satisfying the following properties

(1) I is an initial interval of non negative integer Z+
0 , which is finite if and only

if µ(X) < ∞;
(2) Q0 = Q;

(3) Qn ∈ D̃ for each n ≥ 1;
(4) Qn ⊆ Qn+1 for each n ∈ I;

(5) if Q
′ ∈ D is such that Qn ⊆ Q

′ ⊆ Qn+1 for some n, then Q
′
= Qn or

Q
′
= Qn+1.

From (d.2), (d.7) and (d.8), each dyadic cube Q ∈ D has an unique sequence of
non-trivial ancestors of Q.

Notice that given a finite subset F of H, the function gF =
∑

h∈F
h

∥h∥p
belongs

to Lp(X,µ). Thus, from the characterization via Haar wavelets of Lebesgue spaces
on spaces of homogeneous type and from the orthogonality of the Haar system H
we get that

(3.1) ∥gF ∥p ≈

∥∥∥∥∥∥
(∑

h∈F

|h|2

∥h∥2p

)1/2
∥∥∥∥∥∥
p

.

On the other hand, using (h.5), (h.6), (2.2) and (d.9) we get that there exist two
positive constants c1 and c2 such that

(3.2) c1
∑
h∈F

µ(Q
′

h)
−2/pχ

Q
′
h

(x) ≤
∑
h∈F

|h(x)|2

∥h∥2p
≤ c2

∑
h∈F

µ(Q(h))−2/pχ
Q(h)

(x).

We first prove that there exists a positive constant C such that

(3.3)

∥∥∥∥∥∥
(∑

h∈F

µ(Q
′

h)
−2/pχ

Q
′
h

)1/2
∥∥∥∥∥∥
p

p

≥ C|F |.
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7

For each y ∈ E
′

F =
∪

h∈F

Q
′

h we write Q
′
(y) to denote the smallest dyadic cube

Q
′

h with h ∈ F such that y ∈ Q
′

h. Then

(3.4)

(∑
h∈F

µ(Q
′

h)
−2/pχ

Q
′
h

(y)

)p/2

≥ µ(Q
′
(y))−1

for every y ∈ E
′

F . Now, for each Q
′
(y) with y ∈ E

′

F , let (Q
′

n(y) : n ∈ I) the

sequence of non-trivial ancestor of Q
′
(y). Then, from (d.10) we get that

(3.5) µ(Q
′

n(y)) ≥ αn µ(Q
′

0(y)) = αn µ(Q
′
(y)),

for each n ∈ I. Notice that for each y ∈ E
′

F we have that {Q′

h ∋ y : h ∈ F} ⊆
{Q′

n(y) : n ∈ I}. So that, from (h.2), (d.6), (3.5) and the fact that α > 1 we get
that ∑

h∈F

µ(Q
′

h)
−1χ

Q
′
h

(y) ≤ N
∑
n∈I

µ(Q
′

n(y))
−1

≤ N
∑
n∈I

α−nµ(Q
′
(y))−1(3.6)

= Cµ(Q
′
(y))−1.

Hence, from (3.4) and (3.6) we obtain that∥∥∥∥∥∥
(∑

h∈F

µ(Q
′

h)
−2/pχ

Q
′
h

)1/2
∥∥∥∥∥∥
p

≥ C

(∫
E

′
F

µ(Q
′
(y))−1dµ(y)

)1/p

≥ C

(∫
E

′
F

∑
h∈F

µ(Q
′

h)
−1χ

Q
′
h

(y)dµ(y)

)1/p

= C

(∑
h∈F

∫
E

′
F

µ(Q
′

h)
−1χ

Q
′
h

(y)dµ(y)

)1/p

= C|F |1/p,

which proves (3.3).
Now we shall prove that there exists a positive constant C such that

(3.7)

∥∥∥∥∥∥
(∑

h∈F

µ(Q(h))−2/pχ
Q(h)

)1/2
∥∥∥∥∥∥
p

p

≤ C|F |.

Let us start by estimating
∑

h∈F µ(Q(h))−2/pχ
Q(h)

(x). For each point x ∈ EF =∪
h∈F

Q(h), we write Q(x) to denote the smallest dyadic cube Q(h) with h ∈ F such

that x ∈ Q(h). Set (Qn(x) : n ∈ I) the sequence of non-trivial ancestor of Q(x).
Notice that from (d.10) we have that µ(Qn(x)) ≥ αnµ(Q(x)) for each n ∈ I. Then,
from (h.2) and (d.6), with the same argument as in (3.6), we get that

(3.8)
∑
h∈F

µ(Q(h))−2/pχ
Q(h)

(x) ≤ N
∑
n∈I

µ(Qn(x))
−2/p ≤ Cµ(Q(x))−2/p.
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8 H. AIMAR, A. BERNARDIS, AND L. NOWAK

On the other hand, for each h ∈ F we define the set S(h) = {x ∈ EF : Q(x) =
Q(h)}. Then EF =

∪
h∈F

S(h) =
∪

h∈F

Q(h), Q(x) = Q(h) if x ∈ S(h), and S(h) ⊆

Q(h) for each h ∈ F . Hence, from (3.8) we get∥∥∥∥∥∥
(∑

h∈F

µ(Q(h))−2/pχ
Q(h)

)1/2
∥∥∥∥∥∥
p

≤ C

(∫
EF

µ(Q(x))−1dµ(x)

)1/p

≤ C

(∑
h∈F

∫
S(h)

µ(Q(x))−1dµ(x)

)1/p

= C

(∑
h∈F

∫
S(h)

µ(Q(h))−1dµ(x)

)1/p

≤ C

(∑
h∈F

∫
Q(h)

µ(Q(h))−1dµ(x)

)1/p

= C |F |1/p.

Finally, from (3.1), (3.2), (3.3) and (3.7) we conclude the proof of Theorem 1.1.

4. Proof of Theorem 1.2

We shall show that, for each positive integer M , there exist two subsets F1 and
F2 of H with |Fi| = M, i = 1, 2 such that

(4.1) C1M
1/p ≤

∥∥∥∥∥∑
h∈F1

h

∥h∥p,q

∥∥∥∥∥
p,q

≤ C2M
1/p

and

(4.2) C1M
1/q ≤

∥∥∥∥∥∑
h∈F2

h

∥h∥p,q

∥∥∥∥∥
p,q

≤ C2M
1/q,

for some constants C1 and C2. Let M be a positive integer. Let us start by
obtaining a set F1 such that (4.1) holds. Since the dyadic family D in the class

D(δ) satisfies the growth property G, then there exist an integer i = i(M) and

a set F1 = {h1, ..., hM} ⊆ H such that Q(hj) ∈ D̂i for each j = 1, ...,M and the
dyadic cubes Q(hj) are disjoint. From the doubling property of µ and from the

definition of D̂i, we clearly have that

(4.3) µ(Q
′
) ≈ µ(Q(h)) ≈ δi,

for every Q
′ ∈ O(Q(h)) and all h ∈ F1. On the other hand, as in (3.2), from (h.5),

(h.6), (2.2) and (d.9), we get that

(4.4) c1
∑
h∈F

µ(Q
′

h)
−2/pχ

Q
′
h

(x) ≤
∑
h∈F

|h(x)|2

∥h∥2p,q
≤
∑
h∈F

µ(Q(h))−2/pχ
Q(h)

(x),

for some positive constants c1 and c2 and every finite subset F of H. Then, from
Theorem 2.5, the left hand side of inequality (4.4), the fact that the cubes Q(hj)

IMAL PREPRINT # 2016-0032
                                                                ISSN 2451-7100 
                                   Publication date: March 15, 2016

Prep
rin

t



9

are disjoints, (L3), (4.3) and (L2) we get that∥∥∥∥∥∑
h∈F1

h

∥h∥p,q

∥∥∥∥∥
p,q

≈

∥∥∥∥∥∥
(∑

h∈F1

|h(x)|2

∥h∥2p,q

)1/2
∥∥∥∥∥∥
p,q

≥ C

∥∥∥∥∥∑
h∈F1

µ(Q
′

h)
−1/pχ

Q
′
h

∥∥∥∥∥
p,q

≈ C(δi)−1/p

∥∥∥∥∥∑
h∈F1

χ
Q

′
h

∥∥∥∥∥
p,q

= C(δi)−1/p

∥∥∥∥∥χ ∪
h∈F1

Q
′
h

∥∥∥∥∥
p,q

= C(δi)−1/p

(∑
h∈F1

µ(Q
′

h)

)1/p

= C

(∑
h∈F1

δ−iµ(Q
′

h)

)1/p

≈ C|F1|1/p.

Similarly, using the right hand side of inequality (4.4) we get that∥∥∥∥∥∑
h∈F1

h

∥h∥p,q

∥∥∥∥∥
p,q

≈

∥∥∥∥∥∥
(∑

h∈F

|h(x)|2

∥h∥2p,q

)1/2
∥∥∥∥∥∥
p,q

≤ C

∥∥∥∥∥∑
h∈F1

µ(Q(h))−1/pχ
Q(h)

∥∥∥∥∥
p,q

≤ C|F1|1/p.

Now, let us exhibit a subset F2 ofH such that (4.2) holds. Since D in the classD(δ)
satisfies the growth property G, we can take a finite sequence of disjoint dyadic cubes
(Qi

j
: j = 1, ...,M) such that Qi

j
∈ D̂ij and ij > ij+1 . Set F2 = {hj : j = 1, ...,M}

such that the dyadic cubes Q(hj) = Qij . Notice that, as in (4.3),

(4.5) µ(Q
′

hj
) ≈ µ(Q(hj)) ≈ δij ,

for each j = 1, ...,M where Q
′

hj
is the cube in (h.6). Then, from Theorem 2.5, the

left hand side of inequality (4.4), the disjointness of Q(hj), (L3), (4.5) and (L4)

with α = δ−1/p we get that∥∥∥∥∥∑
h∈F2

h

∥h∥p,q

∥∥∥∥∥
q

p,q

≈

∥∥∥∥∥∥
(∑

h∈F2

|h(x)|2

∥h∥2p,q

)1/2
∥∥∥∥∥∥
q

p,q

≥ C

∥∥∥∥∥∑
h∈F2

µ(Q
′

h)
−1/pχ

Q
′
h

∥∥∥∥∥
q

p,q
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10 H. AIMAR, A. BERNARDIS, AND L. NOWAK

= C

∥∥∥∥∥∥
M∑
j=1

µ(Q
′

hj
)−1/pχ

Q
′
hj

∥∥∥∥∥∥
q

p,q

≈ C

∥∥∥∥∥∥
M∑
j=1

(δij )−1/pχ
Q

′
hj

∥∥∥∥∥∥
q

p,q

≈
∑
k∈Z

δ
−kq
p µ({x : δ−k/p ≤

M∑
j=1

(δij )−1/pχ
Q

′
hj

(x) < δ
−(k+1)

p })q/p

=
M∑
j=1

δ
−ijq

p µ(Q
′

hj
)q/p

≈
N∑
j=1

δ
−ijq

p (δij )q/p

= M.

Analogously, using the right hand side of inequality (4.4) we get that∥∥∥∥∥∑
h∈F1

h

∥h∥p,q

∥∥∥∥∥
q

p,q

≈

∥∥∥∥∥∥
(∑

h∈F

|h(x)|2

∥h∥2p,q

)1/2
∥∥∥∥∥∥
q

p,q

≤ C

∥∥∥∥∥∑
h∈F2

µ(Q(h))−1/pχ
Q(h)

∥∥∥∥∥
q

p,q

= M.

5. Proof of Proposition 1.3

Let (X,µ) be the measure space given in the example.

Proof of (1.1.1). Let d be the restriction to X of the standard distance in R.
We have to show that for some constant C, every x ∈ X and all r > 0 we have that

(5.1) 0 < µ(B(x, 2r)) ≤ Cµ(B(x, r)) < ∞,

where B(x, r) = {y ∈ X : d(x, y) < r}. Notice that every ball in X with center x
and radius r > 0 has the form B(x, r) = { 1

2j : j ∈ J}, where
(a) J = Z+; or
(b) J = {s, s + 1, ...,m} with s and m two positive integers such that s < m;

or
(c) J = {s, s+ 1, ...} for some positive integer s.

In the case (a) we have that (5.1) holds since µ(B(x, 2r)) = µ(B(x, r)) = µ(X).
For the case (b) we first notice that if B(x, r) = { 1

2m , 1
2m−1 , ...,

1
2s+1 ,

1
2s } with s < m,

then x = 1
2s and r < 1

2s − 1
2m+1 . So that B(x, 2r) = { 1

2s ,
1

2s+1 , ...}. Hence

µ(B(x, 2r)) = µ({ 1

2m+1
,

1

2m+2
, ...}) + µ(B(x, r)) ≤ 2µ(B(x, r)),
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since µ({ 1
2m+1 ,

1
2m+2 , ...}) = 1

2m ≤ 1
2s ≤ µ(B(x, r)). Finally, in the case (c) we have

that r < 1
2s−1 and therefore 2r < 1

2s−2 . Then

B(x, 2r) ⊆ { 1

2s−1
,
1

2s
,

1

2s+1
, ...} = { 1

2s−1
} ∪B(x, r).

So that

µ(B(x, 2r)) ≤ µ({ 1

2s−1
}) + µ(B(x, r))

= 3µ(B(x, r)).

Hence, taking C = 3 in (5.1)we get that (X, d, µ) is a metric space of homogeneous
type.

Proof of (1.1.2). For each positive integer i the function hi is a Haar function
in the sense that it is a simple function of vanishing integral with L2(X,µ) norm
equal to one. Moreover, the system H is an orthonormal basis for L2

0(X,µ) = {f ∈
L2(X,µ) :

∫
X
fdµ = 0}. It is easy to show that H is an orthonormal system in

L2
0(X,µ). We only have to prove that, for f ∈ L2

0(X,µ), we have the identity

f =
∞∑
j=1

< f,hj > hj

which reads as

(5.2) fm =
∞∑
j=1

( ∞∑
k=1

fkh
j
k

1

2k

)
hj
m,

for each positive integer m, where fi = f(xi). Notice first that, since hi
n = 0 for all

n < i, then

< f,hi > =

∫
X

fhi dµ(5.3)

=
∞∑

n=1

fnh
i
n

1

2n

=
∞∑

n=i+1

fn
2

i−1
2

2n
− fi

2
i−1
2

2i
,

for each positive integer i. On the other hand, for each positive integer m we have
that hi

m ̸= 0 only when i ≤ m. Therefore, writing SHf =
∑∞

i=1 < f,hi > hi, we
have that

(5.4) (SHf)m = SHf(xm) =

m∑
i=1

< f,hi > hi
m,

for each m ∈ Z+. Thus, from (5.4), (5.3), the definitions of hi and µ and the fact
that

∑∞
i=1 fi

1
2i =

∫
X
fdµ = 0, we get that

(SHf)m =
m−1∑
i=1

< f,hi > hi
m+ < f,hm > hm

m

=
m−1∑
i=1

( ∞∑
n=i+1

fn
2n−(i−1)

− fi
2

)
−

( ∞∑
n=m+1

fn
2n−(m−1)

− fm
2

)
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12 H. AIMAR, A. BERNARDIS, AND L. NOWAK

=
m−1∑
i=1

(
−

i∑
n=1

fn
2n−(i−1)

− fi
2

)
+

m∑
n=1

fn
2n−(m−1)

+
fm
2

for each m ∈ Z+. Therefore, to obtain (5.2) we shall prove that

m−1∑
i=1

(
−

i∑
n=1

fn
2n−(i−1)

− fi
2

)
+

m∑
n=1

fn
2n−(m−1)

=
fm
2
.

But
m∑

n=1

fn
2n−(m−1)

=
m−1∑
n=1

fn
2n−(m−1)

+
fm
2
.

Hence we only need shows that

m−1∑
i=1

(
i∑

n=1

fn
2n−(i−1)

+
fi
2

)
=

m∑
n=1

fn
2n−(m−1)

,

which we obtain using a discrete version of Fubini Theorem as follows.

m−1∑
i=1

(
i∑

n=1

fn
2n−(i−1)

+
fi
2

)
=

m−1∑
n=1

fn
2n

m−1∑
i=n

2i−1 +
m−1∑
i=1

fi
2

=
m−1∑
n=1

fn
2n

(2m−1 − 2n−1) +
m−1∑
i=1

fi
2

=
m∑

n=1

fn
2n−(m−1)

.

So that (5.2) holds. Actually the systemH is a Haar system in (X, d, µ) as described
in Section 3 (see also [ABN]).

Proof of (1.1.3) and (1.1.4). In the sequel we shall write Qi to denote the
support of hi on X. That is, Qi = {xi, xi+1, ...}. Then µ(Qi) = 2−(i−1). Let N
be a positive integer and let F be a given a subset of H such that |F | = N . We
can assume, without loss of generality, that F = {hij : j = 1, ..., N} with i1 < i2 <
... < iN . With the above notation, we have that Qij = {2−(ij), 2−(ij+1), ...}. Set
QiN+1

to denote the empty set. Thus, from the characterization of Lorentz spaces
in terms of Haar coefficients that we shall state in Theorem 2.5 in next section and
is proved in [N], we have that∥∥∥∥∥∑

h∈F

h

∥h∥∗p,q

∥∥∥∥∥
∗

p,q

≈

∥∥∥∥∥∥∥
∑

h̃∈H

| <
∑
h∈F

h

∥h∥∗p,q
, h̃ > |2|h̃|2

1/2
∥∥∥∥∥∥∥
∗

p,q

Now, from the orthonormality in L2(X,µ) of H and (L2), we have∥∥∥∥∥∑
h∈F

h

∥h∥∗p,q

∥∥∥∥∥
∗

p,q

≈

∥∥∥∥∥∥∥
 N∑

j=1

µ(Qij )
−2/pχQij

1/2
∥∥∥∥∥∥∥
∗

p,q
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=

∥∥∥∥∥∥∥
 N∑

j=1

(
j∑

l=1

µ(Qil)
−2/p

)
χ

Qij
\Qij+1

1/2
∥∥∥∥∥∥∥
∗

p,q

=

∥∥∥∥∥∥
N∑
j=1

(
j∑

l=1

µ(Qil)
−2/p

)1/2

χ
Qij

\Qij+1

∥∥∥∥∥∥
∗

p,q

.

Set

f(x) =

N∑
j=1

Aj χ
Qij

\Qij+1
(x), with Aj =

(
j∑

l=1

µ(Qil)
−2/p

)1/2

.

Then,

f∗(t) =
N−1∑
j=0

AN−j χ
Ij
(t),

where Ij denotes the real interval [µ(Qi
N−j+1

), µ(Qi
N−j

)). Thus,

∥f∥qp,q ≈ q

p

∫ ∞

0

(
t1/pf∗(t)

)q dt

t

=
q

p

N−1∑
j=0

Aq
N−j

∫
Ij

t
q
p−1dt

=

N−1∑
j=0

Aq
N−j

(
µ(Qi

N−j
)q/p − µ(Qi

N−j+1
)q/p

)
.

Notice that µ(Qi
N−j

)−1/p ≤ AN−j and

AN−j = µ(Qi
N−j

)−1/p

N−j∑
l=1

(
µ(Qi

N−j
)

µ(Qil)

)2/p
1/2

= µ(Qi
N−j

)−1/p

1 +

N−j−1∑
l=1

(
µ(Qi

N−j
)

µ(Qil)

)2/p
1/2

≤ µ(Qi
N−j

)−1/p

(
1 +

∞∑
s=1

(
1

2s

)2/p
)1/2

.

Therefore

(5.5) C1∥f∥qp,q ≤
N−1∑
j=0

µ(Qi
N−j

)−q/p
(
µ(Qi

N−j
)q/p − µ(Qi

N−j+1
)q/p

)
≤ C2∥f∥qp,q,

for some positive constants C1 and C2. So that, from (5.5) we get that

∥f∥qp,q ≤ C
N−1∑
j=0

µ(Qi
N−j

)−q/pµ(Qi
N−j

)q/p = N,

or equivalently

∥f∥qp,q ≤ CN1/q.
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14 H. AIMAR, A. BERNARDIS, AND L. NOWAK

On the other hand, since i
N−j

< i
N−j+1

, there exists a positive integer s such that
iN−j + s = iN−j+1 . Then

µ(Qi
N−j

)q/p − µ(Qi
N−j+1

)q/p =

(
1

2iN−j

)q/p

−
(

1

2iN−j+1

)q/p

=

(
1

2iN−j

)q/p

−
(

1

2iN−j

)q/p(
1

2s

)q/p

=

(
1

2iN−j

)q/p
(
1−

(
1

2s

)q/p
)

≥
(

1

2iN−j

)q/p
(
1−

(
1

2

)q/p
)
.

Therefore, from this last inequality and (5.5) we have that

∥f∥p,q ≥ CN1/q.

Thus, for any 1 < p, q < ∞ we have that
∥∥∥∑h∈F

h
∥h∥p,q

∥∥∥
p,q

≈ |F |1/q, for each finite

subset F of H where the equivalence constants are independent of F . This implies
that H is democratic in Lp,q(X,µ), for any choice of 1 < p, q < ∞.

Proof of (1.1.5). Even when it is possible to build examples showing that
Lorentz are not Lebesgue spaces when p ̸= q, in our particular setting, a direct
argument comes from Theorem 1.1, (L2) and (1.1.3). In fact if for some 1 <
p, q, r < ∞ we have Lp,q(X,µ) = Lr(X,µ), then from Theorem 1.1 with r instead
of p we should have that ∥∥∥∥∥∑

h∈F

h

∥h∥r

∥∥∥∥∥
r

≈ |F |1/r,

for each finite subset F of H. But from (1.1.3) we have that∥∥∥∥∥∑
h∈F

h

∥h∥r

∥∥∥∥∥
r

≈

∥∥∥∥∥∑
h∈F

h

∥h∥p,q

∥∥∥∥∥
p,q

≈ |F |1/q

for each finite subset F of H and, since |F | can be as large as desired, necessarily
r = q. On the other hand, since from (L2) the Lp,q(X,µ) norm of χE is equivalent
to µ(E)1/p, ∥χE∥r = µ(E)1/r, and there exist in X sets of measure as small as
desired, if Lp,q(X,µ) = Lr(X,µ), we should have p = r. In other words p has to be
q in order to get a Lebesgue space.

6. Further results

The result contained in Theorem 1.1 can be extended to the case of weighted
Lebesgue spaces Lp(X,wdµ) when w belong to a particular class of weights that
we proceed to define.

When a dyadic family D is given we define, as usual, the class of Muckenhoupt
type dyadic weight function associated to D. A non-negative, measurable and
locally integrable function w defined on the space of homogeneous type (X, d, µ), is

IMAL PREPRINT # 2016-0032
                                                                ISSN 2451-7100 
                                   Publication date: March 15, 2016

Prep
rin

t



15

said to be a Muckenhoupt dyadic weight of class AD
p , 1 < p < ∞ if the inequality

(6.1)

(
1

µ(Q)

∫
Q

w(x)dµ(x)

)(
1

µ(Q)

∫
Q

w(x)
−1
p−1 dµ(x)

)p−1

≤ C,

holds for some constant C and every dyadic set Q ∈ D.
As in the classical case of dyadic weights associated to the usual dyadic cubes in

Rn we obtain the following basic property in the setting of space of homogeneous
type: if w ∈ AD

p then wdµ has the doubling property on dyadic cubes in D, this is

there exists a positive constant C such that w(Q̃) ≤ Cw(Q) for all Q ∈ D and Q̃
the first-ancestor of Q. Moreover, holds the following reverse doubling property.

Lemma 6.1. Let (X, d, µ) be space of homogeneous type and D a dyadic family.
Let w a finite and doubling measure on D. Then, there exists α > 1 such that
w(Q) ≥ αw(Q

′
), for all Q and Q

′
dyadic cubes in D with Q the first cube different

of Q
′
such that Q

′ ⊆ Q.

Proof. Let Q and Q
′
dyadic cubes with Q the first cube different of Q

′
such

that Q
′ ⊆ Q. As Q ̸= Q

′
, there exists Q

′′
dyadic cube such that Q

′′
, Q

′ ∈ Dj+1 for
some j ∈ Z and Q

′′ ⊆ Q ∈ Dj .
First note that there exist two positive constants C1 and C2 such that C1 w(Q

′′
)≤

w(Q
′
) ≤ C2 w(Q

′′
). In fact, since Q

′
and Q

′′
are subsets of Q and w is a doubling

measure on D we obtain the following chain of inequalities

w(Q
′′
) ≤ w(Q) ≤ C w(Q

′
) ≤ C w(Q) ≤ C w(Q

′′
).

Thus, since w(Q
′
) < ∞ then w(Q \ Q′

) = w(Q) − w(Q
′
) and therefore we obtain

that

w(Q
′
) ≤ Cw(Q

′′
)

≤ Cw(Q \Q
′
)

≤ C
(
w(Q)− w(Q

′
)
)
.

Then 1+C
C w(Q

′
) ≤ w(Q) and the lemma is proved with α = 1+C

C . �
Also, in [2] the authors prove the following result.

Theorem 6.2. Let (X, d, µ) be a space of homogeneous type and let H be a Haar

system associated to a dyadic family D in D(δ). If 1 < p < ∞ and w ∈ AD
p ,

then H is an unconditional basis for Lp(X,wµ). Moreover, there exist two positive
constants C1 and C2 such that for all f ∈ Lp(X,wµ) we have that

C1∥f∥Lp(X,wµ) ≤

∥∥∥∥∥∥
(∑

h∈H

| < f, h > |2|h|2
)1/2

∥∥∥∥∥∥
Lp(X,wµ)

≤ C2∥f∥Lp(X,wµ),

where < f, h >=
∫
X
fh dµ.

Thus, from the above Lemma and the Theorem 6.2 we obtain the following result
as in the proof of Theorem 1.1.

Theorem 6.3. Let (X, d, µ) be a space of homogeneous type and let H be a Haar
type system associated to D. If w ∈ AD

p , then H is a democratic basis for Lp(X,wµ)
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16 H. AIMAR, A. BERNARDIS, AND L. NOWAK

with 1 < p < ∞. Moreover

(6.2)

∥∥∥∥∥∑
h∈F

h

∥h∥Lp(X,wµ)

∥∥∥∥∥
Lp(X,wµ)

≈ |F |1/p,

for each finite subset F of H.
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