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THE DYADIC FRACTIONAL DIFFUSION KERNEL AS A CENTRAL LIMIT
HUGO AIMAR, IVANA GOMEZ, AND FEDERICO MORANA

AssTRACT. In this paper we obtain the fundamental solution kernel of dyadic diffusions in R* as
a Central Limit of dyadic mollification of iterations of stable Markov kernels. The main tool is
provided by the substitution of classical Fourier analysis by Haar wavelet analysis.

1. INTRODUCTION

The analysis of solutions of nonlocal problems in PDE, has received new impulse after the re-
markable results obtained by Caffarelli and Silvestre [J5]. For a probabilistic view of this problems
see [7], [4]. Recently in [1],[2],[3], a dyadic version of the fractional derivative was introduced
and an associated diffusion was solved.

The classical diffusion process, described by the heat equation g—’: = Au, where A denotes the

space Laplacian, has as a fundamental solution the Weierstrass kernel W,(x) = (4mrr)~4/2e~ W14,

which is the central limit distribution, for n — o, of v/n™' ¥, X;, where the X;’s are identically
distributed independent random variables with finite variance ¢ and vanishing mean value. For
our later analysis it is convenient to write the convergence in distribution of n~!/ 21 Xjto Wy in
terms of the common distribution of the random variables X;, j € N. For the sake of simplicity
let us assume that this distribution is given by the density g in R?. In other words, ({X; € B}) =
fB g(x)dx where B is a Borel set in RY. Hence since the random variables X ; are independent the
distribution of §, = }_; X is given by the convolution g" of g n-times. Precisely, with g" =
g *---* g n-times, we have that Z({S, € B)) = fB g"(x)dx. On the other hand, Z({n"'* ¥, X; €
B)) = Z({S, € VnB)) = fB(g”) Ji(Xdx, with (¢") ; the mollification of g" by v/ in R?. Precisely,
(8" ya(x) = n"¥2g"(y/nx). These observations allows to read the CLT as a vague or Schwartz
weak convergence of (g") z(x) to W(x) when n — oo. For every f continuous and compactly
supported in R, we have that fRd(g”) i f(x) — fRd Wi(x)f(x)dx as n — oo. Since we shall
be working in a non-translation invariant setting, to get the complete analogy we still rewrite the
CLT as the weak convergence of the sequence of Markov kernel K’i/ﬁ(x, y) = () ymx—y) to

the Markov Weierstrasss kernel W,(x — y). The kernel K’\’M(x, y) = f chH g ya(x — x1)g yu(x1 —
X2) -+ & ya(Xn—1 = y)dx1dx; - - - dx,; corresponds to the kernel of the n-th iteration of the operator
T f(x) = fRd g ya(x —¥)f(y)dy. The difference in the rhythms of the upper index n of the iteration

and the lower index +/n of mollification is related to the property of finite variance of g. In the
problems considered here the Markov kernels involved have heavy tails and the central equilibria
takes place for different proportions between iteration and mollification. There are many books
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where the classical CLT and some of its extensions are masterly exposed. Let us refer to [6] as one
of them.

In this paper we shall be concerned with diffusions of fractional type associated with dyadic
differentiation in the space. The basic setting for our diffusions is R* = {x e R : x > 0}. In [2] it is
proved that the function u(x, ¢) defined for x € R* and ¢ > 0, given by

u(e )= > e Cug, by h(),
hest
with 7 the standard Haar system in L2(R"), I(h) the support of 4 and (ug, h) = .[z@ uo(x)h(x)dx,
solves the problem
{‘;—’::D“'u, xeR"t>0;
u(x,0) = up(x), xeR*.
with

D'g(x) = LW %_yﬁg)dy (1.1)

for 0 < s < 1 and d(x, y) the dyadic distance in R* (see Section for definitions). The main point
in the prove of the above statement is provided by the spectral analysis for D in terms of Haar
functions. In fact, D*h = |[I(h)|”* h. When O < s < 1, since h is a Lipschitz function with respect
to &, the integral in (I.1)) defining D*h is absolutely convergent. For the case s = 1 this integral
is generally not convergent, nevertheless the operator D' is still well defined on the Sobolev type

space of those function in L>(R*) such that the Haar coefficients (f, k) satisfy the summability
KfyP
h ()P
D'f=Ycn %h. Moreover, with uy € L>(R*), the function

condition )}, < oo. For those functions f the first order nonlocal derivative is given by

u(x,t) = L ) K(x,y; Duo(y)dy,

with
K(x,y;0) = ) "™ h(x)h(y), (12)
het
solves
(P){%:Dlu, xeRYt>0;
u(x,0) = up(x), xe€R*,

Notice that for each ¢ > 0 the function of x € R*, u(x, 7) is in the dyadic Sobolev space and its D'
space derivative belongs to L2(R™).

The kernel K(-, -; ) for fixed # > 0 is not a convolution kernel. Nevertheless it can be regarded
as a Markov transition kernel which, as we shall prove, depends only on (x, y).

In this note we prove that the Markov kernel family K(-,-;¢) is the central limit of adequate
simultaneous iteration and mollification of elementary dyadic stable Markov kernels. We shall
precisely define stability later, but heuristically it means that the kernel behaves at infinity like a
power law of the dyadic distance. The main result is contained in Theorem [1'/|in Section [/| The
basic tool for the proof of our results is the Fourier Haar analysis induced on R* by the orthonormal
basis of Haar wavelets.

The paper is organized as follow. In Section 2| we introduce the basic facts from dyadic analysis
on R*, in particular the Haar system as an orthonormal basis for L>(R*) and as an unconditional

basis for L?(R*), 1 < p < co. Section[3]is devoted to introduce the Markov type dyadic kernels. The
2
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spectral analysis of the integral operators generated by Markov type dyadic kernels is considered
in § B Section [5is devoted to introduce the concept of stability and to prove that the kernel in
(I.2) is 1-stable with parameter %t. The iteration and mollification operators and their relation with
stability are studied in Section [6] Finally in Section[7] we state and prove our main result: spectral
and LP(R*) (1 < p < o) convergence to the solution of (P).

2. SOME BASIC DYADIC ANALYSIS

Let R™ denote the set of nonnegative real numbers. A dyadic interval is a subset of R* that can
be written as [ = [} = [k27/, (k + 1)27/) for some integer j and some nonnegative integer k. The
family D of all dyadic intervals can be organized by levels of resolution as follows; D = U;ez.D/,
where D/ = {I,i k=0,1,2,.. } The dyadic distance induced on R* by D and the Lebesgue
measure is defined by 6(x,y) = inf{|I| : [ € D, x € I,y € I} where |E| denotes the one dimensional
Lebesgue measure of E. It is easy to check that § is a distance (ultra-metric) on R* and that, since
x—yl =inf{|J| : x € S,y € J,J = [a,h),0 < a < b < oo}, [x—y| < d(x,y). Of course the
two distances are not equivalent. Pointwise the function d(x,y) is larger than the usual distance
d(x,y) = |x —y|. Set Bs(x,r) = {y € R" : 6(x,y) < r} to denote the §-ball centered a x with positive
radius r. Then Bs(x, r) is the largest dyadic interval containing x with Lebesgue measure less than
r. For r > 0, let j € Z be such that 2/ < r < 2/*!. Then, for x € R*, Bs(x,r) = I withx € [ € D,
2/ = |I| < r <2/, So that 5 < |Bs(x,r)| < r. This normality property of (R¥,0) equipped with
Lebesgue measure shows that the 6-Hausdorff dimension of intervals in R™ is one. In particular the
integral singularities that negative powers of ¢ and d produce have the same orders. Precisely, for
fixed x € R* the functions of y € R* defined by 6“(x, y) and |x — y|* have the same local and global
integrability properties for @ € R.

Lemma 1.

(a) The level sets L(A) = {(x,y) : 0(x,y) = A} are empty if A is not an integer power of two. On the
other hand L(2)) = Uepi(l; X 1) U (I, X I)) with I, and 1., the left and right halves of I € D/.

Hence, §(x,y) = Y, ez 2x 10/)(%,Y).
(b) For x € R* and r > 0 we have,

b-i) 4l < fyeBé_(m) 8%(x,y)dy < c(a)r'* for a > —1 with c(a) = 271(1 = 270+®)=1.

21+

b-ii) L(;(x,r) 0%(x,y)dy = +oo fora < —1;

b-iii) &@)r'*e < [

(oo 072y < SR for @ < =1 with &a) = 271 =2+,

b-iv) f{né(x,ym} 0%(x,y)dy = +oo for a > —1.

Proof of (a). Let j € Z fixed. Then 6(x,y) = 2/ if and only if x and y belong to the same I € 9/,
but they do not belong to the same half of /. In other words, (x,y) € I; X I, or (x,y) € I, X I,.
Proof of (b). Fix x € R*. Take 0 < a < b < co. Then, from (a),

f 0% (x, y)dy = f 0% (x, y)dy
{yeBs(x,b)\Bs(x,a)} {y:a<é(x.y)<b}

= Z f PRl dy
{y:6(x,y)=2/}

{j€Z:a<27<b)}
3
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l 2(1+a)j

{j€Z:a<2/<b}

1
= -S(a;a,b).
SS(@a.b)

When a > -1, then S (a;a,b) — +oo for b — oo, for every a. Thus proves (iv). When @ < —1 then
S (a;a,b) — +oo for a — 0, for every b. For @ > —1, we have with 270 < r < 2/0%! that

1 1 o1 1 ) .
s _ 1 . — (1+a)j S (+a)jo _ (1+a)jo
u&mf(L”@‘zgﬁsmﬂﬁ) Pk 2T 2t ()2,
’ J<jo(r)
Hence
C(f) e < f 8%(x, y)dy < c(a)r'™®.
2 “ YEBs(x,r)

For @ < —1 we have, with 2/0 < r < 2/+! that

1 1 11 . ,
5 s dy = = lim S : ,b = _ 21+a - _—2(1+Q)J0 _= 2(1+(I)]0,
j;(x,y)Zr (%, )y 2 b (@ r.6) 2 Z (27 71 =2l+a (@)

Jzjo(r)

so that
a
é%#”zf 8%(x, y)dy = &(a)r'*e.
2 {y:8(x,y)=r}

O

The distance ¢ is not translation invariant. In fact, while for small positive &, (5(% -&, % +¢e)=1,
5(% + % - &, % + % + &) = 2. Neither is 6 positively homogeneous. Nevertheless the next statement
contains a useful property of dyadic homogeneity.

Lemma 2. Let j € Z be given. Then, for x and y in RT, §(2/x,2/y) = 2/6(x, y).

Proof. Notice first that since x = y is equivalent to 2/x = 2/y, we may assume x # y. Since for x
and y in I € D we certainly have that 2/x and 2’y belong to 2//, and the measure of 2/1 is 2/ times
the measure of /, in order to prove the dyadic homogeneity of 6, we only have to observe that the
multiplication by 2/ as an operation on D preserves the order provided by inclusion. In particular
x and y belong to I but x and y do not belong to the same half I; or I, of I, if and only if 2/x and 27y
belong to 2/I but 2/x and 2’y do not belong to the same half of 2/1. |

As in the classical case of the Central Limit Theorem, Fourier Analysis will play an important
role in our further development. The basic difference is that in our context the trigonometric
expansions are substituted by the most elementary wavelet analysis, the associated to the Haar
system. Let us introduce the basic notation. Set hg(x) = x10.1/2(X) = X11/2.1)(x) and, for j € Z and
k=0,1,23,..; hi(x) = 2/2h)(2/x — k). Notice that hi has L*-norm equal to one for every j
and k. Moreover, hi is supported in I = I,{ € D/, Write 7 to denote the sequence of all those
Haar wavelets. For h € 77 we shall use the notation /(%) to denote the interval I in O for which
supp h = I. Also j(h) is the only resolution level j € Z such that I(h) € D/,

The basic analytic fact of the system .77 is given by its basic character. In fact, 7 is an or-
thonormal basis for L2 (R*). In particular, for every f € L*(R*) we have that in the L>-sense
[ = Ynew {f,h) h, where, as usual, for real valued f, (f,h) = ﬁv f()h(x)dx.

4
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One of the most significant analytic properties of wavelets is its ability to characterize function
spaces. For our purposes it will be useful to have in mind the characterization of all L”(R*) spaces
for 1 < p < oo.

Theorem 3 (Wojtaszczyk [8]). For 1 < p < oo and some constants C; and C, we have

1/2
[Z fo P |I(h>r‘x,<h>)

heH

CillAl, < < Glifll, 2.1)

p

3. MARKOV DYADIC KERNELS DEFINED IN R*

A real function K defined in R* XR™ is said to be a symmetric Markov kernel if K is nonnegative,
K(x,y) = K(y,x) for every x € R* and y € R* and fR+ K(x,y)dy = 1 for every x € R*. We are
interested in kernels K as above such that K(x,y) depends only on the dyadic distance o(x,y)
between the points x and y in R*. The next lemma contains three ways of writing such kernels K.
The first is just a restatement of the dependence of ¢ and the other two shall be used frequently
in our further analysis. The Lemma also includes relation between the coefficients and their basic
properties.

Lemma 4. Let K be a real function defined on R* X R*. Assume that K is nonnegative and
depends only on 6, i.e., 6(x,y) = 0(x',y") implies K(x,y) = K(x',y"), with fR+ K(xp,y)dy =1 for
some xo € R*. Then, with the notation introduced in Lemma 1 (a) for the level sets of 6, we have
(1) K=Y czkixron kj 20, Xjez k;2/"' = 1 and K is a symmetric Markov kernel.

(2) The sequence @ = (a; = 27\ (k_; — k_11) : | € Z) belongs to I'(Z), Y,z a; = 1 and the function
@(s) = Yiez arpi(s) with @i(s) = 2y 02-1/(s), provides a representation of K in the sense that
©(6(x,y)) = K(x,y). Moreover, fw lo(s)|ds < oo and fR+ w(s)ds = 1.

(3) The function ¢(s) can also be written as ¢(s) = jez. A j(@j+1(5) — ¢;(5)).

(4) The coeﬁicients§ =(kj:jeZ)in(l) a=(a;: jeEZ)in(2) and A = (Aj:jeZ)in(3)are
related by the formulae
Ba) ;= =5
@b) kj = sz 2‘ia_i
Hlc) A= Zz>ja/1
#d) aj= N1 - A,

Be) Aj =4 (k277 + Xy h2')
@ﬂ kj = —2_]A_j + Zizj+1 2_1A—i-

(5) Some relevant properties of the sequences k, @ and A are the following.

Bla) @ € INZ);

@lb) X2 > 0 for every j € Z;

Blc) |a)| <2 for everyl e Z;

@d} limj_,_oo Aj = 1,'

@e) limj_>+oo A] = O,'

Blf) Xicjo1 A2 = A2/ for every j € Z;

Blg) sup;A;j=1;

Blh) inf; A; > —1;

Bli) if k is decreasing then also A is decreasing.
5
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Proof of (1). Since K depends only on 9, then the level sets for ¢ are level sets for K. Hence K is
constant, say k; > 0, in L(2/) for each j € Z. Notice that the section of L(2/) at any x € R* has
measure 2/~', no matter what is x. In fact, L(2j)|x ={yeR" :(x,y) € LN} ={y e R* : 8(x,y) =
2/} = I, where I € D is the brother of the dyadic interval J of level j — 1 such that x € J. Hence
|L(2j)|x| = 2/~1. With the above considerations, since .. K(xo,y)dy = 1, we see that

1= f K(xo,)dy = )k f X1 (o, Y)dy
R+ R+

JEZ
= > k|| |= D k2!
j€zZ JeZ
= > kL@ | = f K(x, y)dy.
jeZ ®

Then K is a Markov kernel and that the series }; ;e k;2/=! converges to 1. The symmetry of K is
clear.

Proof of (2). Since || < 27%k_; + 27'k_;,,, the fact that @ belongs to I'(Z) follow from the fact
that } ez k 2/ = 2 proved (1). On the other hand,

Zal = Z k27— Z k2l=2-1=1.
leZ leZ leZ

Let us now check that ¢(5(x,y)) = K(x,y). Since d(x,y) is a integer power of two and k; — 0 as
Jj — oo, we have

PO, y) = > ap(6(x, y))

leZ

= > @2x021(5(x, )

leZ
-l l
D, 2k
1
I<log, 5y

D, =k

Jjzlog, 6(x.y)
= klogz o(xy) = K(x, y)

Now, the absolute integrability of ¢ and the value of its integral follow from the formulae ¢(s) =
Siez arpi(s) since @ € I'(Z), Tyez iy = 1 and [, g(s)ds = 1.

Proof of (3). Fix a positive s and proceed to sum by parts the series defining ¢(s) = >z @;i(5).
Set A; = X1 ;. Since a; = Ay — Ay, we have that

() = D (A = AD@i(s) = D Aagi(s) = ) Aai(s) = D A (5) = @ils)),
leZ [eZ leZ leZ
as desired. Notice, by the way, that ¢;,1(s) — ¢;(s) can be written in terms of Haar functions as
1
@i1(8) — @i(s) = 22hi(s).

Proof of (4). Follows from the definitions of @ and A.
6
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Proof of (5). Notice first that (5.a) was proved in (2). The nonnegativity of K and (4.b) show
(5.b). Property (5.d) and (5.e) of the sequence A follow from (4.c) and the fact that )., a; = 1
proved in (2). Inequality (5.f) follows from the positivity of K and (4.f).

We will prove (5.g). From (5.d) and (5.e) we have that A € [°(Z). In fact, there exist J1 < join
Z such that A; < 2 for j < j; and A; > —1 for j > j,. Since the set {A;,Aj;1,...,A},} is finite,
we get the boundedness of A. On the other hand, since from (5.d) lim;,_., A; = 1 we have that
sup; A; > 1. Assume that sup; A; > 1. Then there exists jo € Z such that A, > 1. Hence, again
from (5.d) and (5.e) we must have that for j < j3, A; < Aj, and for j > j4, Aj <1 < Aj; for some
integers j3 < js. So that there exists js € Z such that Aj; > A; forevery j € Zand A;; > 1. Now

2= ) A2 > DAL
I<j5—-1 I<js—1

which contradicts (5.f) with j = js.
For prove (5.h) assume that inf; A; < —1. Choose jy € Z such that A, < —1. Then from (5.1)

At <2700 N A1 = N A < %

I<jo I<jo

)1
Ajp+ ). A,2"f°)] < 5(Aj + D).

l<j()

In the last inequality we used (5.g). Let us prove, inductively, that A, < %(A j, T 1) for every
m € N. Assume that the above inequality holds for 1 < m < my and let us prove it for my + 1.

1—(j 1
Ajo+(mo+1) < Z 2 Uomo+ )Al

l<j()+m()+1
Jot+mo
P DY) 21—1‘0/\,]
I=jo I<jo

mo
=27 3 2N+ Ay + U 2RA
=1

I<jo

mo
<2 32 A+ D+ A+ Y 21—10]

=1 l<j0

=277l (@2m — 1)(Aj, + D)+ Ay + 1)
1
= E(AJO + 1)

Property (5.c) for the sequence @ follows from (4.d), (5.g) and (5.h). Item (5.1) follows from
(4.a) and (4.d). O

In the sequel we shall write 2" to denote the set of all nonnegative kernels defined on R* x R*
that depends only on ¢ and for some xy € R*, fR+ K(xo,y)dy = 1.
Let us finish this section by proving a lemma that shall be used later.

Lemma 5. Ler A = (A i 1 J € Z) be a decreasing sequence of real numbers satisfying (5.d) and
(5.¢). Then theLe exists a unique K € ¢ such that the sequence that (3) of Lemma H] associates to
K is the given A.

7
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Proof. Define K(x,y) = X ;cz(Aj-1 — Aj)p;(6(x,y)). Since A s decreasing the coefficients in the
above series are all nonnegative. On the other hand, from (5.d) and (5.e) we have that }; 7 (A —
A;j) = 1. Hence, for every x € R™ we have

f KRGy = ) (A=A | gi@xdy = ) (A=A =1
yeR*

jez yER? jez
Sothat K € % . i
4. THE SPECTRAL ANALYSIS OF THE OPERATORS INDUCED BY KERNELS IN %~

For K € J# and f continuous with bounded support in R* the integral fR+ K(x,y)f(y)dy is well
defined and finite for each x € R*. Actually each K € .# determines an operator which is well
defined and bounded on each L?(R*) for 1 < p < oo.

Lemma 6. Let K € % be given. Then for f € LP(R") the integral fR+ K(x,y)f(y)dy is absolutely

convergent for almost every x € R*. Moreover,

T = [ Kooy

defines a bounded (non-expansive) operator on each LP(R"), 1 < p < eco. Precisely, [T fIl, < |Ifll,
for f € LP(R").

Proof. Notice first that the function K(x, y) f(y) = ¢(6(x, y)) f(¥) is measurable as a function defined
on R* x R*, for every measurable f defined on R*. The case p = oo follows directly from the facts
that K is a Markov kernel and that K(x, y)|f(y)| < K(x,y)||fl.- For p = 1 using Tonelli’s theorem

we get
f ( f K(x,y)lf(y)ldy)dx= f If(y)l( f K(x,wdx)dy:nfnl.
xeR* yeR* yeR* xeR*

Hence fR+ K(x,y)f(y)dy is absolutely convergent for almost every x and ||T f||;, < ||f]l;,. Assume
that 1 < p < oo and take f € L?(R*). Then

P 1 1 P
TFG” s( f K(x,y) If(y)ldy) =( f K(x)7 K(x, y)? If(y)ldy)
Rt R+

ya
< (L K(x,y)dy)p (fR K(x,y) If(y)l”dy)

. f KCey) [f ) d.
R+

Hence [T A1} = AT FF dx < [ ([ K y)dx) FOI dy = 1111 O
The spectral analysis of the operators 7' defined by kernels in Z" is given in the next result.

Theorem 7. Let K € ¢ and let T be the operator in L>(R") defined by T f(x) = fR+ K(x,y)f(y)dy.

Then the Haar functions are eigenfunctions for T and the eigenvalues are given by the sequence A
introduced in Lemmad} Precisely, for each h € 7€

Th= Aj(h)h = /l(h)h,
where j(h) is the level of the support of h, i.e. supp h € D/®,
8
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Proof. Since the sequence (a; : [ € Z) belongs to £!(Z) and we can interchange orders of integration
and summation in order to compute 7. In fact,

T = [ e = | (Z 01901(5(?6,)’))] oy = > a (2’ | h(y)dy).
yeR* yeR* {y:6(xy)<271}

leZ [eZ
Let us prove that

y(x, ) = zlf h)dy = x> jony(Dh(x).
{y:6(x,y)<271}

If x ¢ I(h), since {y : 6(x,y) < 2} is the only dyadic interval I containing x of length 2!, only

two situations are possible, I N I(h) = O or I} D I(h), in both cases the integral vanish and

Y(x, ) = 0 = xyucjmy(Dh(x). Take now x € I(h). Assume first that x € [;(h) (the left half of

I(h)). So that y(x,l) = 27! f h(y)dy = 0if I < j(h), since I} D I(h). When [ > j(h) we have
1

that h = [I()]™"? on I, hence y(l, x) = 27 |I(W)[""* |IF| = [I(W)[""? = h(x). In a similar way, for
x € I(h), we get y(1, x) = — |I(h)|""* = h(x). O

Notice that the eigenvalues A(h) tends to zero when the resolution j(k) tends to infinity. More-
over this convergence is monotonic when all the @; are nonnegative. Notice also that the eigenval-
ues depend only on the resolution level of A, but not on the position k of its support. Sometimes
we shall write 4;, j € Z, instead of A(h) when j is the scale of the support of 4. With the above
result, and using the fact that the Haar system .7 is an orthonormal basis for L>(R"), we see that,
the action of 7 on L*(R") can be regarded as a multiplier operator on the scales.

Lemma 8. Ler K and T as in Theorem|[7} The diagram

L*RY) ez
T M
L*(RY) (2)

commutes, where H(f) = ((f,h) : h € 7€) and M(ay, - h € 7€) = (A(h)ay, - h € F€). In particular,
IT 115 = Shesrr LW KL DP.
The characterization of the space L’(R") (1 < p < o0), Theorem [3| above, provides a similar

result for the whole scale of Lebesgue spaces, 1 < p < co with the only caveat that when p # 2 the
norms are only equivalent. The next statement contains this observation.

Theorem 9. With K and T as before and 1 < p < co we have that

1
(3 s P ol xioy )

he

IT A1l ~

p
with constants which do not depend on f.

Corollary 10. For every K € ¢ and (A(h) : h € ) as in Theorem|[/|we have the representation
K(x,y) = ) Ah(0Oh().

he
9
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Proof. For f = Y0 (f,hyh with (f,h) # 0 only for finitely many Haar functions & € 7, we
have that

[ &gy =150 = Y (mThC)
R+

heH

f (‘/)h(y)dy) A(h)h(x)

het ( yeR®
_ f [Z A(h)h(y)h(X)] f(dy.
YERT \ e

Since the space of such functions f is dense in L>(R*) we have that K(x,y) = 3, A(h)h(x)h(y). O

5. STABILITY OF MARKOV KERNELS

In the case of the classical CLT the key properties of the distribution of the independent ran-
dom variables X; are contained in the Gaussian central limit itself. Precisely, (277)~/2¢ "'/4 is the
distribution limit of n~!/2 2.j=1 X; when X are independent and are equi-distributed with variance
t and mean zero. Our “gaussian” is the Markov kernel K;(x,y) defined in R* x R* by applying
Lemma [5to the sequence A; = ¢, j € Z for fixed 7. We may also use the Haar representa-
tion of K,(x,y) given by Corollary [I0]in § @ In this way we can write this family of kernels as
Ki(x,y) = Ypew e"zj(h)h(x)h(y). As we shall see, after obtaining estimates for the behavior of K
for large 6(x,y), this kernel has heavy tails. In particular, the analogous of the variance given by
fy s Ki(x, y)62(x, y)dy is not finite. This kernel looks more as a dyadic version of Cauchy type
distributions than of Gauss type distributions. Which is an agreement with the fact that K, solves a
fractional differential equation and the natural processes are of Lévy type instead of Wiener Brow-
nian. As a consequence, the classic moment conditions have to be substituted by stability type
behavior at infinity.

Lemma 11. Setforr >0

1 @y
z//(r)—r(ZZJe e ]

=1

Then s is well defined on R* with values in R*. And

2
ry(r) — 3 as r — oo.
Proof. Since e is bounded above we see that y(r) is finite for every r > 0. On the other hand
since y(r) = 1 35,27 [e-@"" — ¢7'] and terms in brackets are positive we see that y(r) > 0 for
every r > 0. Let us check the behavior of i at infinity

g _(2/',,)—1 _ —r_l
V2lﬁ(r) _ Z 27e — e’ ] R Zz—j(l _ 2—1) = %

=1 j>1

10



ISSN 2451-7100
IMAL PREPRINT # 2017-0038 Publication date: February 14, 2017

Lemma 12. Let t > 0 be given. Set Ay) = e"Zj, j € Z. Let K/(x,y) be the kernel that Lemma
associated to A9, Then K; € & and since K,(x,y) = %w(@), with ¥ as in Lemma we have

5(x, YV Ki(x,y) = =t (5.1)
for 6(x,y) — +oo.

Proof. Since AE’L < A(’) for every j € Z, lim;_,_ OOA(’) = 1 and lim; A(Z) = (0 we can use
Lemma E] in order to obtaln the kernel K,(x,y). Now from Corollary [I0] we have that K,(x,y) =

Shew €2 h(x)h(y). Let us check following the lines of [1]], that K,(x,y) = :p(‘s(” )), with ¢ as in

Lemmau In fact, since K,(x,y) = 3 e €M h(x)h(y), then a Haar function h € # contributes
to the sum when x and y both belong to I(h). The smallest of such intervals, say Iy = I(h?) is
precisely the dyadic interval that determines 6(x, y). Precisely |Io| = 6(x,y). Let iV and I, = I(h'V)
be the wavelet and its dyadic support corresponding to one level less of resolution than that [, itself.
In more familiar terms, /; is one of two son of /;. In general, for each resolution level less than that
of I we find one and only one I; = I(h?) with Iy c I} ¢ ... C I; C ... and |I;| = 2'|l;|. We have to
observe that except for I, where x and y must belong to different halves Iy, or I, of I, because of
the minimality of [, for all the other /;, x and y must belong to the same half [;; or I;, of I; because
they are all dyadic intervals. These properties also show that AQ(x)h Q) = —|Io]™! = =67 (x,y)
and, for i > 1, K (x)h?(y) = 27 |I)|”" = (26(x,y))~". Hence

t .
N =i

PRrER) _
Ko = -S 0 3 i

o(x%y) 4 o(x,y)
1 S __t
E D7ie 80 — ¢ 5y
o(x,y) [Z ]
o(x,y)
)
So that )
o(x,y) o(x,y) o(x,y)
5(x, ) Ki(x,) = 5(x, )’ w( y) ( ly) w( ly)
which from the result of Lemma|l 1{tends to g when d(x,y) — +oo. |

Notice that from Lemma([I}-b.iv) and the behavior at infinity of K,(x,y) provided in the previous

result, we have
f Kl‘(xa )’)52(3@ y)dy = +o00
R+

for every x € R*. Moreover, fR+ Ki(x,y)0(x,y)dy = +o0o. The adequate substitute for the property
of finiteness of moments is provided by the stability involved in property (5.1) in Lemma([I2] Since
this property is going to be crucial in our main result we introduce formally the concept of stability.
We say that a kernel K in %" is 1-stable with parameter o > 0 if

5(x, y)*K(x,y) > o

for 6(x,y) — oo. In the above limit, since the dimension of R* with the metric ¢ equals one, we

think 6% as 6'*!, one for the dimension and the other for the order of stability.
11
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Since for K € # we have K(x,y) = ¢(d(x,y)), the property of 1-stability can be written as a
condition for the behavior at infinity of profile ¢. In particular, with the notation of Lemma 4, the
stability is equivalent to 4/k; — o as j — oo.

6. ITERATION AND MOLLIFICATION IN ¢

As we have already observed in the introduction, the two basic operations on the identically dis-
tributed independent random variables X; in order to obtain the means that converge in distribution
to the Central Limit, translate into iterated convolution and mollification. In this section, we shall
be concerned with two operations, iteration and mollification on .#" and on the subfamily %7 of
1-stable kernels in 7.

In the sequel, given a kernel K in %", A, & and k are the sequences defined on Lemma @
associated to K. When a family of kernels in . is described by an index associated to K, say K;,
the corresponding sequences are denoted by A/, & and k'.

Lemma 13. (a) For K, and K, € %, the kernel

K3(x,y) = (K * K3)(x,y) = f Ki(x,2)K>(z, y)dz

ZER™
is well defined; K5 € % with

0/3—a//12+a/l +a 5
for every j € Z;
(b) (A, %) and (K'', %) are semigroups;

(c) /l;? = /lj./lﬁfor every j € Z.

Proof of (a). Let Ki(x,y) = ¢/(6(x, ). i = 1,2 With ¢/(5) = 3 jez @i(5), Tjer @ = 1, Tjez [al] <
co. Then, for x # y both in R*. Set I* to denote the smallest dyadic interval containing x and y.
Then |I*| = 6(x,y) and x and y belong to different halves of I*. From the above properties of the
sequences @', i = 1,2; we can interchange the orders of summation and integration in order to
obtain

K3(-xa )’) = f Kl(x, Z)KZ(Za )’)dZ
ZeR*

= Z Z 2’0z1 2 f +)((0,2*1‘](5()6, D 02100z, y)dz

JEZ [eZ

_ J 1
= 22 | ko N Iko)‘

JEZ [eZ

where Ik( , is the only dyadic interval in D’ such that x € I k( ,- Notice that the intersection of I,ﬁ( )

and I! 1y 18 empty when j and [ are both larger than the level j* of I*. On the other hand, when j
or [ is smaller than or equal to j*, the intersection is the smallest one. Say, if j < j* and [ > J,
J 1 _ql
Ly N Ly = iy S . » .
With the above considerations we are now in position to compute K3(x,y) in terms of the se-

quences @ and A’ as follows, with c(j*) = {(j,[) € Z* : j > j*and [ > j*},
Ks(x,y) = Z Z 27%l gt Her ' i N I,lc(},)'

(j,hez?
12
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_ JH 1 2] !
=2 D 2Majat i, Nl

Z2\c(j*)
_ jo1 1214l ) 1|y I 20 1|ql
= ZZ @; Z2al |Ik(y)| + Z2al 22 @; ‘Ik(x)‘ + Z2al2al |Ik(y)|
j<jt 1> I<j* j>1 I<j*
= Z 2j01}/l§ + Z 210112/111 + Z 210111012
J<J 1< I<j*
_ 1,2 241 1.2]4~j
= Z [a/j/lj + a/j/lj + ajaj] 2
J<J
_ 1,2 251 1.2
= Z [a/jxlj + @+ ajaj]<pj(6(x,y)).
JEZ

In other words, K3(x,y) = ¢*(6(x,y)) with @*(s) = ¥z a/?cpj(S) and a? = a}/l? + a/?/l} + a}ax?.
Since, as it is easy to check by Tonelli’s theorem fR+ Ks(x,y)dy = 1, we have that K3 € 7.

Proof of (b). We only have to show that if K| and K, are 1-stable kernels in .Z", then K3 = K| %K,
is also 1-stable. As we observed at the end of Section |5|for K; (i = 1,2) we have 4jkj. — o; when

Jj — +oo. We have to prove that 4jk3.’ — 0 + 0, when j — +co0. By Lemma@ item (4.b), we can
write

4 =41 % 27,

>

— 4 Z 27t A%+ @? Al + ol dh)]
>

= 4 Z(Z‘iaf,-)/ﬁ,- +4/ 2(2_"0/31-)/111- + 4/ Z 2"al 2
> iz =

= 1)) + () + IT1(j).

We claim that I(j) — o, I1(j) — 0, and I11(j) — 0 when j — +co. Let us prove that I(j) — o7,
Jj — +oo. Since

()=l < |4 > 27al (2 - 1)

i>)

+ |47k} - oy

from the fact that K; € %! with parameter o and because of (5.d) in Lemma [4| we have that
I(j) — oy as j — oo. The fact I1(j) — o, follows the same pattern. Let us finally estimate 171(}).
Notice that from (4.a) en Lemma 4| we have

I <4 )" 27 ol | |02,

iz

< (Z > |a;.|] [Z Iail]
(5w

1_ gl
ki = kiyy

2—i

=4/ (sup 27
iz

13



ISSN 2451-7100
IMAL PREPRINT # 2017-0038 Publication date: February 14, 2017

<24/ sup k] [Z |a%l|]

iz 1)

= 24fk}(j) (Z |a%l )
1=

where, since k; — 0 when j — oo, i(j) > j is the necessarily attained supremum of the k;’s for
i > j. So that 4jkl.‘(j) = 4j‘i(j)4i(j)kl.](j) is bounded above because K; € .#'. On the other hand, since
a* € 1'(Z) the tail 3, |a%l| tends to zero as j — oo.

Proof of (c). Since each K;, i = 1,2, can be regarded as the kernel of the operator 7;f(x) =
fy o Ki(x, ) f(y)dy, K3 is the kernel of the composition of T and 7>, we have that

Tsh = (T, o T)h = To(T1h) = To(A (W)h) = ' (W) TLh = AA(h)A>(h)h.
So A! and A2 depend only on the scale j of &, so does A°> = A' A2, O

Corollary 14. Let K € ¢! with parameter o, then for n positive integer the kernel K" obtained
as the composition of K n-times, i.e.,

K™ (x,y) = ff Koy e KOt )y dyney
Ry

belongs to ¢! with parameter no- and eigenvalues /15.") = (4))", j € Z, with A; the eigenvalues of
K.

Trying to keep the analogy with the classical CLT, the mollification operator, that we have to de-
fine, is expected to preserve # ! producing a contraction of the parameter o in order to counteract
the dilation provided by the iteration procedure.

The first caveat that we have in our search for dilations is that, even when R* is closed under
(positive) dilations, the dyadic system is not. This means that usually K(cx,cy) does not even
belong to J# when K € % and ¢ > 0. Nevertheless, Lemma [2| in § [2| gives the answer. If
K(x,y) = ¢(6(x,y)) then K;(x,y) = 2/K(2/x,27y) = 2/K(6(2/x,27y)) = 2/¢(2/5(x,y)) for every
J € Z. Hence K; depends only on d. In the next lemma we summarize the elementary properties of
this mollification operator.

Lemma 15. Let K € ' with parameter o be given. Then Ki(x,y) = 2/K(2/x,27y) belongs to
Y with parameter 2~ o. Moreover, denoting with ¢V, &/ = () : i € Z) and V = (X! : i € Z) the
corresponding functions and sequences for each K; we have that;
(a) ¢(s) =2/p(2's), j€Z, 5> 0;
(b) a/i =q.;, JEZL €L
(c) A=A, JEZ e
Proof. From the considerations above, it is clear that K; € JZ. Now, for j € Z fixed,

8(x, y)2K(x,y) = 8(x,y)*2/K(27/x, 27y) = 2776(2/ x, 27y)* K (27 x, 27y)
which tends to 270~ when 6(x, y) — oo. Property (a) is clear. Property (b) follows from (a);

#0(s) = 2p2I5) =2 Y api2s) = ) angre(s) = D @i jpi(s).

leZ leZ leZ

Hence a{ = a;;. Finally (c) follows from (b) and (4.c) in Lemma@ |
14
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Corollary [14|and Lemma [15|show that for K € .#! with parameter o if we iterate K, 2'-times
(i a positive integer) to obtain K*) and then we mollify this kernel by a scale 2/, the new kernel
M’ belongs to .#"! with parameter o. Notice also that iteration and mollification commute, so that
M can be also seen as the 2/-th iteration of the 2 mollification of K. Let us gather in the next
statement the basic properties of M’ that shall be used later, and follows from Corollary (14| and
Lemmal[13l

Lemma 16. Let K € ¢! with parameter o and let i be a positive integer. Then, the kernel
M € ¢ with parameter o and /lj. = /l?l_l..

7. THE MAIN RESULT

We are in position to state and prove the main result of this paper. In order to avoid a notational
overload in the next statement, we shall use the notation introduced in the above sections.
Theorem 17. Let K be in %" with parameter %t > 0. Then

(a) the eigenvalues of M' converge to the eigenvalues of the kernel in (I2) when i — +oo, precisely
A2 — e, wheni = oo

(b) for 1 < p < oo and uy € LP(R"), the functions vi(x) = fR+ Mi(x,y)uo(y)dy converge in the
LP(R*) sense to the solution u(x, t) of the problem
P) ‘7” = D'u, xeR"t>0;
u(x 0) = uo(x) x €R*.

Jor the precise value of t for which the initial kernel K is 1-stable with parameter 5t.

Proof of (a). Since K € ¢! with parameter %t > 0, which means that £,4" — %t as m tends
to infinity we have both that k,,2” — 0 when m — oo and that 3,_, k2! < 1 for every positive
integer m. Since, on the other hand 3, k2! = 1, we have for j € Z fixed and i a large nonnegative
integer that

l—

2
0< Zk,z“ i )

I<i—j
Hence, from Lemma |15| and Lemma 4] the j-th scale eigenvalues of the operator induced by the
kernel M’ ar given by

2= [Z k2! — ki 2" f)]

I<i—j

- Zk2“— ,,;_j]

L I<i—j

2
ke 2
— 2[ 1 A

I>i—j

i

i

2T
= 1 - ‘a i N ’
» y(, ) 21]

15
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with y(i, j) = 2777 Y, i k2" + 5222 Notice that
i—j -I-1 ‘_ . N -m—1 i+m—j ki—j4i_j
¥, j) =2 22(MH Z (Kig- 47") + =,
I>i—j m=0

which tends to ¢ > 0 when i — oco. With these remarks we can write
2 YD
i i, )27 |¥@p2
/12'—1' = [1 - M]
21
which tends to ¢’ when i tends to infinity.

Proof of (b). The function v;(x) — u(x, t) can be seen as the difference of two operators 7; and 7',
acting on the initial condition,

vi(x) = Tiup(x) = M (x, y)uo(y)dy

yeR*

and

u(x, 1) = Touo(x) = K(x, y; yuo(y)dy.

yeR*

Since the eigenvalues of T; — T, are given by 42, . — e 2", for each h € ., from Theorem @ in

Section 4 we have

Jh)—i

- t2/<h)
(25 fn-r=

From (5.g) and (5.h) in LemmaElwe have that the sequence /lﬁéh)_i is uniformly bounded. On the

1/2
Vi = uC, Ol @+ < C Ko, I (A" xran (- ))

L,(R*)

mmMnmﬂwwwmmmmmmWHM_Qmmm<wmwmmm

limit for i — +oo inside the L”-norm and the series in order to get that |[v; — u(-, 1)|| L®H 0 when

[ — +oo, o
REFERENCES

[1] Marcelo Actis and Hugo Aimar, Dyadic nonlocal diffusions in metric measure spaces, Fract. Calc. Appl. Anal. 18
(2015), no. 3, 762-788. MR 3351499

, Pointwise convergence to the initial data for nonlocal dyadic diffusions, Czechoslovak Math. J. 66(141)
(2016), no. 1, 193-204. MR 3483232

[3] Hugo Aimar, Bruno Bongioanni, and Ivana Gémez, On dyadic nonlocal Schrodinger equations with Besov initial
data, J. Math. Anal. Appl. 407 (2013), no. 1, 23-34. MR 3063102

[4] Claudia Bucur and Enrico Valdinoci, Nonlocal diffusion and applications, Lecture Notes of the Unione Matematica
Italiana, vol. 20, Springer, [Cham]; Unione Matematica Italiana, Bologna, 2016. MR 3469920

[5] Luis Caffarelli and Luis Silvestre, An extension problem related to the fractional Laplacian, Comm. Partial Dif-
ferential Equations 32 (2007), no. 7-9, 1245-1260. MR 2354493 (2009k:35096)

[6] KaiLai Chung, A course in probability theory, third ed., Academic Press, Inc., San Diego, CA, 2001. MR 1796326

[7] Enrico Valdinoci, From the long jump random walk to the fractional Laplacian, Bol. Soc. Esp. Mat. Apl. SEMA
(2009), no. 49, 33-44. MR 2584076

[8] P. Wojtaszczyk, A mathematical introduction to wavelets, London Mathematical Society Student Texts, vol. 37,
Cambridge University Press, Cambridge, 1997. MR 1436437

16

(2]




ISSN 2451-7100
IMAL PREPRINT # 2017-0038 Publication date: February 14, 2017

InsTrTuTO DE MATEMATICA APLICADA DEL LiToRAL, UNL, CONICET

CCT CONICET Santa Fe, Predio “Dr. Alberto Cassano”, Colectora Ruta Nac. 168 km 0, Paraje El Pozo, S3007ABA
Santa Fe, Argentina.

E-mail address: haimar@santafe-conicet.gov.ar
E-mail address: ivanagomez@santafe-conicet.gov.ar

E-mail address: fmorana@santafe-conicet.gov.ar

17



	1. Introduction
	2. Some basic dyadic analysis
	3. Markov dyadic kernels defined in R+
	4. The spectral analysis of the operators induced by kernels in K
	5. Stability of Markov kernels
	6. Iteration and mollification in K
	7. The main result
	References



