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ON GENERALIZED DIVERGENCE AND LAPLACE
OPERATORS AS A MATTER OF DIVISION OF
DISTRIBUTIONS

HUGO AIMAR AND IVANA GOMEZ

ABSTRACT. Starting from the approach to the Laplacian with respect to
coupling measures and undirected weighted graphs, we provide a setting
for a general point of view for a Kirchhoff type divergence and a Laplace
operators built on the trivial gradient of order zero f(y) — f(x). We
consider some particular classical and new instances of this approach.

1. INTRODUCTION

We are going to profusely illustrate the problem that can be better stated
if we start from the general setting. Of course the roots are, as in [AG20],
in the definition of divergence and Laplacian on graphs. See [BBL'17].

Let X be a set. Let .1 be a topological algebra of real valued functions
defined on X. Let .% be a topological algebra of real functions defined on
X xX. Set #1®.7 to denote the space of the tensor products (¢®n)(x,y) =
o(x)n(y) with ¢ and i both in .77. Let o(.%) ® /1) denote the linear span
of . ® .. Assume that .¥ ® . is continuously contained in .%5 and also
the density in . of (] ® #1). In other words

O'(y1®y1):y2, (11)

where the closure is, of course, taken in the topology of .#5.

Set .#/ to denote the topological dual space of .%;; i = 1,2. We shall use
single brackets (,) to denote the duality .}, .#; and double brackets ((,))
to denote the duality .7, .7, .

Lemma 1.1. Let S € ., and ® € .%. Then the functional ¥ defined for
peS by
(X, 0) = (5, 9P)

is well defined and belongs to .#,. Sometimes we write Ysa to recall the
dependence on S and ®

Proof. Notice first that from (1.1), for ® € .5 we have that the function
(p®@)(z,y) = p(z)P(z,y) also belongs to .#. Hence X is well defined and
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linear on .#}.The continuity follows from the continuity of the inclusion of

S ® S in S O

The division of distributions is in general impossible. Sometimes it makes
sense and it is possible to obtain a quotient. When S € .%%,, ® € .% and
T € ., are given and it is possible the division of ¥ = % se by T, we are
in position to define the Kirchhoff divergence of ® with respect to S and T

Actually and formally
, )

Kirp g® = %.
Let us precise the above. Given T' € .%;, S € ., and ® € .%, a function
1+ X — R is said to be a Kirchhoff divergence of ® with respect to T" and
S if
(1.2.a) pyp € A for every p € S; and
(1.2.b) (T, p1p) = (S, o)) for every ¢ € 7.

Notice that (1.2.b) is equivalent to YT = Xg 4.

Any 1 as before is denoted by Kirgr® or, when S and T" are understood,
by Kir®. If ®(x,y) can be taken to be f(y) — f(z) for some f: X — R
we call the divergence of such ®, the Laplacian of f. Briefly

Asrf = Kirsr(f(y) — f(x)).

The above formally stated formula for the Kirchhoff divergence as a quo-

tient Kirps® = E%‘D also applies to the induced Laplacian Ay gf. Briefly
Ys v
Arsf= Tf

with Vf(z,y) = f(y) — f(2).

Even more reckless than the division of distributions, but clearly related
to it, is the idea of differentiation. If T} is a sequence of distributions in
7, that tends to zero and S is a sequence of distributions in .#, that
also tends to zero, we may ask for fixed f, for the existence of the limit of

Ar, s.f = Esq'i—kw

In this paper we aim to consider classical and new cases of the above
described general setting. In particular, we obtain the divergence operators
of Kirchhoff type associated to fractional powers of the classical Laplacian
and their generalization to metric spaces. In Section 2 the discrete case is
considered. In particular we introduce the finite difference setting for the
Laplacian and for their fractional versions. In Section 3 we introduce the
generalization of the examples considered in §2, to general metric measure
spaces. The only additional hypothesis, that allows the construction of
dyadic families, is the finiteness of the metric or Assouad dimension of the
space. As a special case we consider the space of Ahlfors type with index of
regularity equal to one provided by the dyadic metric. Section 4 is devoted
to the case in which the distributions 7" and S are provided by measures.
Two special cases are considered, the first under an assumption of absolute
continuity and the second provided by a deterministic type coupling of the
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involved measures. In Section 5 we give an example with S a distribution of
positive order. Section 6 provides a Kirchhoff type operator which leads to
the inclusion of the classical Laplacian in our general setting. In Section 7
we study the Kirchhoff operators associated to the fractional powers of the
Laplacian in the Euclidean space for the whole range 0 < s < 1. Section 8
takes the problem of Section 7 in Ahlfors regular spaces for 0 < s < %
In particular we consider the dyadic metric space and, using the spectral
analysis in terms of Haar wavelets for the fractional Laplacian, we give
a spectral formula for the Kirchhoff operator in this setting. Section 9 is
devoted to provide a Kirchhoff operator defined in terms of two distributions
T and S of positive order. Actually 7" and S are singular integrals. The last
section, §10, explores the problems of convergence of the Kirchhoff operator
given the convergence of the sequences of distributions 7" and S. We define
the derivative of S with respect to T" and compute it for the finite difference
cases introduced in §2. Some additional examples are provided in terms of
coupling measures.

2. DIRAC DELTAS IN EUCLIDEAN SPACES

With the notation introduced in Section 1, set X = R", the n-dimensional
Euclidean space. Let % = %.(R™) the space of compactly supported con-
tinuous real valued functions defined on R™. Let ./ = %.(R" x R") the
continuous and compactly supported functions defined in R™ x R™. As
usual for a given point xzy € R we define d,, as the unit mass measure at
xo. Or in notation of distributions (d,,, ) = ¢(zg) for every ¢ € .. Let
{zr : k > 1} be a sequence of points in R" and {a; : k& > 1} a sequence of
positive real numbers which is locally finite with respect to {z}. In other
words, for every bounded set B in R™ we have that (empeny @ < 00. Then
T =) 4+, a0y, is a Borel measure in R™ which is finite on compact sets.

Hence T' € .#,. The distribution (measure) 7" gathers the information of the
nodes {zj} and their weights {as}. Let {w;; : 7,7 > 1} be a sequence of non-
negative real numbers which is locally finite with respect to the sequence of
points in R” x R"™ given by {(x;, z;) : i,j > 1}. Precisely for every bounded
set B in R™ x R", Z{(iﬂj):(mi’%)eB} wi; < oo. Hence S =3, - w0ij0(z; ;) € 57
and is actually a positive measure on the Borel sets of R™ x R".

Proposition 2.1. Let T and S be as above. Let & € . Then,

(a) the first marginal Sg, of the measure So(A) = [[on, gn @S is absolutely
continuous with respect to T';

(b) the Radon-Nikodym derivative of Se with respect to T is the Kirchhoff

divergence of ® with respect to S and T 5y _ Kirgr®;

) dr
(¢) Kirsp®(zi) = i i1 Wi (T, 75).
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Proof. The first marginal of S} is given by

Sy = Se(E x R") = // ddS = Z wa (zk, x5).
ExR"™

{kxpel} 521

Since each ay, is positive, a subset FE of R™ has T" measure zero if and only
if E does not contain points of the sequence {x;}. So that Si(E) = 0,
and S} is absolutely continuous with respect to 7. Hence from Radon—

Nikodym theorem there exists a functlon C;—T such that Sg(F) = [, (ﬂ‘? ar
and [p, n(2)dSy(x) = [ n( x)dT(x). Then

(5, 0®)) //Rann SN ¢
=3 wie(ar) @ (ak, )

E>1 j>1
= Z p(Ty) (Z w;®(wy, x]))
E>1 j=1

— [ plaasia)

— [ e G

dS}
T,
< " dT >
for every ¢ € . This proves (1.2.b) in Section 1. So that Kirgr® = d

On the other hand, if we write explicitly (7.2.b) in this particular case We
get that for every ¢ € A

> aplar)p(r;) =D () <Z wjkCD(xk,xj)> -

k>1 k>1 >1

S

Taking ¢ € .; such that ¢(x;) =1 and ¢(x;) = 0 for j # k, we get (c),
Y(zg) = Kirgr(zg) Zwk] ().

g

The current hypothesis in the data sequences {zy}, {ar} and {wy;} do
not directly allow to take ®(x,y) = f(y) — f(z). Not even for f € 7.
Hence, even when the Kirchhoff divergence type operator is well defined on
Y, we can not directly define the Laplace operator on .. If the measure
S is finite, then the above result allows taking ®(x,y) = f(y) — f(z) for
f € A since, even when ® does not belong to %, the distribution S
extends naturally to €' (R™ x R").
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Proposition 2.2. Let T' = ), ., a0, be locally finite with aj, > 0. Let
S = Zk,j WijO(ay,,z;) bE a finite measure with w;; > 0. For f € /) =%.(R")
we have
Argsf(z Zw]k — f(z)).
koj>1
Hence a function f € A is (T, S)-harmonic if and only if for every k the
mean value formula

flax) = - Zwkjf(l"j)

251 Wik j>1
holds.

The proof is an immediate consequence of (c¢) in Proposition 2.1.

For our further analysis it will be convenient to introduce here some
particular cases of the above discrete situation.

Let us start with the classical finite difference scheme.

Proposition 2.3 (Finite differences). Let h > 0 be given. Fork = (ki,...,k,) €
7", set x; = hk € R, Jor every k. With the above notation take T' = T},
with ap, = h" for every k € Z" and S = Sy, with wi; = 0 if |k —j‘ > 1 or
k=j, and wg; = k"% when |k — j| = 1. For ® € %), we have

> [R(IE, h(k + €m) + B(hk, h(k — €3,)))]

m=1

1

Kin® (1 k) = Kirg, 5,®(l, k) = 7

where €, is the m-th vector of the canonical basis of R™. For f € ./ =
©.(R™), taking ®(z,y) = f(y) — f(z) we obtain the corresponding Laplacian
operator

" h(k+¢6,) = 2f(hk) + f(h(k — €,
Z( ) — 2f(hk) + f(h( ))_

Ahf(h]%) = h2

m=1
Moreover, the harmonic functions are those for which
_ 1 — —_— L
fhk) = o= [F(h(k+ &) + f(h(k = €))]

m=1
Proof. Follows directly from (¢) in Proposition 2.1 by noticing that
{jez": ’E—ﬂ =1}={k+en - m=1,....n}U{k—¢€,:m=1...,n}
Ul

Let us point out that the normalizations of T}, and S) with A", do not
reflect in the Kirchhoff and Laplace operators. Nevertheless, since h" is
the volume of each cube in the cubic partition naturally induced by the
sequence {hk : k € Z"}, the measure T), is an approximation, in the weak
convergence, of Lebesgue measure on R™ and has to be considered when we
have a more abstract non-translation invariant setting.
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The next example of the general situation is a discretization of the frac-
tional Laplacian in R".

Proposition 2.4 (Discrete Fractional Laplacian). Let {x; : k € Z"} and
Ty, be as in Pmposz'tz’on 2.53. Let e > 0 be given. Set w;—jj =0ifk=7 and
wiz = h"" a|_ i ifk # 7. Let Sy = P WiEO(n pj)- For ® € S we have
1 O(hk, hj)
Kirg ,® = Ki o = —_
J#k
For f € A, with ®(z,y) = f(y) — f(x), the above series is still convergent

and _
f(hj) — f(hk
) = 7 S L,
G \’f— ]
j#k
Moreover, a function f is o harmonic if and only if for every k € Z" we

have
f(hy)
‘k‘ N n+a

J#k
with () = Y03

Proof. Follows from (c¢) in Proposition 2.1 and the absolute convergence of
the involved series. U

The examples in Propositions 2.3 and 2.4 are both given in terms of
measures, nevertheless for A — 0 we have to leave the measure space setting
to allow more general distributions. We shall come back to this issue later
on.

3. DIRAC DELTAS IN METRIC MEASURE SPACES

In this section we shall briefly extend the constructions provided in Sec-
tion 2 to metric measure spaces. It is clear that we should overcome several
restrictions in the new setting. In particular we loss translation invariance
and homogeneity. Nevertheless there exist in the literature regarding anal-
ysis on spaces of homogeneous type, and more general non-doubling struc-
tures, some geometric constructions which will help us in our approach to
that extension. It is also worthy mention that most of the theory can be
given for quasi-metrics, not just for metrics. Two reasons advise for an
approach based on metric spaces. The first is simplicity. The second, more
deep, is that a well known theorem due to Macias and Segovia [MS79] shows
that every quasi-metric is equivalent to a power of a metric.

Let (X,d) be a complete metric space. Assume that there exists an N
such that no d-ball of radius r in X contains more than N points of any
g-disperse set D, , in X. We say that D, C X is e-disperse if d(z,y) > €
for every choice of x and y in D.. This property of X is in fact a property
of finite dimension, metric or Assouad finite dimension. By taking maximal
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e-disperse sets in X we obtain e-nets in X. And since each of them is locally
finite, the space (X, d) is separable. But, most important for our purposes
is the existence of dyadic type nested partitions with metric control in X.
For the case of spaces of homogeneous type, which entails the existence of
a doubling Borel measure on X, the construction was given by M. Christ in
[Chr90]. The extension to metric spaces with finite Assouad dimension is
simple. The basic result is the existence of dyadic nested families satisfying
all the properties of the following definition.

Definition 3.1. A dyadic family in (X,d) is a countable family D =
UjeZ D7 of Borel subsets of X such that there exists 0 < ¢ < 1, constants

a <band M € N and a sequence {x), : k € K;} with K an initial interval
of positive integers which could be all Z*, in X satisfying:

(D1) each D7 is a disjoint partition of X;

(D2) for each Q) € DI we have that By(z],ad’) C Q) C By(x), bd?);

(D3) each QJ € D’ can be written as the disjoint union of at most M sets
Q" in DI,

Once we have a dyadic family on X the nets {z]} of points in X inherit
at least two ways, which are essentially different, to interpret the idea of
neighbor. The first is given by the metric d and the second by the ancestry
induced by the three structure of the dyadic system D.

In the current general setting given by (X, d), taking .1 = €.(X, d) the
space of continuous and compactly supported functions in X and %5 =
%.(X x X) the space of continuous and compactly supported functions
in X x X, and {x;} a sequence in X, the construction of 7" and S and
Propositions 2.1 and 2.2 of the previous section, hold mutatis mutandis.
For the sake of completeness and clearness we collect these basic results in
the following statement.

Proposition 3.1. Let (X, d) be a complete metric space. Let % = €.(X)
and F5(X x X). Let {ax} be a sequence of positive real numbers which is
locally finite with respect to {xy} (i.e. Z{k:d(%xOKR} ap < oo for every xy €
X and every R > 0). Let {wy;} be a sequence of nonnegative real numbers
that is locally finite with respect to the sequence {(xy,z;) : k,j} € X x X.
Set T =5, ayd,, and S = Zk’j WijO(zy ;). Then

(A) for ® € S

Kirp s®(zy,) E wi; (g, ;);

]>1

(B) if S is a finite measure and f € .7,

Arsf(xy) Zwk] — f(xr)).
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We aim to apply the above general result to obtain analogues of Proposi-
tions 2.3 and 2.4, involving the geometric and measure theoretic properties
of the underlying space X.

We shall keep working in a complete metric space with finite metric di-
mension equipped with a Borel measure p which is finite and positive on

the d-balls.

Proposition 3.2. Let (X, d) be a complete metric space with finite metric
dimension. Let D be a dyadic family in X. Let u be a positive Borel
measure on X which is positive and finite on d-balls. For j fizved, set T; =

> (@),
(5.2.1) Let S; = Z,“w,m (el ) with

0 if k=1
w), = H, - @) + @) ik #2 Cmd d(x},al) < Co7;
0 if d(x, zl) > O,

where C' is a fized constant and for each 7, H,zi 1S a positive sym-
metric matriz. Then, for ® € % we have

‘ : 1 .
Kir;®(z;) = @) ) 4 ®(ay, ) (u(QF) + n(@))) Hi;.
Pk {i#kid(ad @l )<C57}
(3.2.2) For f continuous and bounded on X, we have

Mfl) = —— SO (fad) — f) (u(@Q)) + n(@D)) Hi,

J
M(Qk) {i:d(mf,ri)<0§j}
: QJ )
- S e sy 1+ 4
{i:d(x{,xi)<05j}
Proof. Follows from Proposition 3.1 for the particular choice of T and S
O

Let us observe that the factor H,ZZ- defining wii allows to have Proposi-
tion 2.3 as a particular case of Proposition 3.1, with HJ, = 6=% and h = §/.

Regarding the extension to our more general geometric setting of the dis-
crete fractional Laplacian, let us say that we have several points of view for
the term |l§: — ﬂn+a defining the weights wg; in the Eucliden case. Among
them we shall adopt the mixed one, where |hk — hj|" = h" |k — j|" is seen
as the volume of the cube of side h |k — j| and |hk — hj|" as the distance
between the points hk and hj of the given net.

Proposition 3.3. Let (X,d), D, p and T, be as in Proposition 5.2. Let
a >0 and j an integer be given. Set wy =0 and fori # k,

o M) '
ki de(x], x]) [M(B(acfc,d(xk, 2])) + u(B(], d(xf, Z)))}
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Let S8 =3 wh o1y Then, for ¢ € S,
. ; Q)P (], =)
Kir, j®(z;,) = Z — k .
e do(ay, a)) [u(B(y, d(a), 2)))) + p(B(], d(z}, 2])))]

For f bounded we also have

Anflal) = - p(@)(f(a]) = f(a) |
sHe) zi:d“(rvi,x”-) [1(B (@, d(x}, 2]))) + p(B(x, d(x), 21)))]

(2

Again the proof is just substitution in Proposition 3.1 of the measures 7}
and S%.

Let us point out that if the space (X,d, u) is y-Ahlfors, which means
that u(By(x,r)) ~ r7 with fixed constants, then the above formula for the
Laplacian takes the form

4 f(a]) = f(a}))
Aa,'f(xj) = ( Z' ; a 0’
H =2 )
Which can be considered, for j large enough, a good approximation of

fly) — f(=)
A - CACT S

of () o dmyy du(y),
the fractional Laplacian on (X, d, 1) when f has some Lipschitz type regu-
larity.

As we said before, when a dyadic system like D is given in a measure
space there is still another idea of neighborhood based in ancestry instead
of the distance d itself. Let us briefly introduce it. Assume that X is a
quadrant for D in the sense that the union of all ancestors of any @, € D
is the whole space X. From property (D2) of D we clearly have that for x
and y in X with = # y there exists j large enough such that z € Qi and
Yy € Qf with ¢ # k. So that p(z,y) = inf{u(Q) : Q € D,x € Q and y € Q}
is well defined, positive and is actually a minimum. From the properties of
the dyadic cubes in D, it is easy to see that p is a metric on X. If the space
(X, ) has no atoms then B,(z,r) = {y : p(z,y) < r} = Q, the largest
dyadic cube @ € D containing x such that u(Q) < r. If we consider now
X equipped with the new metric p instead of d and the measure u, we can
define corresponding discrete Laplace type operators.

For the sake of simplicity we shall only describe this approach in Rt with
the standard dyadic intervals and Lebesgue measure. That is X = R =
{r >0,z € R}, D = UjGZ DI, DI ={I] : [k277, (k+1)277) : k=0,1,2,...},
p(x,y) = inf{|I| : I € D and z,y € I}. Notice |x —y| < p(x,y) but their
are certainty not equivalent. Set zj, = k277, so that [2],],,) = I} and
x € I} but ] .1 does not. As we observed before in the general setting
B,(xz,r) = I € D, where [ is the largest dyadic interval containing = such
that the length |I| of I is less than r. Notice also that the p-balls have
measure equal to 27 for some integer m € Z.
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Proposition 3.4. Let X = R", p the dyadic distance, |E| the Lebesgue
measure of E and xj, = k2779, k = 0,1,... Assume that j is fived. Let Tj =
> k0 Tjdxi =273 50 Oy Set wy; =0 if k =i and if p(xy, x7) > 2+2
and wi; = 279 when p(x, xl) < 27912 Then for f continuous and bounded
on R we have

Ay f(af) = Z (f]) = f(=}))

- ( > fal)) =35

i p(:):J xj)<2 J+2

Let us point out that the right hand side of the above identity can be
explicitly written in terms of the indices of the sequence z!. In fact, if

k =4l 4+ m with m € {0,1,2,3} and {my, ma,mg} = {0,1,2,3} \ {m}, we
see that
Apyjf(xi) = f(xil+m1) + f(xil+m2) . f<xil+m3) » 3f(x31lfm)

The discrete fractional Laplacian associated to the metric p takes the form
described in the next statement.

Proposition 3.5. Let X, p, {l’k k € Z*} and T} be as in Proposition 5.4.
Let o > 0 be given. Define S5, through the sequence wk’ =014 k=1 and

for k #i
43

p(‘rk’ T >1+a
Then for f bounded and continuous we have

Zf )2_]-'

i>0 xk? z)

Ja
Wy =

Again, for f € Lipg ,(R") with some 3 > «, these sequences are good
approximations of the fractional Laplacian with respect to the dyadic metric

Ap,af(x) = Md

R+ 5(‘T7 y)1+a ’

whose spectral theory is known (see [ABG13], [AABG16]).

4. GENERAL MEASURES

Let X be a locally compact space. Let .4 = %.(X) the space of com-
pactly supported continuous functions in X. Let % = %.(X x X) be the
space of compactly supported continuous function defined in X x X. Borel
measures which are finite on compact sets provide distributions in 5”1' and
7,. Let p be a Borel measure on X which is finite on compact sets of X
and 7 a Borel measure on X x X which is finite on compact sets of X x X.
As usual set T}, and S; to define the distributions (T, ¢) = [, @du for
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¢ € S and ((Sr, @) = [[y, x Pdr for € #. In this case the formula
defining the Kirchhoff divergence of ® in (1.2.b) becomes,

/ odu = // oddr (4.1)
X XxX
for every ¢ € 6.(X).

It is worthy noticing that (4.1) may have no solution. In fact, let X =
0, 1] with its standard metric structure. Take u = 0y and dm = dzdy in
the unit square. If ® = 1 the right hand side of (4.1) is [}, 12 p(2)dzdy =
Jioa p(x)dz. Theleft hand side of (4.1) for ¢ € €[0, 1], instead [, ,, p¥oddy =
©(0)1(0). Taking ¢ with ¢(0) = 0 and f[o ) pdz > 0 we see that (4.1) can
not hold. On the other hand, it is also easy to observe that non uniqueness
of solution of (4.1) is possible. Let X = [0,1], p = dp, m = o X d and
® = 1. Since the left hand side of (4.1) is again given by ¢(0))(0) and the
right hand side is now given by

// socbdwz// 2d(6,  30) = (0).
[0,1)2 [0,1]2

So that any continuous ¢ with )(0) = 1 solves (4.1). Some particular cases
of existence and uniqueness for coupling probability measures are given in
[AG20].

Two somehow extremal situations of the relation between p and T are
provided by the probabilistic concepts of independence and determinism.
The next two results point in each one of these directions.

Proposition 4.1. Let X, .7, % and p as before. Assume that m = 7 X 7y
with m << @ and my a positive measure which is finite on the compacts of
X. Then, for ® € % we have

dﬂ'l

Kir, ®(z) =
) du

I ) / _ 0@)dn(),

where % denotes the Radon-Nikodym derivative of m with respect to .
Moreover, if mo(X) < 00, for f continuous and bounded we have

By f0) = T (/ P (o) = Fa)m(x) )

Proof.
[ et = [ oo ([ otainn) in
- /x - %0(96)6;—7:(96) ( /y 2 y)dm(y)) dp(x)

for every ¢ € 7. O

The next result concerns the deterministic case.
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Proposition 4.2. Let X be a locally compact space and let p be a Borel
measure on X which is finite on compact sets. Let F : X — X be a
continuous transformation of X. Set G : X — X x X, G(z) = (z, F(x)).
Let w be the measure defined on the Borel subsets of X x X by m = o G™1,
in other words
m(E) = n(G(E))

for E any Borel set in X x X. Then for ® € €.(X x X) we have

Kir, p®(z) = (z, F(z))
and for f continuous on X,

Aurf=foF .
Proof. Notice first that, for © € €.(X x X) we have

/XXX O = /X@(x7F<x))du(x).

This follows from the standard arguments noticing that for © = Xy, E a
Borel subset of X x X, the formula is nothing but the definition of 7. Hence
the right hand side of (4.1) can be written as

//XXX o(x)®(z,y)dr(z,y) =/ o(2)®(z, F(z))du(z)

X

for every ¢ € €.(X). Hence
Kir,p® = oG
as desired. U

For further reference, notice that if for h > 0 we take in Proposition 4.2,
T = % i o G~ we would have the Laplace operator given by

Buraf =7 (foF = f).

5. S OF POSITIVE ORDER. THE CASE OF THE DERIVATIVES OF
DETERMINISTIC COUPLINGS

So far we have only considered measures, i.e. distributions of order zero
even when our general point of view in the introduction is given in terms of
general distributions of Schwartz type.

Let % = €X(R"), S = €°(R" x R"). Assume a €' mapping F :
R"” — R" is given. Let p be a Borel measure on R" that is finite on
compact sets. Set, as in Proposition 4.2, 7 = poG~! with G(x) = (z, F(z)),
x € R". Taking in (1.2.b) T = T, as before and S to be some distributional
partial derivative of 7, we may find explicit formulas for Krichhoffean and
Laplacean operators. Let us state precisely the setting and the results.



ISSN 2451-7100
IMAL PREPRINT # 2020-0047 Publication date: October 5, 2020

13

Proposition 5.1. Let F', p and T as before Assume that du(z) = g(x )d:c
with g smooth and positive. Let (T, o) f]R" x)dr. Set S} = ”

and S? = g;, | = .,n, where the partial derwatwes are conszdered m
the sense of distributions in R®". Then, for ® € .7,

) 10 0o
Kirg® = g-lp (@0 0)] = -0
KZ.T’]‘QCI) = g—yq)OG
J
For f smooth
oF 10,
A f = o (VfoF)+[(foF) _f]axi (log g)
0
A],Qf = a7f (@] F
J

Proof. We have to check (1.2.b) which in the current situation reads

| swn@ade = [[ Sty in.y),

Let us write out the right hand side above in terms of 7. We have that

-]  ewain(an)
0

=~ [ g e Fa)g@i(z)
-4 59;( O, F(x) / F(2))g(z)d(x)
-9 ai[ (B0 ) / F())p(x)d(z)

for every ¢ € .. Hence
10 0P

w:—a '(g-(I)oG)—a 'oG
gox; i
as desired. For the second formula take ®(z,y) = f(y) — f(x) in the above.
Then
Buaf@) = s o) (7)) = )] - PO
OF of dlog g(x) of

= VI(F@) - 5-(@) = 5-(@) + =g (F(F (@) = f(a) + 5-(@)

which is the desired formula. For the derivatives with respect to the y
variables the calculations are even easier. For ¢ € ./,

0
@dx:/ —(®)dr
/nso g - 5%(@0 )
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-~ [ e 5w anay

—— [ @5 @ Fagla)ds,

j
which proves the desired formula for Kir;,®. O

6. THE CLASSICAL LAPLACIAN IN R™ AND FORMULA (1.2.0)

In this brief section we search for a couple of distributions 1" and S 1n
R™ and R®" respectively, such that the classical Laplacian Af =" | aﬁ,

can be seen as Kirrs(f(y) — f(x)), in the sense of (1.2.b). It is important
at this point to emphasize that we are not trying to define the Laplacian.

Instead, given the classical Laplacian, we are providing two distributions 7'
and S such that Kirrs(f(y) — f(x)) = Af.

Proposition 6.1. Let ./, = €°(R") and S, = €>°(R*), the classical
test function spaces in R™ and R**. Let T be the distribution in R" gen-
emted by the function identically equal to one. In other words, (T, p) =
Jgn p(x)dz, ¢ € A . Let m be the measure defined in R*" by n(E) =
{z € ]R” : (x x) € E}|,, where|-|, denotes the n-dimensional Lebesgue mea-
sure. Since 7 is a locally finite positive measure in R?", it defines a distribu-

. . 2 . . .
tion in R*. Set S = A7 = D 2772‘, where the derivatives are considered
J

in the sense of distributions. Then

Af(z) = Kirgs(f(y) — f(2)).
Proof. Let us first find Kiry g® for ® € .. To check (1.2.b) in this case,
let us start from the right hand side with ¢ € .7 and ¢ € ./,

((5,0®)) = ((Ay7, p®))

= (— )2 {(m, Ay (p®)))
(1, pA,P))

// )(A,®)(z, y)dr(x, y)

— [ pla)a,0),a)de.
Since the left hand side of (1.2.b) reads

Toot) = [ plo)Kirrsbia)ds
and the equation has to be true for every ¢ € .}, we get
Kirps®(z) = (A,®)(z, z).
For f € . we get

Arsf(z) = Kirrs(f(y) — f(z)) = Af(x),
as desired. O
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7. ON FRACTIONAL KIRCHHOFF DIVERGENCES IN THE EUCLIDEAN
SPACE

The observation regarding the Kirchhoff divergence and the Laplacian in
the previous section, shows that the differential character of the operator
induced by S, assuming 7" = 1, is related to the singularity of S on the
diagonal of R™ x R™. In this section we explore this fact, searching for
the distributions S that produce, through (1.2.0), Kirchhoff fractional type
operators. The distributions S, in R?" are defined in terms of the “affinity”
|z — y[f("ﬂs) for 0 < s < 1. The singularity of the kernel on the diagonal
of R™ x R™ increases as s tends to one. Actually s = % divides the character
of the singularity and hence the actual definition of the distribution S;. We
shall consider these two cases separately.

First case: 0 < s < % Let us start by proving the convergence of the

integral defining the distribution S.

Lemma 7.1. For ® € €>°(R*") the function defined in R*" by %
is in LY(R?™). The linear functional S : €°(R*") — R given by

(S, ) // :cy n+(23 )dxdy
R2n -yl

defines a distribution in 2’ (R>").

Proof. Let K be a compact set in R™ such that supp® C K x R". Then,
with w,_; the surface area of the unit sphere of R",

(z, )]
//]R2” n+2s d dy
|¢xy O(z, )|
p— dxdy
/ /n — | +2
P — P d
<[ 10t R N - v
K Wpp—y<1 |7 =y lo—y|>1 |7 — |

(I) _
S/ {/ 1V, @] |n:lr+2 y|dy+wn_1 ||<I>||oo}dx
K Wja—yl<1 |z — | S

v,® o
et (17280 100

2s S

In order to prove the continuity with the topology of €>°(R*") of the linear
functional ({ = [[aon %dwd(y, take a sequence @, that tends
to zero in CKCOO(RQ”). This means that there exists a compact set K in

R?" containing the supports of all the ®)s, and ®; and all its derivatives
converge uniformly to zero in R?". Let now K be the projection of K in the
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first variables z = (z1,...,x,). Hence
| Dy (2 y — Op(z, )|
(S, Pr)| </ / n+28 dxdy
Vv.,® d
§%4m|uyuu+umm

1—2s S

which tends to zero when k — oo. O

Lemma 7.2. For ® € €>(R*) the function
O(z,y) — (x,x)
¢($> - /n ‘LE o y‘n+2s dy
belongs to €°(R"™) and is bounded by w,_; (HV@’@”“’ b ”q)” )

Proof. 1t is clear that if z does not belong to the projection, in the variable
x, of the support of ®, we have that ¢(z) = 0. On the other hand, as we

showed in the proof of Lemma 7.1, [¢(z)] < w,—y <||v1yq;!oo + ”q)” > The
regularity of 1 follows from the fact that ¢ (z fRn Wdl’. O

Proposition 7.3. With S as in Lemma 7.1 in 2 (R**) and T the distribu-
tion induced in R™ by the function identically equal to one, we have

, b(z,y) — Pz, x
Kirp s®(z) = () :/ (z.9) y|”+(23 )dy (7.1)

|z —

for every ® € €>°(R*™).

Proof. In the current situation equation (1.2.b) takes the form

/ o(x)Kirp s®(v)de = (T, pKirp g @)
(s, 90<I>>

// — ﬁ;ﬁs)‘i(fc, x)dxdy
R2n -y

<I> r,y) — P(z,x
= / () ( / ( 2 n+(zs )d9> as
" w |z =yl
for every p € €°(R"). O

Notice that the boundedness of ¥ in Lemma 7.2 only requires the bound-
edness of ® and its gradient in the second variable y = (y1,...,¥,). So that
if f and its gradient are bounded, we can take ®(x,y) = f(y) — f(x) in
formula (7.1) in order to obtain the fractional Laplacian (—A)*, 0 < s < %,
as a Kir grad operator with grad f(z,y) = f(y) — f(x) and Kir given by

(7.1). Precisely,
ﬂw—ﬁgw
re | =y

(=A)*f(z) =
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Second case: 1 < s < 1. In this case the integral defining S has to be

P(z,y)—P(z,z)

taken in the pr1nc1pa1 value sense, because for s > 1 5 the function P

is generally not integrable in R?".

Lemma 7.4. For every ® € €.°(R*") the limit lim._o [, —n%da:dy

exists, where B¢ is the complement in R* of the dzagonal e- bcmd B.
{(z,y) e R* x R": |z —y| < e}. Moreover, the limit defines a distm’bution
in 9'(R*).

Proof. Let e > 0 fixed. Let us denote by V,, the gradient of functions defined
on R™ x R™ with respect to y, the second group of variables. Notice first that
fch |¢ = y) l,i(ff”dxdy is finite. In fact, with K such that supp ® c K x R",

K compact

o O(z,y) — @
// | (a y n+(2s )|dxdy:/ (/ | (2, y) nfi’m)‘dy) i

< s || O] o 1K e,

Vy®@(z,z) (z

Wdy = O we write

Since, from symmetry, we have fe <f=yl<1

.77 X
// n+2s )d$dy

) / ( [y MO M) D00 (=)
- n+2s Y
vek \Je<|z—y|<1 |z —y|

P )
+/ (z,y) nfi’x)dy) dz.
o-y>1 T =yl

So that, for 0 < § < e < 1 we get

I/,
/xEK (/EM_W(5 ®(z,y) — @(%é)——y'vnﬁ(% z) - (y - ﬁ)dy) dx'

2
/ / sup |6°‘<I>|| |:E—iyjﬁsdydx
zeK Je>|z—y|>6 |a]=2 - y|

—cnssup H@O‘(IDH —(521 ),

which tends to zero for ¢ — 0. Here |a] = " | «; is the length of the

multiindex a.
Let us prove that (S, ®)) = lim. o [[ Be %dxdy defines a distri-

bution in 2'(R?*"). Let {®) : k € N} be a sequence in €>°(R?") such that
®;, — 0 in €°(R?"). Let K be a compact set R?" such that supp ®; C K,
for every k € N. Moreover, 9°®; = 0, uniformly for every o € N2". With

Publication date: October 5, 2020
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K compact in R” such that K x R™ D K, we have

(S, @)

=20 Jaek \Je<o—yl<1 |z — y|
Pp(z,y) — Pp(z, x
e—yi>1 [T — Y
) —_) -V,® - (y —
e—0 zeK Je<|z—y|<1 ’.17 - y’
+ Cns || Prll o [ K|
< cns | K| <81|1p 0% @[, + !I%\Ioo) :
al=2
which tends to zero as k — oo. O

Lemma 7.5. For ® € €>°(R*"), the function

q)(l‘, y) - (I)(J}, ZE)
n+2s

Y(z) = lim

0oy |T =y

is well defined as a continuous and compactly supported function on R™.

Proof. Set ¢.(x) = flw*y|>€ %d@/ Let us prove that 7. is a Cauchy

sequence in the uniform norm on the compact K if K x R™ D supp®. In
fact, since
<I>(x7 y) y @(1‘7 $)
wé‘(x) :/ n+2s dy
o-yl>e [T =y

- / +/
1>|z—y|>e lz—y|>1

[ e Ve ),
- n+2s Y
1>|z—y|>e |z -yl

le—y|>1

|l’ . y|n+23 )

for 0 < § < e < 1, se have

— P(x,x
W}é( djs ’ - / / +(25 )dy
lo—yl>6  Jla—y|ze \l’ —yl"

/ |®(z,y) — ®(z,7) — V,®(, 1) - (y—l“)ldy
~ Jo<lo—yl<e jz — "t

2
<[ sl St
s |z =yl

<lz—y|<e |a=2
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< Cp,s SUP Ha;Y(I)HOO (82(1—3) _ 52(1—3))

|a|=2
for every x € K. Hence 9. it converges to a continuous function supported
in K ase— 0. ‘

Proposition 7.6. For T, the distribution in R"™ induced by the function
identically equal to one, and S as in Lemma 7.4, we have that for ® €
%o (R™)

CI)(:U?Z/) B q)(x,w)

Kir ®(x) = lim P

e20% Jjz—y|>e |z —y|

solves equation (1.2.D).
Proof. With ¢ € €>(R") and ® € €>(R*), equation (1.2.b) takes the

form
/ () Kir ®(a)dz = (S, o)
[ ey — @)
=1 //5 | dzdy

e—0+ T — y|n+25
) -
= lim o(x) (/ (2,9) nfi’x)dy> dx
e—0T R |x—y|2£ |Qj’ — y|

: P(x,y) — (v, ) )
= ) [ lim dy | dx
/" o0 (6_)0+ Ayl% o —y[" !

the last equation follows from Lebesgue dominated convergence theorem
and Lemma 7.5. O

8. FRACTIONAL KIRCHHOFF DIVERGENCE ON AHLFORS SPACES

The case 0 < s < % in the previous section admits an extension to
Ahlfors regular metric spaces. Let us fix the basic notation. Let (X, d) be a
metric space and i be a Borel measure on X such that there exist constants

0< e <y <oo, v >0, for which the inequalities
cr? < p(B(z,r)) < cor”?

hold for » > 0 and less than the diameter of X. The Hausdorff dimension
with respect to d of every ball in X is v. Replacing now the smooth test
functions by compactly supported Lipschitz functions with respect to d, we
have analogous for Lemmas 7.1, 7.2 and Proposition 7.3, summarized in the
next statement.

Proposition 8.1. Let 0 < s < 3, (X,d,p) as before, % = Lipy(X), the
Lipschitz functions with bounded support in X, % = Lipo(X x X) the
Lipschitz functions with bounded support in X x X. Then, for ® € .7,

(a) the function 2ED=2E2) pelongs to LN(X x X, du x dp);

d(zy)r+2s
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(b) the linear functional S : % — R gz’ven by

son= [, e eyt

defines a dz’stm’butz’on mn 5’2,
(c) the function ¥ (x fX xy)?gf) du(y) belongs to S ;
(d) for T =1 and S as in (b) we have

Kirps®(z) = /X (I)(xéé) ;)i(i’x)du(y)'

The proof follows the same lines of those in the first case in § 7. A partic-
ular case which is interesting as a link between discrete and continuous cases
is provided the dyadic settings introduced in § 3. Again, the situation could
be introduced for very general families but the one dimensional case with
the standard dyadic intervals provides all the ideas with a lower notational
cost. We shall take in Proposition 8.1 X = R™, the set of nonnegative real
numbers. Let D be the family of all dyadic mtervals of R, D=J ez D
DI ={I] : k=0,1,2,...}, I = [k277,(k +1)277). As in Section 3, let
p(xz,y) =inf{|I]| : I € D and z,y € I'}. As it is easy to see (R, p, |-|), with
|-| Lebesgue measure, is an Ahlfors space of dimension one. In fact, since
B,(z,r) is the largest dyadic interval in R* containing z with length less
than 7, we have that for j € Z such that 27=! < r < 2/, we have also that
2071 < |By(x,r)| < 2/. Hence 5 < |B,(a,r)| < 2r. Hence Proposition 8.1
can be applied in this space (R, p, |-|). It is worthy noticing that the indi-
cator functions of dyadic intervals are Lipschitz functions with respect to p
(see [AG18]). Moreover, in [ABG13] it is shown that if Ay is the s Laplacian
in this setting, i.e. if

Asf(‘r) =

fy) — f@)
. Do

then a complete system of eigenfunctions of A, for L?(R™) is given by the

. 2s
Haar system. In other words with ¢, = 2223 7 we have

Ash = ¢, [supp h| 7%

for every h € A = {hl(x) = 21?h}(2x — k) : j € Z, k > 0} with hQ(z) = 1
in [0,3) and h)(z) = —1 for z € [3,1). This fact together with Proposi-
tion 8.1 give a formula for the Kirchhoff divergence in the dyadic setting

which we state in the next result.

Corollary 8.2. Let Kiry® be the Kirchhoff divergence operator provided by
Proposition 8.1 on the 1-Ahlfors space (R*, p,||). Let 7 be the Haar basis
of L*(RT). Then

Kir,®(x) = ¢4 Z Z ‘supph

hesty, hes#t

—2s

(@, h @ h)h(x)h(x);
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where (h ®%)(m,y) = h(x)ﬁ(y) and
@nem) = ([ Sk he)dnds,

and ® belongs to the linear span of the 0rth0@0rmal bgsis of L*(R* x RT)
giwen by the tensor product # @ A = {h(x)h(y) : h,h € F}.

Proof. Since ®(z,y) = 32} (P, ® IWh(z)h(y) and the sum is finite,
then

Kir,®(z) = /R+ (I)(wp’fi ;)i(i’x)dy

S <<q>,h®%>>h(x)/ hy) = nlz)

o e P,y

= 3 (@, h @ R)h(x)Ah(x)

h,heH

= ¢, Z (@, h ® h) ‘supp%‘_% h(z)h(z).
h.heAt

Notice that as in Section 6 the above formula is a spectral version of
Ag,®(x, z) and the underlying distribution S in R* x R is again A, ,u
where p is the length in the diagonal. O

Let us finally observe that the results in § 7 and § 8 can be extended to
the more general kernels that have been considered as natural settings for
some evolution equations of nonlinear variational type. See [CCV11] and
[CS14], where the regularity theory of solutions of the diffusion associated
to the Euler-Lagrange equation is considered. The generality of this type
of kernels which do not need to be of convolution type, fits naturally in the
general framework that we are considering. On the other hand, at least for
the basic aspects of the theory, they have natural extensions to Ahlfors type
metric spaces.

Let X =R", . = %.(R"), % = €. (R" x R"). As in Section 7 we shall
consider 7" = 1 and the master kernel IC will define the distribution S in
3
In [CCV11] the authors consider a symmetric kernel K defined on R x R™
such that for some 0 < ¢ < 1 and for some positive constants ¢; < co,
satisfies the inequalities

C2

(8.1)
[z —y

n+o°

1
ClX{(x,y>:|x—y\<1}(xay)7 < K(z,y) <

|z —

With these estimates for the kernel K the arguments in the first case
(0 < s < 1) in Section 7 can be adapted to find a distribution S, € Sy =
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€>(R*") such that Kirrs,(f(y) — f(z)) = Az, coincides with the oper-
ator [o.[f(y) — f(2)]K(z,y)dy which is the Euler-Lagrange equation with
quadratic energy [[o. enlf(z) — f(1)]*K(z, y)dzdy.

The above situation extends naturally to Ahlfors regular metric spaces.
With the notation of Section 8, let (X, d, i) be a y-Ahlfors space. In this
setting the upper bound in (8.1) takes the form

K(z,y) TF Y.

< -
— d(z,y)te ’
With similar arguments to those in Lemma 7.1 and Proposition 7.3 we
obtain the following result.

Proposition 8.3. Let 0 < 0 < 1, (X, d, u) v-Ahlfors, %;, i = 1,2, the Lip-
schitz functions with bounded support in X and X X X respectively. Let IC :
X x X — R be a nonnegative measurable kernel satisfying (8.1). Then, with
(T, f> = [x wdp and (S,, @) = [[, (@ (2,y) — (x, 2)]K(2, y)du(x)dp(y)
we have

Kirrs,8(a) = [ [@(z.) ~ 0o, ), y)dn(y).

9. SOME EXAMPLES OF (1.2.h) WITH 1" OF POSITIVE ORDER

So far we have considered examples of solutions of (1.2.b) where the
distributions 7" are given by measures. In this section we aim to provide
some examples with T" of positive order in the sense of distributions.

A simple Schwartz distribution in R which is neither a function nor a
measure because it needs some positive regularity, aside of continuity, of the
test functions is the principal value of % The relevance of this distribution
is that it is the kernel of the Hilbert transform. The paradigmatic singular
integral operator.

Usually the distribution p.v.1 in 2'(R) is defined by

1
<p.v.—, g0> = lim Mdm,
x

e—0 |.’E|>€ €T

for ¢ € €>(R). Since p.v.= extends to .7(R) the class of Schwartz of
test functions it has a well defined Fourier transform which is a constant
times the sign function on the frequency domain. The convolution of

p.v.2 with a test function n € €°(R) is the Hilbert transform Hn(z) =

lim,_,q flfvfy\>€ Z(Ty;dy.

The very definition of p.v.i allows to see this distribution as a limit,
in the sense of distributions, of a sequence of functions. In fact, for each
e >0, he(z) = 1 X{;>(z) belongs to L}, .(R) and hence to &'. Moreover

7' R o :
he —(>) p.v.%. In our current situation the fact that each function h. has

a vanishing interval, namely [—¢, €], is not good for our division problem.
The next elementary lemma gives a better adapted way of defining p.v.%.
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Lemma 9.1. Set h® = h. + 2X|_. 4, where o is the sign function. Then
he € L, (R) and h* — p.v.t in Z'(R) as e — 0.

loc

Proof. 1t is enough to show that ZA|_. "@ﬁ) 0. Let p € €2°(R), then
o(x 1 [ 1 /[°
[ % ca@etoris = 2 [ otorin =2 [ ptoyia
R € €Jo €J-
which converges to ¢(0) — ¢(0) = 0 for e — 0, as desired. O
For positive ¢, with the above notation, set, for © € €>°(R?)

(5.0 = [[ 0@ whe—gzay= [[ oy iy

Since h.(z — y) is bounded in R?, Se is well defined as a distribution in
2'(R?). So that equation (7.2.b) with T, the distribution in R induced by
the locally integrable and non-vanishing function h®, and S. defined above
has the solution

1 1
Kir.®(z) = —— d(z, d 1
i) = e | ety (9.)

for every € > 0. Actually the above division of distributions is possible for
e > 0 and the limit for £ tending to zero is well defined.

Proposition 9.2. For a two wvariable function O(z,y) set H,0O(z,z) to
denote the Hilbert transform of 0 for fived x, as a function of y, evaluated
at z. Then
(1) Kir.®(z) - xH,®(x,x), for ¢ = 0 for every x € R;
(it) for T =pu.t and (S, 0) = [, H,O(z, z)dzx we have that Kiry s®(z) =
zH,®(z,x).

Proof. (i). From equation (9.1) and the definition of A%, we have

. dy
Kir.®(z) = (e0(2)X{jz)<c}(2) + 2 X252} (7)) / (z,y)—.
{le—y|>e} r=y

Since the sections of ® belong to €°(R), we may take the limit for £ going
to zero to obtain (7).
(i1). We have to check (1.2.b) with T and S given in the statement. For
© € €°(R), we have

(T, p(x)xH,®(x, x)) = lim l[ga(:v)JL'Hy(ID(at, x)|dz

e—0 ‘x|>€ €T

= lim o(2)H,®(x, x)dx

e—0 ‘$|>8

= / o(x)H,®(x, x)dz

- /: H,(¢®)(z, z)dz
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= (S, 9P)).
Hence
Kirps®(x) = 2H,®(x, x),
as desired. Il

The corresponding Laplacian type operator is given by

Argf(r) = xH f(x)
with the standard agreement of H1 = 0.

10. SOME CONVERGENCE RESULTS

The issue of convergence of a sequence Kiry®; k =0,1,2,... associated
to sequences T} and Sy, of distributions, presents several points of view and
several questions which could be of interest. Some of these aspects are
classical. Such is the case of approximation of “continuous” operators by
discrete operators. In this direction the example introduced in Proposi-
tion 2.3 of Section 2 is paradigmatic. Finite differences (graph structures)
approximating the classical Laplacian on R”. Also the discrete fractional
Laplacian in Proposition 2.4 can be viewed as a discrete approximation of
the classical Laplacian. Less known and perhaps more difficult, but cer-
tainly more interesting looks the problem of searching the conditions on
sequences of graphs such that the corresponding Kirchhoff divergences, and
the corresponding Laplacians, converge to some operator worthy of being
considered a divergence or a Laplacian.

Let us first observe that the convergence of T}, and .S, in the sense of dis-
tributions of .#] and .7, respectively is not enough to have the convergence
of Kiry = Kirg, s, as k tends to infinity. In fact, take for example in .7 (R)

the function n(z) = \/%»re_zQ, the Gaussian function and ng(z) = kn(kx). Set

Ty to denote the distribution in . (R) induced by the integrable function
nk. Let S = Sy be the Schwartz distribution in .7 (R2) induced by the
area measure drdy in R? that is (S, ©) = [ fR2 x,y)dzxdy, for every
k=0,1,2,.... Then, for ® € Y(RQ) we have

1
Kiry®(z) = / @(my)dw“{ew / O(z, y)dy.
yeR

Nk ('T> yER
Which tends to zero when x = 0 and when = does not belong to the first pro-
jection of the support of ®. And for ® > 0, tends to 400 when [ ®(z,y)dy
is positive. In terms of Proposition 4.1, what happens in this example is
that even when for each k£ we have that dx is absolutely continuous with
respect to ng(z)dz, this is no longer true for the limit since n, — Jy as
k — oo in the sense of .7 (R).

On the other hand some simultaneous concentration of the measures
defining T}, and S could allovv the existence of a limit. In fact, take T},
as before and ((Si, ©) = [[5, O(x, y)((x)dxdy, with (p(z) = k({(kz) and ¢
a probability densfcy, Le. [pCdr=1.
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Now Kir,®(x) = 3 ];i) fyeR ®(xz,y)dy, and the limit for k going to infinity
depends on the relatwe size of the tails of ( with respect to the Gaussian
tails. Notice that Kiry®(0) = 1/71(0) fyeR ®(0,y)dy and also that if ¢ has

compact support then

fm Kire®(z) = {ﬁnw) Jyex ®(0.9)dy. x=0:

k—>00 0, for z # 0.

On the other hand if { has heavy tails, like Cauchy distributions, then for
x # 0, Kirp®(z) tends to infinity, when z belongs to the first projection of
the support of & and ® > 0 and has positive integral.

With the notation of Section 4, we have more interesting convergence
cases when T}, approaches dy in R with some specific rate and the measure
I, in R? concentrates, with decreasing mass, about the diagonal of R?. Let
us write an elementary case of this observation in the next statement.

Proposition 10.1. Let P( ) = “HQ, Pi(z) = kP(kx), k = 1,2,3,.

and (T, ¢ ngo x)dx. Let Hk be the measure deﬁned on the Borel

sets of R? by (A ffA 1 l] y)dzdy. Set (Sk,0O)) = [[z. OdIy.
%%

Then,

lim Kir,®(z) = 2r2°®(x, 2).
k—o0

Proof. Let us first write out Kiry® for k = 1,2,3,... Since Py(x) never
vanishes we have that

) 1
Kir,®(r) = m/ . q’(%fl/)x[_% %}(l’ —y)dy
y€e ’

>3

Lk [ by
(I +k27) [ O(z,y)dy
%

1
1 k T+
:27r(k2—|—x)§/x N O(z,y)dy.

k

The result follows taking the limit for & — oo. g

Notice that S, — 0 = S and T}, — &y = T in the sense of distributions
and Kirpg® = 0 for every ®. Hence the operator that applies ®(z,y)
into xQ(I)(a: x), obtained as a limit of this singular situation can be seen
as a generahzatlon of the Kirchhoff divergence in this case. The formal
Laplacian, instead, vanishes since f(y) — f(x) is zero on the diagonal. On
the other hand the exact value of the limit in the above proposition depends
on the relative rates of convergence of T}, to dp and of Sy to 0. If instead of
the Cauchy density, or Poisson kernel, in Proposition 10.1 we use the Gauss
kernel ny(z) = \/Lge_k%j, then a faster convergence of S to zero is needed
if we want to have a nontrivial limit.
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The above considerations suggest that we are dealing with a notion of
derivative depending on the rates of convergence of Sy and 7). Let us go
back to a (continuous) parameter h tending to zero instead of 1 for k — oo.

In our general setting stated in Section 1, let 7 : (—¢,¢) — . and
S : (—¢,e) = & be two distributions valued functions defined for each h
with |h| < e. Let X(®,h) be the distribution in .#, associated to ® € .%
and S(h) by Lemma 1.1. That is (X(®,h), ) = (S(h), p®)). We say that
S is differentiable with respect to T at ® € .75 if for some € > 0 the
quotients Q(®, h) = % are well defined as objects of .7 for |h| < ¢
and Q(®,h) — %(@) € ./ in the sense of .7, , as h tends to zero. Some
examples of existence and identification of these objects are in order.

Theorem 10.2. The basic setting is that of Proposition 2.3, ./} = €.(R"),
Sy = C(R* x R"). Set T :(0,1) = .7, given by T (h) = h? D jenn N'0y5.
Set S : (0,1) — .7 given by S(h) = > icpm Z{j:|3’713|=1} W65 % 6,,7. Then,
for ® € €*(R™ x R"™) vanishing on the diagonal we have
s

Moreover,

dS

— - =A

)~ F@) = AL
for f in €*(R").
Proof. We have that for positive h,

X(®P, h)
T(h)
To check the convergence in .%, of Q(®,h), with & € €?(R>"), take a test

function ¢ € A = €.(R"), then from Proposition 2.3, we have

(Q(®,h), p) = (Kirn®, )

1 « - I
= — O (hk, h(k + e, ®(hk,h(k — e, x)dx
Z<m2[< (F + 62) + B(HF, b »0@@@)

Q(d, h) = = Kir,®.

kezn m=1
" [D(hk, h(k + e,)) — 2®(hk, hk) + ®(hk, h(k — €,
ZZ(Z[(( ) = BR(HE AE) + B(hk, A )w/*”m”
fezn \m=1 Q(hk)

In the second equation above we are taking the continuous variable ver-
sion of Kir,® provided in Proposition 2.3. In other words Kir,®(z) =
Y tezn Kira(hk) Xz (1), where Q(hk) = 10—, [k, h(km + 1)]. Since ®
is €%(R?), from Taylor formula in the y variables for ® and letting h tend
to zero we get

(Q(®, h), ¢) = Ay®(z, z)p(x)de

zeR™
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as h — 0 for every ¢ € €.(R"). Hence 42(®) for ® € €*(R" x R") is the
continuous function A, ®(z, ). O

A second case of % which has an explicit formula is the associated to
Proposition 2.4, 7.3 and 7.6 regarding fractional powers of the Laplacian.

Theorem 10.3. Let o > 0, .} = 6.(R"), S = C.(R* x R") and T :
(0,1) = .7 given by T(h) = h® > pcpn "0,z Let S : (0,1) = 7 given by

" 1
S(h) = Z h’ _nta 5(hk Ry
Ftf hk — hj
Then for 0 < a < 2 and ® € % vanishing on the diagonal and smooth we
have o8 .
77 @) = (=4); 2(z,2).

Proof. For h > 0 fixed we have that

hk h
Z Q(hk) h Z ]n+oc ’

kezn £k h]
from Proposition 2.4. Take ¢ € . = %.(R"), then

Z

Q(d,h) =

®(hk, hj) — ®(hk, hk
(Q(@. 1), 0) = S| 3 Bk 1) = R, IE) [
. Q)

kezn \ j#k

O (hk, hj) ®(hk, hk)
— [ [ " | X ()da
" hj

kezn \ j#k
/ E O'kX hk
kezn

For fixed k € Z” and small h > 0, let us divide the inner sum o in two
parts: of = ot + o2, Take

®(hk, hj) — ®(hk, hk)

hl __

O = Z Sn+a
‘hk— ;

hTL

(Go<|j-F|<3}

. hn@(hk:, hj) — ®(hk,hk) — V,®(hk, hk) - (F — k)h

Lnta

fo<|j-|<hy ’h’f hi
L (hj—hk
+ > WV,0(hk RE) - ”—nla

(:o<|i—F|<+}
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— ol g
Since ® is of class 62 and has bounded support, 0 < a < 2 and ¢ is
continuous with compact support, then, the function of z and y given by
O(z,y) — (z,2) — V,@(2,7) - (y — z)

|z —y["T"

is absolutely integrable in R?". See the arguments in Lemma 7.4 above.
Moreover the above function of (z,y) € R?*" is continuous except on the
diagonal z = y and on |z — y| = 1. Hence we can approximate its double
integral on R?" through Riemann sums. So that

/n (,0(1')/|_ » @(I,y) B CI)(J,’,.I‘) B qu)(.T?l‘) : (y - x)dyda;

Xije—yl<1y (7, y)0(2)

o — g™
, ®(hk, hj) — ®(hk,hk) — Vy@(hk, hk) - (7 — k)h
= lim Z QO(hk?) Z ( ) ]) ( ) ) Vz—’—og ) ) (] ) h2n
h—0t 4 — 7 =
kezn 0<|hk—hj|<1 hk — hy
= hlg(r]l+ e o(x) Z XQ(hE) (x)
kezn
D (hk, hj) — B(hk, hk) — V,®(hk, hk) - (F — k)h
> h = da
0<|j—k| <1 hk — hj
ok h1,1 .
— hli)%%r . () ) o Xomiy(@)d.
kezn
Hence, since ®(z,z) = 0 and since the integral on a ball centered at = of
radius ‘xy_i;'fia vanishes for all # = 1,...,n, we have

lim L o(x) Z aZl’lXQ(hE)(m‘)dm

h—0t 4
kezm

®(hk, hj) — ®(hk, hk) — V,®(hk, hk) - (j — k
_/ SO(x)/ (hk, hj) — @ (hk, hk) — V,®(hk, hk) - (5 k)hdydm
TER™ lz—y|<1

r n+a

—!

hk — hj

“fao (i)

Let us consider the term 021’2. Notice that

- hj — hk
oM = WV, e(hERE) - Y

- L|nta
ocli-ij<d [h — b
I i
— =y, O (hk, hi) - L
Y ( ) Z ‘Z"nJra

- 1
0<M<E
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Since for 7 € Z" with 0 < |i] < L we have that —i satisfies the same

h
condition, we have that the last sum is the zero vector in R"™ and O'Zl S

for every k and for every h > 0.
Let us now consider the convergence for o2, We have to prove that

. o S(hk,G)
dm | @) Do Xoun | D Mo | de
Fezn R[> hj

P,y
= / gp([p)/ (—nladydx.
n {yla—y>1} [T — Y|

But this fact is again a consequence of the continuity and support properties
of ® and (. Hence we have

tim (@010 = [ ot ([ ) ar

_ / o(2)(—A%), b (z, z)dz,

as desired. O

Even when the above results are reformulations of known methods of
approximation by finite differences of integer and fractional differential op-
erators, the existence of f% for the functions S(h) and T (h) given by graphs,
could be of help at understanding the diffusion processes on such structures.

As a final example let us compute the derivative dS = for some deterministic
coupled measures. For the sake of simplicity we choose a very elementary
case of a certainly more general situation.

Proposition 10.4. Let X = [0, 1] with A and . the spaces of continuous
functions on X and X x X respectively. Let F' = F(h,x) be, for each
h € [0,1], a function from [0,1] into itself. Assume that F' is differentiable
and that F(0,z) = x, the identity on [0,1]. Let T (h) be the measure p with
du = dx defined on [0,1]. Let m, be the measure defined on the Borel sets
of [0,1)2 by m, = po G, ' with Gy, : [0,1] — [0,1]%, is given by Gu(z) =
(x, F'(h,z)). In other words mp(A) = p({x : Gup(z) € A}). Set S(h) to
denote the distribution induced by 7w, on Y. Let ® € % be a smooth
function vanishing on the diagonal. Then dT(CI)) exists and is the function
in [0, 1] given by

ds oOF 0
a7 2@ = g0, 2)5 (@ 2).

Proof. For h > 0 fixed we have

h / p(@)n(x)dz = (T(h), o)
[0,1]
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— //[07”2 o(x)P(z, y)dmn(z,y)
_ /m () (x, F(h, 2))dz,

for every ¢ € €(]0,1]). Then, Q(®, h) = 1)y, is the function

Q(®, 1) = 3 ®(a, F(h )
= T8, F(h,2)) ~ B(a,2)
— - :
And the result follows by taking limy,_,o Q(®, h). O

An example of the above is provided by the approximation F(h,x) = x'*"

of the diagonal of [0, 1]%. In this case

ds 0P
W’((b)(x) = zlog xa—y(x, ).
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