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Singular integrals with variable kernels in dyadic settings

Hugo Aimar, Raquel Crescimbeni and Luis Nowak *

Abstract

In this paper we explore conditions on variable symbols with respect to Haar systems,
defining Calderén-Zygmund type operators with respect to the dyadic metrics associated
to the Haar bases.We show that Petermichl’s dyadic kernel can be seen as a variable kernel
singular integral and we extend it to dyadic systems built on spaces of homogeneous type.

1 Introduction

The seminal work of A.P. Calder6n and A. Zygmund during the fifties of the last cen-
tury, regarding singular integrals and their relation to partial differential equations, can be
considered the corner stone of modern Harmonic Analysis, see E. Stein in [16] for historical
development of the ideas and their impact in the actual and future research in the area. Let
us point out two aspects of their contributions that will help us at introducing the problems
that we consider in this paper. These aspects are contained in the two papers [7] and [§]. In
[7] the authors consider convolution type singular integral operators and in [8] they introduce
non-convolution type kernels, also called variable kernels.

In the Calderén-Zygmund singular integral theory in metric and quasi-metric spaces (see
[9], [13],[14], [1] and [10]), the distinction between convolution and non-convolution kernels
does not a priori make sense because convolution is not generally defined in this setting.
Nevertheless, there is still another way to consider a convolution operator. The idea goes back
to the works of Mikhlin, Giraud and Tricomi (see [11], [12] and the references therein) which,
aside from the depth of the analytic tools, it becomes relevant at generating convolution type
filters in machine learning when the analysis is considered on non euclidean data.This way is
provided by the spectral analysis of the operators, when it is available. Let us briefly sketch
the basic idea in a general framework. Assume that {¢y} is an orthonormal basis for the space
L?(X, i), where X is a measure space and y is a Borel measure. In analogy with the Fourier
case we consider convolution type operators, bounded in L?(X, i), as a multiplier operators of
the form

Tyf(z) = Y me < fron > i),
p
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with n = {n} a bounded scalar sequence. Here < f, g > denotes the usual scalar product in
L?*(X,p). On the other hand, if instead of a sequence {7} we consider in the definition of T
a sequence of bounded functions of x, {n;(x)}, i.e.

Tf(x) = Y me(@) < froe > or(),
P

we say that T is an operator with variable kernel given at least formally by

K(zy) = Y ne(@)er(@)en(y).
k

In the analysis of unconditionality wavelet bases in functional Banach spaces, as LP(R"),
the operator defined by T),f(z) = / K, (x,y)f(y)dy with a kernel given by K,(z,y) =
Rn

> nhen M(h)h(z)h(y) where H is the classical Haar system in R™ and 7 is some bounded se-
quence defined on H, is a singular integral operator when we give to R™ a suitable metric
structure (see [4]). Since K, is not translation invariant, the operator 7}, is not a convolution
type operator in the classical euclidean sense. Nevertheless, the spectral form of K, (x,y) given
by its symbol 1 : H — R, with respect to the Haar basis H which is independent of the points
x and y, is a good reason to consider K, as a standard convolution type kernel.

On the other hand, a kernel whose spectral Haar analysis takes the form

Ky(z,y) = Y n(h,x)h(@)h(y)

heH

for some 7 : H x R — R, can be considered a variable kernel. A special case of variable
kernel K, is considered by S. Petermichl in [15] as we shall see in Section 2.

In this work we aim to explore conditions on the variable symbol n(h,x) in order to get
kernels defining Calderén-Zygmund type operators with respect to a suitable dyadic metric.
The construction of dyadic cubes due to M. Christ (see [6]) in spaces of homogeneous type
becomes a basic tool in order to consider the problem in these general settings.

The paper is organized as follows. In Section 2 we consider the variable kernel structure
of Petermichl’s operator in R. In Section 3 we introduce the basic properties of spaces of
homogeneous type and we define the dyadic family D, the Haar system H and the dyadic
metric § in this general setting. Section 4 is devoted to introduce and prove the main result of
this work providing sufficient conditions in the multiplier sequence in order to obtain obtain
a Calderén-Zygmund operator. Finally, in Section 5 we build Petermichl type operators on
spaces of homogeneous type.

Throughout this work, we denote by C a constant that may change from one occurrence
to other.

2 On the Calderon-Zygmund structure of Petermichl’s kernel

In [15], S. Petermichl introduce a dyadic kernel given in terms of the Haar functions by

P(z,y) = > hi)lhr-(x) = hy« ()]

1eD
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for z,y € R™, D the dyadic intervals in R™, h; the Haar wavelets with support in the dyadic
interval I and h;-, hy+ the Haar wavelets in the left and right halves of the dyadic interval I.
The corresponding operator is given by

Pfa) = > < fohr> (hy-(x) — hys (@)

1€D

This operator is used in [15] to provide an outstanding formula for the Hilbert transform.

In [5] the authors proved that the kernel P(x,y) has a standard Calderén-Zygmund struc-
ture when we consider the theory of singular integrals extended to metric measure spaces or,
more precisely, to spaces of homogeneous type (see definition in Section 3). In other words,
they show that
_ Q(x,y)

5(z,y)

with 6(z,y) = |I(x,y)| where I(x,y) is the smallest dyadic interval in RT containing x and y.
They also prove that §2 is bounded and smooth with respect to the ultrametric 6. Before moving
to the abstract setting in order to extend P and P, in this section we prove two elementary
properties of the Petermichl’s kernel that we shall explore later in the general frame work. Set
H and D to denote the Haar system and dyadic family respectively in R*. For h € H we
denote with I(h) the interval support of h, and we consider as I, ~ the left quarter of I(h),
I}?Jr as the second quarter, I;Lr* as the third quarter and I;lH' as the last quarter of I(h).

Proposition 2.1.

(a) The operator P can be written as a variable kernel singular integral operator, in fact

1
Pil@) =75 2o n@: ) < f,h > h(a)
heH
with n(z,h) =1 ifx € I, UL~ and m(z,h) = -1 ifz € I, T UL,
(b) If P* denotes the adjoint of P, then PP* = P*P = 2, twice the identity in L*(R™).
Proof. Let us start by proving (a). If we denote with 2~ and A" the Haar wavelets in the left

and right halves of the support of h, respectively, we have that the supports of h(y)h(x) and
h(y)[h~(x) — h*(z)] coincide as subsets of (RT)2. Then in the support of h(z)h(y) we have

that
AN (O o Rt A o) OO
b (@)~ @) = A ) h(z)
= (e mhh@)
as desired.

In order to prove (b) observe that

Pfy) = > ((frhr=) = (F;he+) ha(y).

1eD
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On the other hand, from the orthonormality of the system H, for each I € D we have that

<Z < fihy > (hj- = hy+), h1> =< fihr ><hp-,hp- >

JeD
and
<Z < f,hy > (hyj- —hy+), hl+> =< fihr ><hp+,hr+ >.
JeD
Therefore
P*PHy) = D (<Pfh->—<Pfhp > hi(y)
IeD
= Y (Lo ha) (b= b= ) ha(y) + Y (ki) (b by ) ha(y)
IeD IeD
= 2f,
as desired. O

3 Dyadic families and Haar systems in spaces of homogeneous
type

Let us first briefly recall the basic properties of the general theory of spaces of homogeneous
type. Assume that X is a set, a nonnegative symmetric function d on X x X is called a quasi-
distance if there exists a constant K such that

d(z,y) < Kld(z, 2) + d(z,y)],

for every x,y,z € X , and d(z,y) = 0 if and only if x = y.

We shall say that (X,d, ) is a space of homogeneous type if d is a quasi-distance on X,
w is a positive Borel measure defined on a o-algebra of subsets of X which contains the balls,
and there exists a constant A such that

0 < w(B(z,2r)) < Ap(B(z,r)) < oo (3.1)

holds for every x € X and every r > 0. This property is usually named as the doubling
condition.

The construction of dyadic type families of subsets in metric or quasi-metric spaces with some
inner and outer metric control of the sizes of the dyadic sets is given in [6]. These families
satisfy all the relevant properties of the usual dyadic cubes in R™ and are the basic tool to build
wavelets on a metric space of homogeneous type (see [1] or [2]). Actually Christ’s construction
in [6] shows the existence of dyadic families in spaces of homogeneous type. Nevertheless, in
order to define Haar wavelets all we need is a dyadic family satisfying the following properties
that we state as a definition and we borrow from [2].

Definition 3.1. Let (X,d,u) be a metric space of homogeneous type. We say that D =
U jeZDj is a dyadic family on X with parameter A € (0,1) if each D’ is a family of Borel
subsets () of X, such that
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(d.1) for every j € Z the cubes in D7 are pairwise disjoint;
(d.2) for every j € Z the family D’ covers X in the sense that X = Ugepi @

(d.3) if Q € DV and i < j, then there exists a unique Q € D' such that Q C Q;
(d.4) if Q € DV and Q € D' with i < j, then either Q CQ or QN Q = 0;
(d.5) there erxist two constants a1 and as such that for each Q € D7 there exists a point x € Q
that satisfies B(x,a1\) C Q C B(x,asM).
The following properties can be deduced from (d.1) to (d.5), see [3].

Lemma 3.2. Let D be a dyadic family, then

(d.6) there exists a positive integer M depending on a;, i = 1,2 in (d.5) and on the doubling
constant A in (3.1) such that for every j € 7 and all Q € D7 the inequalities 1 < #(L(Q)) < M
hold, where L(Q) = {Q/ eDitl. Q' C Q} and #(B) denote the cardinal of B;

(d.7) there exists a positive constant C such that p(Q) < C,u(Q/) for all Q € D and every
Q € L)

It is easy to give examples of dyadic systems D such that a dyadic cube @ belong to different
levels j € Z. Since we are interested in the identification of those scales and places of partition
which shall give rise to the Haar functions, we consider the subfamily D of D given by

D= D7,
JEL
with N ' '
D={QeD :#({Q D™ :Q CQ})>1}.
Properties (d.1) to (d.6) allow us to obtain the following aditional properties for D.

(d.8) The families DI, j € Z are pairwise disjoints.
(d.9) The function J : D — 7 given by Q — J(Q)ifQ e DI @ is well defined.

Let D be a dyadic family. We define, for each dyadic cube @Q in D, the quadrant of X that
contain the cube @, C(Q), by

cQ= U @
{Q'eP:QcQ’}

Following the lines in [2] for the case of Christ’s dyadic cube, from (d.6) and since all the
dyadic cubes @ in D are spaces of homogeneous type with uniform doubling constant, we get
that if (X, d, ) is a space of homogeneous type and if D is a dyadic family, then there exists
a positive integer N (that depend of the geometric constants of (X, d, 1)) and disjoint dyadic
cubes QQy,a =1, ..., N such that

x= |J ca

a=1,....N

where C, = C(Q,). That is, there exists a finite number of quadrants these are a partition of
X and each one of them is a space of homogeneous type (see [2])
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In the classic euclidean context R"™, the dyadic analysis leads to consider each quadrant
separately. Then, without loss of generality, we will assume from now on that X itself is a
quadrant for D.

Along this work, given a dyadic family D we denote by §(z,y) the dyadic metric associated
to D for x,y € X. That is J is the function defined in X x X given by

52, ) — {min{u(Q) nyEQQED} if wry 32)
0 if z=uy.

Now we state and prove the main result of this section. The proof follow the technique
used in [13] where the authors prove that each quasi-metric space (X, d) is metrizable and that
d is equivalent to p?, where p is a distance on X and B > 1. Moreover, they show that all
spaces of homogeneous type (X, d, 1) can be normalized in the sense that there exists a metric
p on X and two constants C7 y Cs such that

Cir < p(By(z,1)) < Cor, (3.3)

where B,(z,7) = {y € X : p(z,y) < r}. In general, if p satisfies (3.3), we say that (X, p, i)
is a normal space of homogeneous type or 1—Ahlfors.

Lemma 3.3. Let (X, d, u) be a space of homogeneous type and let D be a dyadic family. Then
(X,0,1) is a normal space of homogeneous type. Moreover, the characteristic functions of
dyadic cubes are Lipschitz functions in (X,0).

Proof. For each z € X we write Qj(z) to denote the unique dyadic cube @ € 75]- such that
z € ). Without loss of generality we can assume that X in not bounded. Thus, if x € X,
r > 0, and jo is an integer in Z such that

M(Qjo(x)) <r < U(Qjo—l(x))a (3'4)

then

By, 1) = Qs (@), (3.5)
In fact if y € Qj,(x) then x,y € Q;,(x) and therefore §(x,y) < u(Qj,(x)) < r this implies that
Qjo(x) € Bs(z,7). On the other hand, let y € Bs(x,7), if y ¢ Qj,(x) then Qj,(z) N Qj,(y) =
(. Let n € N be the first positive integer such that Qj,(y) € Qj,—n(x), then we get that
Mz, y) = w(Qjo—n(z)) > w(Qjo—1(x)) > r, this is a contradiction. Hence y € Qj,(x) and
then Bs(z,1r) € Qj,(z). In orden to prove that (X,d,u) is a normal space of homogeneous
type, observe that it is not difficult to see that (X,0) is a metric space (see [2]) moreover, §
is an ultra-metric on X. Let x € X be and r > 0, consider the number jy given in (3.4).
Since Bs(z,7) = Qj,(x), we get that u(Bs(z,7)) = u(Qj,(x)) < r. On the other hand, since
Qjo(z) € L(Qjy,—1(x)), by the doubling property of the measure (3.1) there exists a positive
constant C' such that p(Qj,—1(x)) < Cu(Qj,(x)), then from (3.4) and (3.5) we get that

r < (Qjo-1(z)) < Cu(Qjy(x)) = Cp(Bs(x, 7).

Hence, & < u(Bs(z,r)). Finally, for the last statement, let 2,y € X and Q € D. Ifz,y € Q
orify ¢ Q, x ¢ Q, then x,(x) — x,(y) = 0. If Q contain only the point = or the point y and
Q(z,y) is the smallest dyadic cube such that z,y € Q(z,y), then §(z,y) = p(Q(z,y)) > w(Q).
Hence [x, (2) = Xq(y)| = 1 < s570(2, ). O
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From now on we shall denote by Q(x,y) the smallest dyadic cube such that z,y € Q(z,y).
From each dyadic system D as above we can associate a Haar type systems that we borrow
from ([3]).

Definition 3.4. Let D be a dyadic family on (X, d, ). A system H of simple Borel measurable
real functions h on X is said to be a Haar system associated to D if it is an orthonormal basis
of L?(X, i) such that

(h.1) For each h € H there exists a unique j € Z and a cube Q(h) € DI such that {z € X :
h(z) # 0} C Q(h), and this property does not hold for any cube in DI*L,

(h.2) For every Q € D there exist exactly Mg = #(L(Q)) — 1 > 1 functions h € H such that
(h.1) holds. We denote with H(Q) the set of all these functions h.

(h.3) For each h € " we have that [y hdp = 0.

(h.4) For each Q € D let Vg denote the vector space of all functions on QQ which are constant
on each Q' € L(Q). Then the system {(#(g% } UH(Q) is an orthonormal basis for Vg.

(h.5) There exists a positive constant C such that the inequality |h(z)| < C|h(y)| holds for
almost every x and y in Q(h) and every h € H.

Observe also that from (d.7), (h.4) and (h.5) we get that there exists two positive constants
C1 and C5 such that
C

p(Q(h))1/2

Co
w(Q(h))1/%

< [h(2)] < (3.6)

for all h € H and = € Q(h).

4 On convolution and non-convolution type singular integral
operators in metric measure spaces.

Let (X,d,u) a space of homogeneous type, D and H the dyadic family of cubes and the
Haar system associated given in Definitions 3.1 and 3.4 respectively. For simplicity we denote
by L? = L?(X, i) of square integrable real functions defined on X. Since # is an orthonormal
basis for L2, we have the resolution of the identity given by

f=Y_(fih)h

heH

The operators

Tyf(x) =Y n(h) (f,h) h(z), (4.1)

heH

with 1 a bounded function defined on H, or more generally

T, f(x) =Y n(x,h) (f,h) h(z), (4.2)

heH

with 7 a bounded function defined on X x #, are bounded in L2.
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With the heuristics described in the introduction we may think that the operator as in
(4.1) is of convolution type while that in (4.2) is of non-convolution type singular. In this
section we give a sufficient condition on n(x, k) in such a way that 7T}, defined by (4.2) becomes

a Calderén-Zygmund type operator in (X, d, u).
A bounded linear operator T : L? — L? is said to be of Calderén-Zygmund type in
(X, 4, p) if there exists K € L}, (X x X \ A), with A the diagonal of X x X, such that

there exists a positive constant C' such that [K(x,y)| < 5 for z,y € X with = # vy,
)

(2) there exists two positive constants C' and ~ such that

(2.0) [K(&',y) = K(z,y)| < Ol if - 26(a',7) < 8(x,y);

(20) |K(2,y) = K(w,y)| < O, it 28(y,y) < 6(a,y);

(3) for p,v € S(H), the linear span of H, with suppy N suppy = 0, we have

(o)) > = / [ Ko@) ()

The main result of this section is contained in the following statement.

Theorem 4.1. Let (X,d, 1) a space of homogeneous type, D a dyadic family, H a Haar system
and ¢ defined in (3.2). Letn: X x H — R be a function such that is a measurable function
inx € X for each h € H and there exists a constant B > 0 such that

(a) |n(z,h)| < B, for:z:eX and h € H
(b) |n(z’,h) —n(x,h)| <B ),forhE’H and z,z' € X.

Then the operator
Tyf(z) =Y n(x,h)(f,h)h(z)
heH

is of Calderon-Zygmund type in the space of homogeneous type (X, 9, ). Hence T, is bounded
on LP(X) (1 < p < o0) and of weak type (1,1).

Proof. The L? boundedness of T;, follows from (a) with ||T,,f|l2 < [|7]lec|lf]l2. By testing T,
with simple function in S(H), we see that

K(z,y) = 3 nla, hh(y)h(z)

heH

satisfies property (3) in the above definition of Calderén-Zygmund kernel in the general setting.
Let us prove (1) of the definition of Calderén-Zygmund type operator. Let z # y in X and
Q(x,y) in D such that u(Q(z,y)) = d(x,y). On the other hand for any cube strictly smaller
than Q(z,y) we must have h(y) = 0 or h(z) = 0. Hence from (h.1), (3.6) and (d.6) we get

K@yl < Clule 3 3 (1)

Q2Q(z,y) {heM:Q(h)=



ISSN 2451-7100
IMAL PREPRINT # 2020-0050 Publication date: December 23, 2020

1
< ClinlleeM Z ﬁ7
Q2Q(z.y)

where M is as in (d.6) in Lemma 3.2. Notice that we are considering only the cubes in D. Then
if @y, is the m—th ancestor of Q(x,y) in D, the measure of this sequence grows geometrically,

ie.
1(Qm) = (L+¢)"u(Q(z,y)) (4.3)
with a geometric constant € > 0. Hence
C
K(z,y)| <
K (z,y)| 57)
as desired. Let us now prove the smoothness properties of K. Notice first that, from (4.3) we

get that

1 1
2 w@)? 2 ((Qm))?

L, et 1
= m% <<1+15>2) TN
s
- Qo Zmze;\, ( 1+¢) )
=) “4)

where Qo = Q(z,y) in D. On the other hand, notice that for h € H if Q = Q(h) € D, then
hiz) = Y 6Q/><Q,( ),
QEL(Q

where 8o, € R. Thus, since the characteristic functions on dyadic cube are Lipschitz functions
n (X,0), from dyadic doubling property, (d.6) and (3.6) there exists a positive constant C'
such that if z, 2" € X we get that

@) —h@) < Y Il g (@) — xp (@)
Q'eL(Q(h))

<Y bl @)y (&)
Q’Gﬁ(Q(h))

< Xor (%) = X0 (@)
5(33,3:’)
< = o, 7)
VI Q’GEZ(C:J oy Q)
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10

= VilQ) gctdm HQM)
C?5(x,x') r
— 5 #L(Q(h
iamy )
MC2 (5(.%’,.1‘/) .
(n(Q(h)))>
o (5(%,%/)3'
u(Q(h))=

Observe now that if z,y, 2" € X satisfy 20(2’, z) < d(z,y) then 2’ € Q(x,y) and moreover

Q(l’, y) - Q(l’l, y)

In fact, if 2’ ¢ Q(x,y) then d(x,2’) > d(x,y), which is a contradiction. On the other hand,
since Q(z,y) € D, there exists two different dyadic cubes Q" and @ in L(Q(x,y)) such that
y € @ and z € Q. So, if 2’ € X satisfies 26(2’, x) < d(x,y) and we suppose that =’ ¢ Q, then

§(z,2") = wQ(z,y) = d(z,y),

which is again a contradiction. Then if 20(2/,z) < §(z,y) we have Q(x,y) = Q(2',y), this
implies that d(z,y) = d(2/,y). Hence in such case, from the conditions (a) and (b) on 7, (4.5),
(4.4) and (3.6) we get that

| (@', W)R(a") = (@, h)h(@)) h(y)| = ([n(@", k) — 0z, B} (M) + [n(a, )] [R(2") = h(2)]) |h(y)]

MC?§(z, x')
R B(u<@<h>>>3/2> M)

C? Z §(z, ")

IN

(4.5)

, MC?§(z,x')
=\ @ ? (M(Q(h)))2>
_C O(x,x")

Q)2

Then from the above estimate and (4.4) we get that

[K(,y) — K(z.y)| =) (n(a', hh(z") = nlz, h)h(x)) h(y)
heH

=1 > > (@ W) =z, h)h(x)) h(y)

Gﬁ heH
QgQQu,w QM=Q

§(z, )
—C _ALT)
2 2 i)y
Q2Q(zy) M=Q
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§(z, )
<C Y. Lop
oo Q)
Q2Q(z.w)
B §(z, )
(1(Q(z,y)))?
O(x, )
= 07’,
(0(z,y))?

this complete the proof of (2.a). In a similar way we can prove (2.b).
O

5 Petermichl’s type operators in spaces of homogeneous type

In this section we introduce Petermichl type operators P on spaces of homogeneous type.
We prove, using Theorem 4.1, that this operator is a Calderén-Zygmund type operator on a
suitable space of homogeneous type and we show that P* is almost the identity operator in a
sense that shall be made precise.

Let (X, d, i) be a space of homogeneous type, D a dyadic family, # a Haar system associated
to D and (ap),cy @ bounded sequence in R. For f € L?(X,u) we consider the operator P
defined as

Pra)=>_ Y <fih>| D oph(x)

QeD  heH heH(R)
QR(W=Q ReL(Q)

where we recall that H(R) is given in (h.2).

Proposition 5.1. Let (X,d, u) be a space of homogeneous type, D the dyadic family, H the
Haar system associated to D and (ap),cqy a bounded sequence in R. Then the operator P
satisfies the following properties

(1)
Pf(x) = / NG f)duty)

where N(x,y) = Z Z h(y) Z oz;lﬁ(x) and f is a simple function in S(H).

QeD hEH heH(R)
Q=@ Re£(Q)

(2)
P* i) = / N* () f () dpa(y),
yeX

where N*(z,w) = N(w, z) and f is a simple function in S(H).
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12

(3)
PPf)(x)=>_ C@Q) < f.h> h(z),

heH
with 1 < C(Q) < M?, with M as in (d.6) in Lemma 3.2.

Proof. In order to prove (1), we observe that for f in S(H) the sum in the definition of P f(x)
is finite and therefore we have that

Pf(z) = / X X | X e | | 1w
yE

. )
QeD S, hen()
= N(z,y)f(y)du(y),

yeX

where

Ny = Y hy| > o)

0D e\
On the other hand,
P f(z) = XN*(z,w)f(w)du(w%
we

for N*(z,w) = N(w, 2).
Finally we compute the action of P* on P. By Fubini’s theorem we get that

PrPf)(x) = N*(z,y)Pf(y)du(y)

yeX

- N*(z,y) / N(y, 2) f(z)du(z)dp(y)
yeX zeX

g N(y,z) / Ny, 2)f(2)du(2)dp(y)
yeX zeX

-/ ( N(y,xw(y,z)du(y)) F(2)du(2)
zeX yeX

= | V@),
zeX

where

U(r,2) = /EXMy,x)N(y,z)du(y)

=33y ¥ ¥ h(x)h’(z)/ > oaphly) Y aph(y)duly).

~ ~ cX - ~
QcD heH Qe heH V=" her(r) heH(R!)
Q(rR)=RQ Q(r)=Q ReL(Q) R'eL(Q’)
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Now, by the orthogonality of the Haar system

ST oaphly) YD aph(yduly) = > > agag/exﬁ(y)ﬁ(y)du(y)

yeX

heH(R) heH(R') heH(R) heH(R')
ReL(Q) R'eL(Q’) ReL(Q) R'eL(Q’)
_ 2
= > a9
heH(R)
REL(Q)
= (#(L(Q))) (#(L(R) —1))
= Co)-
Therefore
Us) = [ NoN@:)du
yeX
Q<D 15y
Thus
PPN = [ |2 X Cablahiz) | FC)dulz)
ze ~
QEDQ}(LILE)?:{Q
with
1 <Cg = (#LQ) H#(LR) -1) < M
as desired.

O

As an application of Theorem 4.1 we obtain the boundedness of these operators in Lebesgue
spaces.

Theorem 5.2. Let (X,d,pu) be a space of homogeneous type. Let D, H and ¢ be a dyadic
family, a Haar systems associated to D and the dyadic metric induced by D respectively. Let
(an)peqy be a bounded sequence in R. Then the operator

Pf(x)zz Z < f,h> Z a; h(z)

QeD heH REH(R)
Q(M=Q RE£(Q)

is a Calderdn-Zygmund type operator on the space (X,d, ). Hence P is bounded in LP(X)
(1 <p<o0) and of weak type (1,1).
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Proof. By Theorem 4.1 it is enough to prove that the operator P can be written as

Pf(x) = Y nlx,h)(f,h)h(z)

heH

for some function 1 : X x H — R satisfying the hypothesis in Theorem 4.1. In fact for h € H
with @ = Q(h) € D we have that

ha) = Y hy xae(@),

ReL(Q(h))

where hr € R. Thus, as h is different from zero on Q(h), we define for x € X,

nah) = > | Y TEh@) | xal@),

ReL(Q(R)) \heH(R) ©

which is a measurable function for z € X. Then we get that

n(@ hh(z) = > ajh(z)
heH(R)
ReL(Q)

and therefore

Pfx) = D nx,h) (f,h) h(z).

heH

Let us first prove that the function 7 satisfies condition (a) in the Theorem 4.1. Notice that
if h € H and x ¢ Q(h) then n(x,h) = 0. On the other hand if = € Q(h), from (3.6), doubling
property on dyadic cubes (d.7), (d.6) and (h.2) we get

n@mm < Y 'O‘h'm ) xa (@)

ReL(Q(h)) heH(R )

<Y Y el
ReL(Q(h)) heH(R) ! N(Q(h))
C
< lep)lCg 2z ))}g{m
< M (ap)lV/C G = B (5.1

where M is as in (d.6) in Lemma 3.2.
In order to prove that the function 7 satisfies (b) in Theorem 4.1, take h € H with Q@ = Q(h) €
D as above h(z) = } ger(on)) Pr Xz(2). We split the proof in five cases.

Case 1. z,2' ¢ Q(h). Then |n(xz,h) —n(z’,h)| = 0.
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_ Case 2. xz, 7 €Q’ for some Q' € L(Rp) and some Ry € L(Q(h)). Then, since in such case
h(xz) = h(z') for every h € H(Rp), we have that

(e, h) =@ 0 = | 3 K 3 ,j‘j;ﬁ(@) Xal(@) — ( 3 ,?L“]f;fb(x’)) xR<x’>]

ReL(Q(h)) | \heH(R)

-y (hhﬁ(a:)—fﬂ(x')) Xy (2)

EGH(Ro) Fo Fo

Case 3. z € Q and 2/ € Q' with Q,Q" € L(Ry) and Ry € L(Q(h)). Then, from (4.5),
(3.6), doubling property on dyadic cubes (d.7), (d.6) and (h.2) we get that

e, h) =@\ = | Y [( > ZW@) Xal@) (Z ;;zm) xR<m’>}

ReL(Q(R) | \heH(r) & heH(R)

- (z i - 3 #W) e

heH (Ro)
1 1
@i )||oo —— MC?5 (2, ' =
< o) o g MO >h€§(‘;o) Q)
o QU o (u(Q()*?
< Mawllleo =201 Q )EE%%) ((QM)*(u(Q(R))>
) MC52 §(z,2")
< o) lloo Cr w(Q(h)) (EeHZ(Ro)l)
) M205/2 5(1.,3;/)

s el == 0m)

Case 4. z € Q(h) and 2’ ¢ Q(h) then n(a’,h) = 0, also §(z,2’) > u(Q(h)). Hence, from
(5.1) we obtain that

n(x, k) —n(a’, h)l

in, b)|
B

§(z,2’)
Baemy

Case 5. © € Ry and 2/ € Ry with Ry, Ry € L(Q(h))different. Then 6(z,z") = u(Q(h))
and hence from (5.1) we get that

n(x,h) —n(’, )| < |n(z,h)| + [n(2’, h)]

IN

IA
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< 2B
oz, o
w(Q(h))
as desired. O
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