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ON THE STRUCTURE OF THE DIFFUSION DISTANCE INDUCED
BY THE FRACTIONAL DYADIC LAPLACIAN

MARÍA FLORENCIA ACOSTA, HUGO AIMAR, IVANA GÓMEZ, AND FEDERICO MORANA

Abstract. In this note we explore the structure of the diffusion metric of Coifman-

Lafon determined by fractional dyadic Laplacians. The main result is that, for each

t > 0, the diffusion metric is a function of the dyadic distance, given in R+ by δ(x, y) =

inf {|I| : I is a dyadic interval containing x and y}. Even if these functions of δ are not

equivalent to δ, the families of balls are the same, to wit, the dyadic intervals.

1. Introduction

Let Wt(x) be the Weierstrass kernel in Rn. The gaussian decay of Wt(x) as a function

of x for t > 0 fixed guarantees the convergence of the integral

d2t (x, y) =

∫
z∈Rn

∣∣Wt(x− z)−Wt(y − z)
∣∣2 dz.

Moreover, dt is a metric on Rn for each t > 0. It is clear that different values of t will

produce a diversity of metrics. Nevertheless the family of all dt1-balls is the same as the

family of the dt2-balls for any choice of t1 and t2. Furthermore, this unique class of balls

coincide with the class of all Euclidean balls. Let us precise these remarks in the following

statement.

Proposition 1.1. Let dt be defined as before. Then

(a) dt is translation invariant;

(b) dt(x, y) depends only on |x− y|, i.e. dt(x, y) = ρt (|x− y|);

(c) ρt is strictly increasing and continuous, with ρt(0) = 0;

(d) limr→0+
ρt1 (r)

ρt2 (r)
=
(
t2
t1

)n
4
+
1
2 , t1, t2 > 0;

(e) the family of dt-balls are the Euclidean balls.

Proof. To prove (a) we only have to change variables y − z = u in the integral defining

d2t (x, y). Hence dt(x, y) = dt(x− y, 0). To prove (b) we have to show that the function of

x, dt(x, 0), is rotation invariant. Take a rotation R of Rn. Then, since Wt is radial

d2t (Rx, 0) =

∫
z∈Rn

∣∣Wt(Rx− z)−Wt(z)
∣∣2 dz

=

∫
z∈Rn

∣∣Wt(R(x−R−1z))−Wt(R
−1z)

∣∣2 dz
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=

∫
u∈Rn

∣∣Wt(R(x− u))−Wt(u)
∣∣2 du

= d2t (x, 0).

In order to prove (c), notice that since d2t is a radial function of x− y, a formula for the

profile ρ2t (r) is given for r > 0 by ρ2t (r) =
∫
z∈Rn

∣∣Wt(r~e1 − z) −Wt(z)
∣∣2 dz, with ~e1 the

first vector of the canonical basis or Rn and Wt(y) = (4πt)−n/2e−|y|
2/4t. For t fixed, the

derivative of ρ2t as a function of r > 0 is given by

dρ2t
dr

(r) =
1

(4πt)n

∫
z∈Rn

2

(
e−
|r~e1−z|2

4t − e−
|z|2
4t

)
(−2)(r − z1)

4t
e−
|r~e1−z|2

4t dz

=
−4

(4πt)n

 ∫
z∈Rn

e−
2|r~e1−z|2

4t
(r − z1)

4t
dz −

∫
z∈Rn

e−
|z|2
4t e−

|r~e1−z|2
4t

(r − z1)
4t

dz


= −2

∫
z∈Rn

e−
|z|2
4t

(4πt)−n/2
e−
|r~e1−z|2

4t

(4πt)−n/2
(−2)

(r − z1)
4t

dz

= −2

(
Wt ∗

∂Wt

∂x1

)
(r~e1)

= −2
∂

∂x1

(
Wt ∗Wt

)
(r~e1)

= −2
∂

∂x1
W2t(r~e1)

= −2
∂

∂x1

(
1

(8πt)n/2
e−
|x|2
8t

)
(r~e1)

=

(
4

(8πt)n/2
e−
|x|2
8t
x1
8t

)
(r~e1)

=
4

(8πt)n/2
e−

r2

8t
r

8t

> 0 ,

where we have used the semigroup property of Wt, and (c) is proved. Property (e) is

now a consequence of (c). Let us finally check (d). The above computation of
dρ2t
dr

and

l’Hôpital rule gives

lim
r→0+

ρ2t1(r)

ρ2t2(r)
= lim

r→0+

(
t2
t1

)n
2
+1

e
r2(t1−t2)

8t1t2 =

(
t2
t1

)n
2
+1

and (d) is proved. �

In more general structures where no geometric invariances are available the question of

the structure of diffusive metrics becomes less simple and more interesting. In particular

it could be important, after the lost of equivalence for different values of time t of the
2
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associated metrics, to consider the stability of the family of balls. In other words, for

t1 6= t2, is it true that for every x and every r1 > 0 there exists a positive r2 such that

Bdt1
(x, r1) = Bdt2

(x, r2)?

We solve this problem for the non-convolution case determined by the dyadic fractional

diffusion whose spectral analysis is supplied by the Haar wavelets. For the sake of sim-

plicity we shall work in R+, even when the whole analysis can be carried over quadrants

in Rn and even over much more general structures with dyadic analysis.

In Section 2 we introduce the basic definitions and notation. Section 3 is devoted to

state and prove our main result.

2. Definitions and notation

Let D be the family of all dyadic intervals in R+ = {x ≥ 0}. Precisely D =
{
Ijk =

[k2−j, (k+ 1)2−j) : j ∈ Z, k ∈ N0

}
. With D j =

{
Ijk : k ∈ N0

}
we have that D =

⋃
j∈Z D j.

Let H =
{
hjk = 2j/2h00(2

jx − k) : j ∈ Z, k ∈ N0

}
be the Haar wavelet system in R+,

with h00 = χ[0, 1
2
)(x) − χ[ 1

2
,1)(x), where as usual χE denotes the indicator function of the

set E. The family H constitutes an orthonormal basis of L2 (R+). Let hI denotes the

Haar wavelet supported on the dyadic interval I, so for I = Ijk we have that hI = hjk. Let

I(h) denotes the dyadic interval that supports the wavelet h ∈H .

Definition 2.1. The dyadic distance is defined by

δ(x, y) = inf {|I| : I is a dyadic interval containing x and y} .

Notice that if x 6= y there exists a smallest dyadic interval containing x and y, which

we will denote by I(x, y). Taking I(x, x) = {x}, we have that δ(x, y) = |I(x, y)| for every

x, y ∈ R+.

The metric δ on R+ is not translation invariant and is an upper bound for the Euclidean.

In fact |x − y| ≤ δ(x, y). Of course, they are not equivalent. This means that δ(x, y)

is in general much larger than |x − y|. Hence we could expect some better integrability

properties of the powers of δ(x, y), locally and/or globally. Nevertheless, the behavior

of the local and global integral properties of δ(x, y) are exactly the same as those of the

powers of |x − y|. From a general point of view these properties are consequences of

the fact that
(
R+, δ,m

)
is a normal or 1-Ahlfors regular space of homogeneous type (see

[4]) without atoms and with infinite total Lebesgue measure m. Then the integrals of

δα(x, y), α ∈ R, inside Bδ(x, r) and outside Bδ(x, r), for r > 0, are exactly the same as

the integrals of |x−y|α inside and outside the corresponding Euclidean balls (x−r, x+r).

In particular, the local and global singularity is provided by δ(x, y)−1 = 1
δ(x,y)

. Hence,

the natural fractional integrals or Riesz type operators of the setting are given by kernels

of the form δ(x, y)−1+s = 1
δ(x,y)1−s for s > 0. So that the natural fractional differential

operators are defined by kernels of the form δ(x, y)−1−s = 1
δ(x,y)1+s for 0 < s < 1. Of

3
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course, as in the Euclidean case, the strong local singularity of this kernel needs for some

regularity of the functions in the domain of the operator. As proved in [2] the indicator

function of a dyadic interval belongs to the class of Lipschitz-1 functions with respect to

δ. In particular, the Haar wavelets in H are all smooth in this sense. Actually, for f

bounded and Lipschitz-σ for 0 < s < σ ≤ 1 we have that

Ds
dyf(x) =

∫
R+

f(y)− f(x)

δ(x, y)1+s
dy

is well defined. We call Ds
dyf the dyadic fractional Laplacian of f in R+.

The initial value problem 
∂u

∂t
(x, t) = Ds

dyu(x, t)

u(x, 0) = f(x)

was considered in [1] and, like in the Euclidean case, can be solved as an integral operator,

which of course lacks the convolution structure. In fact

u(x, t) =

∫
R+

Ks(x, y; t)f(y) dy,

where

Ks(x, y; t) =
∑
h∈H

e−t|I(h)|
−s

h(x)h(y).

Following [3] we may try to define a dyadic fractional diffusion type distance.

Definition 2.2. For t > 0 and s > 0, the fractional dyadic diffusion distance of order s

at time t is given by

dt(x, y) =

√∫
z∈R+

|Ks(x, z; t)−Ks(y, z; t)|2 dy.

In the next results we will explore the analogous features of dt to those of the Euclidean

case stated in Proposition 1.1. First, we shall see the good definition and the metric char-

acter of dt, and determine its spectral representation through the Haar wavelet system.

Proposition 2.3. Let s > 0 and t > 0 be given. Then dt is well defined, is a metric on

R+ and can be computed as

dt(x, y) =

√∑
h∈H

e−2t|I(h)|−s |h(x)− h(y)|2.

Proof. First, notice that the diffusion kernel Ks(x, y; t) is well defined and finite for every

x, y ∈ R+. Indeed, as |hI(w)| = |I|− 1
2χI(w) so Ks(x, y; t) =

∑
I⊇I(x,y) e

−t|I|−s
hI(x)hI(y)

whose absolute series is bounded above by
∑

I⊇I(x,y) |I|−1 =
∑

j∈N0
2−j|I(x, y)|−1 =

4
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2 |I(x, y)|−1 = 2δ(x, y)−1. By definition, dt is the norm of the difference of the diffu-

sion kernel at time t centered at two points in consideration, so the metric properties

follow trivially. As well, by Parseval’s identity

dt(x, y)2 = ‖Ks(x, ·; t)−Ks(y, ·; t)‖2

=

∥∥∥∥∥∑
h∈H

e−t|I(h)|
−s

[h(x)− h(y)]h

∥∥∥∥∥
2

=
∑
h∈H

e−2t|I(h)|
−s |h(x)− h(y)|2 .

The finiteness of dt(x, y) will follow from the next results. �

3. Main results

Lemma 3.1. Let s > 0. For t > 0 define ψt(λ) =
√

2
λ
ηt (λ−s) with ηt(σ) = 2e−2tσ +∑

`≥1 2`e−2t2
s`σ. Then, when restricted to the sequence of integer powers of 2, {2j : j ∈ Z},

we have that

(a) ψt is strictly increasing;

(b) ψt(0
+) = 0;

(c) ψt(+∞) ' t−
1
2s .

Proof. Define, for i ∈ Z,

f(i) :=
1

2
ψ2
t (2

i)

= 21−ie−2t2
−is

+
∑
`≥1

2`−ie−2t2
−is2`s

= 21−ie−2t2
−is

+
∑

k=`−i≥1−i

2ke−2t2
ks

.

Then

f(i+ 1) = 2−ie−2t2
−(i+1)s

+
∑
k≥−i

2ke−2t2
ks

and so

f(i+ 1)− f(i) = 2−ie−2t2
−(i+1)s − 2.2−ie−2t2

−is

+ 2−ie−2t2
−is

= 2−ie−2t2
−is2−s − 2−ie−2t2

−is

= 2−i
[
ξ2
−s − ξ

]
> 0

because the function ξx is monotone decreasing in the variable x (since ξ := e−2t2
−is

is

positive and less than one) and 2−s < 1. This shows that ψ2
t is an increasing function

and therefore so is ψt, on account of its positivity. Thus (a) is demonstrated.
5
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To check (b) notice that

lim
i→−∞

f(i) = lim
i→−∞

21−ie−2t2
−is

= 2 lim
x→+∞

xe−2tx
s

= 0

and so

lim
i→−∞

ψt(2
i) = 0.

In order to prove (c) notice first that

lim
i→+∞

f(i) = lim
i→+∞

21−ie−2t2
−is

+
∑
k∈Z

2ke−2t2
ks

=
∑
k∈Z

2ke−2t2
ks

<
∑
k∈Z

2

∫ 2k

2k−1

e−2tx
s

dx

= 2

∫ +∞

0

e−2tx
s

dx

< +∞

which implies that limi→+∞ ψt(2
i) = ψt(+∞) < +∞. On the other hand, we attain a

lower bound from ∑
k∈Z

2ke−2t2
ks

>
∑
k∈Z

∫ 2k

2k−1

e−2tx
s

dx =

∫ +∞

0

e−2tx
s

dx.

So, since ψt(+∞) =
√

2 limi→+∞ f(i) , we have that

√
2 ct(s) < ψt(+∞) < 2 ct(s)

for ct(s) =
√∫ +∞

0
e−2txs dx = t−

1
2s

√∫ +∞
0

e−2xs dx. �

At this point it is important to remark that, in contrast with property (d) in Proposi-

tion 1.1, now for 0 < t1 < t2 we have that dt2(x, y) ≤ dt1(x, y) for every x, y ∈ R+. On

the other hand, there is no constant C > 0 such that the inequality dt1(x, y) ≤ Cdt2(x, y)

holds for every x, y ∈ R+. In fact, both observations above follow from the fact that

d2t2(x, y)

d2t1(x, y)
≤ e−2(t2−t1)δ

−s(x,y)

for every x and y in R+.

From Lemma 3.1 we can deduce that the graph of ψt is flatter as t increases and,

conversely, it reaches higher values at infinity as t approaches zero.

Theorem 3.2. Let dt be the fractional dyadic diffusion metric of order s > 0 at t > 0.

Let ψt be as in Lemma 3.1, with ψt(0) := 0. Then

(1) dt(x, y) = ψt(δ(x, y)) for x, y ∈ R+;
6
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(2) the family of dt-balls, given as usual by Bt(x, r) = {y ∈ R+ : dt(x, y) < r} for

x ∈ R+ and r > 0, coincides with D , the family of all dyadic intervals.

Proof. In order to prove (1), let us use the representation formula for d2t provided by

Proposition 2.3. For x 6= y,

d2t (x, y) =
∑

h : x∈I(h)∨y∈I(h)

e−2t|I(h)|
−s |h(x)− h(y)|2

= e−2t|I(x,y)|
−s ∣∣hI(x,y)(x)− hI(x,y)(y)

∣∣2
+

∑
h : x∈I(h)∧y/∈I(h)

e−2t|I(h)|
−s |h(x)|2

+
∑

h : x/∈I(h)∧y∈I(h)

e−2t|I(h)|
−s |h(y)|2

= 4|I(x, y)|−1e−2t|I(x,y)|−s

+ 2
∑
`≥1

e−2t(2
−`|I(x,y)|)

−s (
2−`|I(x, y)|

)−1
=

2

|I(x, y)|

[
2e−2t|I(x,y)|

−s

+
∑
`≥1

2`e−2t|I(x,y)|
−s2`s

]

=
2

|I(x, y)|
ηt
(
|I(x, y)|−s

)
=

2

δ(x, y)
ηt

(
1

δ(x, y)s

)
= ψ2

t

(
δ(x, y)

)
.

Item (2) follows readily from the fact that for 0 < r < ψt(+∞) we have

Bt(x, r) =
{
y ∈ R+ : ψt(δ(x, y)) < r

}
= I,

where I is the largest dyadic interval containing x for which ψt(|I|) is less than r. �

References

[1] Marcelo Actis and Hugo Aimar. Pointwise convergence to the initial data for nonlocal dyadic diffu-

sions. Czechoslovak Math. J., 66(141)(1):193–204, 2016.
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